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Abstract

The Hamiltonian systems considered in this paper are obtained by weakly coupling two systems hav-
ing completely different behaviors. The first one satisfies the twist assumptions usually considered for the
application of the Poincaré—Birkhoff Theorem, while the second one presents the existence of some well-
ordered lower and upper solutions. In the higher dimensional case, we also treat a coupling situation where
the classical Hartman condition is assumed.
© 2023 The Author(s). Published by Elsevier Inc. This is an open access article under the CC BY-NC-ND
license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Main results in low dimension

In the first part of the paper we are interested in the periodic problem associated with a four-
dimensional system of the type

* Corresponding author.
E-mail addresses: a.fonda@units.it (A. Fonda), wahid.ullah@phd.units.it (W. Ullah).

https://doi.org/10.1016/j.jde.2023.10.008
0022-0396/© 2023 The Author(s). Published by Elsevier Inc. This is an open access article under the CC BY-NC-ND
license (http://creativecommons.org/licenses/by-nc-nd/4.0/).


http://crossmark.crossref.org/dialog/?doi=10.1016/j.jde.2023.10.008&domain=pdf
http://www.sciencedirect.com
https://doi.org/10.1016/j.jde.2023.10.008
http://www.elsevier.com/locate/jde
http://creativecommons.org/licenses/by-nc-nd/4.0/
mailto:a.fonda@units.it
mailto:wahid.ullah@phd.units.it
https://doi.org/10.1016/j.jde.2023.10.008
http://creativecommons.org/licenses/by-nc-nd/4.0/

A. Fonda and W. Ullah Journal of Differential Equations 379 (2024) 148—174

g=0,H(t,q,p)+¢c03,P(t,q,p,u,v),
p=—0,H(t,q,p)—€04P(t,q,p,u,v),

. (1.1)
u=f@t,v)+edP(t,q,p,u,v),
v=g(t,u) — €0y P(t,q,p,u,v).
The idea is to consider a Poincaré-Birkhoff situation for the system
QZBPH(t1q9p)’ p=—8qH(t,q,p), (12)
and the existence of well-ordered lower/upper solutions for the system
u=f(tv), v=g(t,u). (1.3)

The coupling function P = P(t,q, p,u,v) will be assumed to have a bounded gradient with
respect to (g, p, u, v), and ¢ will be a small parameter. All functions involved are assumed to be
continuous, and 7T -periodic in their first variable ¢.

In the second part of the paper we will extend our results to higher dimensional systems, both
concerning the couple (g, p) and the couple (u, v). To this aim, for the couple (g, p) we will
apply some recent generalizations of the Poincaré-Birkhoff Theorem (see [12,13,18,19]), while
for the couple (u, v) the treatment of lower and upper solutions will be based on two different sit-
uations. The first one comes from the recent papers [14,17], while the second approach involves
a classical condition by Hartman [22].

Now, in order to better understand the spirit of our results, some historical hints may be useful.

Just three months before his death, in 1912, Poincaré published his paper [28] in which he
conjectured the existence of at least two fixed points for an area-preserving homeomorphism of a
planar circular annulus onto itself, such that the points of the inner circle I'; are moved along I'y
in the clockwise sense and the points of the outer circle I'; are moved along I'; in the counter-
clockwise sense. The existence of one fixed point was proved by Birkhoff the year later, while
the proof of the existence of a second fixed point was provided by Birkhoff himself only in 1925
(see [4] for a modern exposition). The Poincaré—Birkhoff Theorem has then been generalized in
several directions (see [15] and the references therein).

In 1983, one of the most brilliant results for the periodic problem associated with a Hamilto-
nian system was proved by Conley and Zehnder [7], giving a partial answer to a conjecture by
Arnold [1,2]. They obtained the multiplicity of periodic solutions for a Hamiltonian system in
R2M assuming the C2-smooth Hamiltonian function H = H(z, g, p) to be periodic in ¢ and in
the space variables ¢, ..., gu, and quadratic in p on a neighborhood of infinity. They also men-
tioned a possible relation of their result with the Poincaré—Birkhoff Theorem. The results in [7]
have been developed by different researchers in several directions (see, e.g., [5,9,21,23-25]).

Recently, a deeper relation between these results and the Poincaré-Birkhoff Theorem has been
established by the first author and Urefia [18], replacing the quadratic assumption considered
in [7] by a local “twist condition” on the solutions of the system. The first author then extended
the results of [18] jointly with Gidoni [12], introducing a very general twist condition in order to
find the periodic solutions. The same authors further extended the theory, in a second paper [13],
to the case when the Hamiltonian function includes a nonresonant quadratic term. The possibility
of resonance has also been studied in [6] by assuming some Ahmad—Lazer—Paul conditions.
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On the other hand, the history of lower and upper solutions goes back to the pioneering work
of Picard [27] in 1893. The first attempts towards a modern definition of lower and upper solu-
tions were made by Scorza Dragoni [29] in 1939 for the following equation

=g, u,u). (1.4)

A few years later Nagumo [26] provided the classical definition of lower solution o and upper
solution § of (1.4) by assuming the inequalities

a@) > gt a(n),a®),  Ba)<g@ B®),W)).

He also introduced an extra assumption, which we nowadays call Nagumo condition, so to find
the existence of a solution. We refer to [8] for more historical information and further develop-
ments of the theory.

The notion of lower and upper solutions has recently been extended in [14,17] to planar sys-
tems. Moreover, the first author together with Garzon and Sfecci [11] further extended this fertile
theory to coupled systems which contain both the periodicity-twist conditions and a pair of well-
ordered lower and upper solutions. However, due to some technical problems, they only used
constant lower and upper solutions, while proposing as an open problem the case of non-constant
lower/upper solutions.

In this paper, we provide a partial answer to this open problem and extend the theory to
systems which contain the periodicity-twist conditions together with generalized well-ordered
lower/upper solutions, coupled by a perturbation term.

The paper is organized as follows.

In Section 2 we state our result in the low dimensional case by coupling “twist” and strict
lower/upper solutions. The proof of this result is given in Section 3. In Section 4 we provide
some consequences of the main result and an example of application.

In Section 5 we extend our previous theorem to higher dimensions, and provide some variants
and an example of application. In Section 6 we prove a result by coupling “twist” with a Hartman-
type condition [22] in higher dimensions. This condition extends the concept of constant lower
and upper solutions to higher dimensions, and has been extensively studied by many authors
(see [10] and the references therein).

Finally, in Section 7 we illustrate an application to the theory of perturbations of completely
integrable systems.

2. A first multiplicity result

Let us first recall what we know about systems (1.2) and (1.3), separately.
The Poincaré-Birkhoff Theorem. Here are our assumptions concerning system (1.2).
Al. The function H(t, q, p) is 2w -periodic in q.

A2. There are a < b such that all the solutions (q, p) of system (1.2) starting with p(0) € [a, b]
are defined on [0, T] and

pO)=a = ¢q(T)—q(0) <0,
pO)=b = ¢q(T)—-q0)>0.
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Notice that the original Poincaré—Birkhoff Theorem was stated for functions defined on a
planar annulus. However, as explained in [4], it can equivalently be stated on the strip [a, b] x R,
after a change of variables in suitable polar coordinates. In this setting, assumption A2 is usually
called a “twist condition”.

The following result was proved in [18].

Theorem 2.1. Assume that A1 and A2 hold true. Then, system (1.2) has at least two geometri-
cally distinct T -periodic solutions (g, p) such that p(0) €la, b[.

Notice that, when a T-periodic solution (g, p) has been found, infinitely many others appear
by just adding an integer multiple of 2 to the g-th component. We say that two solutions are
geometrically distinct if they cannot be obtained from each other in this way.

We also want to remark here that the period 27 in assumption Al is inessential; any period
would be possible.

Lower and upper solutions. Let us first recall the definitions of lower and upper solutions for
the T-periodic problem associated with system (1.3).

Definition 2.2. A T-periodic C!-function o : R — R is said to be a “lower solution” for the T'-
periodic problem associated with system (1.3) if there exists a T-periodic C'-function v, : R —
R such that

v<vg(t) = ftv)<a@®), @.1)
v>u.(t) = f(t,v)>al), '

and
Ve () > g(t, a(?)). (2.2)

The lower solution is “strict” if the strict inequality in (2.2) holds.
Definition 2.3. A T-periodic C'-function 8 : R — R is said to be an “upper solution” for the

T -periodic problem associated with system (1.3) if there exists a T-periodic C'-function Vg :
R — R such that

v<up(t) = ft,v) <p@),

. (2.3)
v>ug(t) = f(r,v) > BQ),

and
vp(r) = g1, B(1)). 24
The upper solution is “strict” if the strict inequality in (2.4) holds.
Notice that, when f (¢, v) = v, the above definitions reduce to the classical ones for the second
order equation (1.4), by choosing vy, = & and vg = B.

The following result was proved in [14,17].
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Theorem 2.4. Assume that there exist a lower solution a and an upper solution B for the T -
periodic problem associated with system (1.3), such that « < B. Then, system (1.3) has a T-
periodic solution (u, v) such that ¢ <u < f.

Back to the coupled system. Let us state our hypotheses. We will assume A1, A2, and

A3. There exist a strict lower solution « and a strict upper solution § for the T -periodic problem
associated with system (1.3), such that o < S.

Moreover, we need the function f (¢, v) to be smooth and strictly increasing in its second
variable, precisely as follows.

A4. The second order partial derivatives 92 f (¢, v) and 82, f(¢,v) exist and are continuous;
moreover, there exists A > 0 such that

oy f(t,v)>A, forevery (t,v) €[0,T] xR.

Concerning the function P(¢, g, p, u, v), besides its periodicity in ¢ and ¢, we also need some
smoothness condition, as specified in the next assumption.

A5. The function P(t,q, p,u, v) is 2w -periodic in g and has a bounded gradient with respect
to (g, p, u, v); moreover, the partial derivative d, P is independent of g and p, and the map
0y P(t, u, v) is continuously differentiable.

Here is the main result of this section.

Theorem 2.5. Assume that A1 — A5 hold true. Then there exists € > 0 such that, if |e| <&, there
are at least two geometrically distinct T -periodic solutions of system (1.1), with p(0) € la, b[
and o <u < B.

The proof of the Theorem 2.5 will be given in Section 3.

Remark 2.6. Theorem 2.5 provides a partial answer to an open problem raised in [11], where
only constant lower and upper solutions were considered. However, our result only applies to
weakly coupled systems with strict lower and upper solutions. Hence, the problem raised in [11]
remains open.

Remark 2.7. As already noticed in [18], instead of using a constant interval [a, b], it is possible
to deal with a varying interval [a(q), b(q)], where a, b : R — R are continuous and 2 -periodic
functions. Indeed, if a and b are continuously differentiable, then this case can be reduced to the
previous one by the symplectic change of variables

q

b(s) —a(s) , 2p—b(g) —a(q)
s = ds,
V. p) / 2 T b —alg)

0
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On the other hand, if the functions a and b are only continuous, then by the Fejer Theo-
rem they can be replaced by smooth functions. Notice that the new Hamiltonian H(z, g, p) =

H(t,¥~'(§, p)) is periodic in § with period 7 := J 02” (b(s) — a(s))ds.

Before going to the proof, we now present a variant of Theorem 2.5 which is more related to
Poincaré-Birkhoff Theorem as originally stated by Poincaré [28].

We first recall the definition of “rotation number”. Assume that | < t, and let ¢ : [t1, 12] —
R2 be a continuous curve such that ¢(r) # (0,0) for every t € [t,1]. Writing ¢(t) =
p(t)(cosO(t),sind(t)), where p : R — ]0, +o0o[ and 6 : R — R are continuous, we define

0(12) —0(r1)

Rot(¢; [t1, ]) = — o

In the sequel, D(I") denotes the open bounded region delimited by a planar Jordan curve I'.
Here is the statement.

Theorem 2.8. Let assumptions A3 — AS hold true. Let k be any integer and assume that there
exist p > 0 and two planar Jordan curves I'1, I'2, strictly star-shaped with respect to the origin,
with

0eDT) CDT)) CDTy),

such that the solutions of system (1.2) starting with (g(0), p(0)) € D(I"2) \ D(I"1) are defined on
[0, T'] and satisfy

(q(®), p(1) #(0,0), foreveryr€[0,T];

nmoreover,

{(q(O),p(O))erl = Rot((g, p); [0, T]) <k, 05

q(0),p(0)) e, = Rot((g, p):[0,T]) > k.
Then system (1.1) has at least two T -periodic solutions (q, p, u, v) such that

a<u=<p,

(q(0), p(0)) e DI')\D(I'y),

and

Rot((q, p); [0, T]) =k.

The same is true if (2.5) is replaced by the following:

(q0), p(0))eT'y = Rot((g, p); [0,T]) >k,
(g(0), p(0))el';, = Rot((qg, p);[0,T) <k.
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In the above theorem, the Hamiltonian function H is not assumed to be periodic in the variable
q. The 2w -periodicity can indeed be recovered when passing to some kind of polar coordinates.
The proof is almost the same as in [11, Theorem 10], so we omit it, for briefness.
3. Proof of Theorem 2.5

Let A =mina and B = max §. Then there exists a constant C > 0 such that

lg(t,u)|<C, forevery (t,u)el[0,T]x][A,B].

Moreover, by A4, there exist positive constants ¢, d such that |&(¢)| < c, | B(t)| < ¢ for every
t €0, T], and

{f(t,v)zc, forv>d, a1
ft,v)<—c, forv<-d.
We can find two straight lines y+ : R — R, whose equations are
Y+W) =puu + R, y—() =puu — R,
where © < —C/c and R > 0 are chosen in such a way that
Y-() < —d <d <yi(u),
and
Y- W) &), va (1), B(1), vp(t) < y4(u), (3.2)
for every (¢t,u) € [0, T] x [A, B].
Let us define the set
V={(t.q.p.u,v) R : a(t) Su<B@), y-) <v <y;s(u)}.
We can choose a constant d > max{c,d, C/|u|} such that
—d < y—(u) <ys(u) < d, for every u € [A, B].
Consider the function n: R x R — R, defined as
a(t), ifu<a(t),
n(t,u)=qu, ifa(t) <u=<p(),
B) ifuz=p@).
Now define the functions
gt u) =g, n(t,u)) —n(t,u)+u, (3.3)
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and

v, ifvf—c?—l,

ft,v)—(w+dw— ft,v), if —d—1<v<-d,
fa,vy=1rf@,v), if —d<v<d, (3.4)

fen+@-d—ftv), ifd<v<d+l,

v, ifv>d+1.

By A3, there exists a £ > 0 such that

Vo(t) —g(t,a(t)) > &, foreverytel0,T], (3.5
vg(t) — g, B(t)) <—&, foreverytel0,T]. 3.6)

By the global existence assumption in A2, we note that there exists a constant C; > 0 such that,
for any solution (g, p) of (1.2) starting with p(0) € [a, b], one has that

I[p(t)| <C;, foreverytel0,T].

Let o : R — R be a C*°-function such that

o=l Te=C 3.7)
0, ifs>C;+1,

and set H(t,q, p) =o(|p))H(t,q, p). Then H has a bounded gradient with respect to (g, p).
Now consider the modified system

G=0,H(t,q,p) +£d,P(t,q.p,u,v),
p=—dH(t.q.p)~€d,P(t.q. p.u,v),
u=f(t,v)+ed,P(t,q,p,u,v),
v=g(t,u)—eod,P(t,q,p,u,v),

(3.8)

where the new Hamiltonian function is defined as

u

v
ﬁ(t,q, p,u,v) = ﬁ(t,q, p)+ / f(t,s)ds —/g(t,s)ds +¢eP(t,q,p,u,v).
0 0
We can also write the modified system (3.8) as z = J VH (t,z), where J = ((1) _01 ) is the standard
symplectic matrix, and z = (g, p, u, v). Notice that

H(t,2)=30"—uh)+K(t.2),

where K is a function having a bounded gradient with respect to z. Moreover, by A2, since 9, P
and d, P are bounded, if |¢| is small enough, for any solution (g, p, u, v) of (3.8) one still has
that
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pO)=a = qT)—q0) <0,
pO)=b = ¢q(T)—q0)>0.
Then, by [13, Corollary 2.4], we conclude that the modified system (3.8) has at least two geomet-
rically distinct T -periodic solutions such that p(0) € ]a, b[, provided that || is small enough.
We now need to show that such solutions z are such that (¢, z(#)) € V for every ¢ € [0, T']. Let

us first prove the following five lemmas.

Lemma 3.1. If |¢| is small enough, there exist v}, and vg such that

F050) + ey P (1, a(t), v5(0) =a(), (3.9)
F@v5@) +e8, P2, B(1), vG(1) = B(1), (3.10)

forevery t € [0, T]. Moreover,
limvé =v,, lim0vE=1,, limvi=vg, limd5 =714,
e—>0 ¢ “ e—0 & “ e—>0 p b e—0 p P
uniformly in [0, T], i.e., v5, — vy and vz — vg in C! ([0, T],R), as e — 0.
Proof. We only prove the statement concerning v}, since the one for vg can be proved in a

similar way. Consider the space X = cl(0,T],R). By A4 and A5, the functions f and 9, P are
continuously differentiable, and since

f(t,vq(t) =a(t), foreveryteR,
we have that @ € C2([0, T], R). We can then define a function F:XxR—>X by

F(v,e)(t) = f@,v@)+ed, P, a),v(t)) —alt). (3.11)

Now, clearly F (vy,0) =0, and for all & € X, we have

OF ) — tim T a0 = Fea0)
ov 050 .

= 0 f (1, va (1)h (1) .

Let us prove that F is differentiable with respect to its first variable at (vy, 0), with
[do F (v 0) ()| (1) = B, f (2. v (1)) A1) .
Writing
F(v,0) = F(vg, 0) + dy F(vg, 0) (v — vg) +7(v), (3.12)
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we need to prove that

1 1
S A O B ) (3.13)
lv—vellc

Substituting (3.11) in (3.12), we obtain

J @, v@) = ft,va(t)) + 9y f (1, va (1)) (0(1) — v (1)) + 1 (V)(1).

By the Lagrange Mean Value Theorem, for every ¢ € [0, T'] there exists ¢(¢) € [vy(?), v(2)] such
that

F @, v@0) — [t va(1) =3y f (£, L)) (W) — v (1)) .

Then,

AOOL_ 5, f0. 600) = 0 £ 0, vatay 2220

v = vallct v = vallct
=100 f(t, (1) =0 f(t,va(®))|, foreveryr [0, T].

If v — vy in C!, then v — v, uniformly, hence also { — v, uniformly. Since the par-
tial derivative of f with respect to v is continuous, taking a constant M > ||vy||cc, the map
0y f :[0,T] x [-M, M] — R is uniformly continuous. It then follows that, if v — vy in cl,
then

r() ()

———— — 0, uniformly fort € [0, T].
lv—vgllc

It remains to be proved that, if v — vy in C!, then

d ( r() ()

— W) — 0, uniformly for ¢ € [0, T'].
UV — Vallc!

dt

We have

d
Er(v)(t) =0, f(t,v(®) + 0y f (1, v(0)0(1) = 9 [ (£, va (1)) — By [ (1, v (1)) Ve (7)

— (02 £ va0) + 0, £ (1, 00 (1) 8 D) (0(8) = Vi)
=0, £ (. va (D) (B(0) = 3 ()
= (00 1 0@) = 0 £ (1, 00 1) = 9, F (1, V(D)D) = v (1))

+ @ f (2, 0(1)) = By f (2, 00 (1)) D(1) = Dy, f (2, Ve (1)) D () V(1) — Ve (1)) .

Again by using the Lagrange Mean Value Theorem twice, for every ¢ € [0, T'] there exist &(¢)
and n(t) in [vy (¢), v(¢)] such that
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O f(t, (1)) = B f (1, va (1) = 07, £ (1, ED)(0(1) — Ve (1)) , (3.14)
0y f (1, 0(1)) = By f (1, va (1)) = 03, f (2, (D) V(1) = va (1)) - (3.15)

Then,
D rw) = (B 60) 0 £ 0,1 0)) (00) — 1 0)
dt tv ’ tv » Yo o
+ (9, £ @90 = 82, £ (1. v )5 D) (0(0) = va (1)

If v — vy in C!, the first term in the sum converges to 0 when divided by ||v — vy |c1, uniformly
on [0, T'], by the continuity of Btzv f . For the second term, we have

02, £ ()50 = 02, (1, v (1) ()| =

=<

02,1 (1 10) = 02, £ (1, v ()| 19O+ |02, £, va )| 156 = 2 1,

which converges uniformly to 0 when v — vy in C ! since both |v(t)| and |8§U f(t, vy (t))| are

bounded, v — v, uniformly on [0, 7], and the map BSU f is continuous.
We have thus proved (3.13). Therefore,

dyF(v4,0) =8, f (-, v () 1d,
where Id: X — X is~the identity map. By A4, we have that 9, f (¢, v, (¢)) > 0, for every ¢ €
[0, T'], so the map d, F (vy,0) : X — X is invertible.

By the Implicit Function Theorem, there exists an € > 0 and amap ¢ :] — &, €[ > Bx(vy, &),
of class C!, such that, for everye €] —¢, e[ and v € By (vqy, &),

F(v,e):O — v=9p().
Setting v, = ¢(¢), the proof is completed. O

Lemma 3.2. There exists € > 0 such that, if |¢| < &, then for every t € [0, T] and u € [A, B] the
following inequalities hold:

f(t,v) +ed,P(t,u,v) <a(r), ifv<uvi(r), 3.16)
ft,v)+edyP(t,u,v)>a(t), ifv>va(), '
{{(z, W+ e Ptuv) < B0, v <), G

ft,v)+ed,P(t,u,v) > B@), lfv>vf3(t),
g(t,u) —ed, P(t,q, p,u,v) <vg(t), ifu=<a(), (3.18)
é(t,u)—sauP(hq,p,u,v)>i1,§(t), ifu>p(@). '
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Proof. We only prove the first inequality in (3.16), the proof of the second inequality in (3.16)
and of the inequalities in (3.17) being similar.
We first want to prove that, for |¢| small enough, we have

v<vg(t) =  ft,v)+ed Pt u,v) <a(). (3.19)

By A4, there exists A > 0 such that 9, f (¢, v5(¢)) > X, and by A5 there exists a constant C>0
such that

83UP(t, u, va(t))) < 5 for every (¢,u) € [0, T] x [A, B].

So, if 2]¢|C < A, we have

N >

8U(f(t, Ve (1)) + €3y P(t, u, vg(t))) > —, forevery (t,u) €[0,T] x [A, B].

By continuity, there exists a § > 0 such that

NN

lv—vil <8 = &(fEv)+ed,P(t,u,v))>
for every (t,u) € [0, T] x [A, B]. So, by (3.9), there exists T > 0 such that

veli(m) —t, v =  ft,v)+ed P, u,v) <),
vei@),vi) +1] = ft,v)+ed,P(t,u,v)>a).

Without loss of generality, we can assume
—d < a(t), va(t), B(t), vp(t) <d,
where the constant d is as in (3.1), and take |¢|, T small enough so that
—d <vi(t)—Tt<v,(t)+1<d.

By (2.1) and (3.1), there exists ¢ > 0 such that

f@,v)—a@) <—o, forv=<-d,
ft,v)y—a@)>po, forv>d.

If |e| is small enough, since 9, P is bounded, we have that
) +e0,P ) —a() <=2, forv=—d,

f,v)+¢ed,P(t,u,v)—a(@)>=, forv>d.

SR (e}
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Now it remains only to check what happens in the intervals [v(?) + 7, d] and [—d, v5 (¢) — T].
Let us only consider the first interval, the argument being similar for the other one. If v € [v (¢) +
7, d], then, if |¢]| is small enough, by Lemma 3.1 and (2.1), using (3.1), we have

Fe) = [0+ = £ (10 + ) > @)
By Weierstrass Theorem, there exists a m > 0 such that
ftv) —a@)=m,
for every t € [0, T] and v € [v5(¢) + T, d]. Then, for |¢| small enough,
f,v)+ed,P(t,u,v) —a() >0,

for every t € [0, T] and v € [v5(¢) + T, d]. We have thus proved (3.19).
Now, since —d < v (t) < d for |¢| small enough, we have the following three cases.

Case 1.1f —d <v < vi(t), then by (3.4) and (3.19) we have

f(t, V) 4+ e, P(t,u,v)= f(t,v) +ed, P(t,u,v) <al(t).

Case?2.1If v < —d— 1, then by (3.4) we have

ft,v)+ed,P(t,u,v) =v+ed,P(t,u,v)
<—d+ed,Pt,u,v) <al),

for |¢| small enough, since d, P is bounded.

Case3.1f —d — 1 < v < —d, then by (3.4) and (2.1) we have

fv)+e0,P(t,u,v) = f(t,0) = 0 +d)(w — f(t.v) +&d,P(t,u, )
=+ @+d)f(t,v)— W+dv+ed, P, u,v)
<al(t),
for |¢| small enough, since — (v —I—c?) €[0,1]and f(f,v) <a(t), v < a(r).
The proof of the first inequality in (3.16) is thus completed.

We now prove the first inequality in (3.18), the second one being analogous. Suppose u <
a(t). By (3.3) and (3.5), we have

gt,u) —ed,P(t,q,p,u,v) =gt,a()) —alt)+u—cd,P(t,q,p,u,v)
fg(t5a(t))_saup(t’qvpvl't’v)
<Vq(t) —& —€0d,P(t,q, p,u,v)

< (1),
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for |¢| small enough, since v, — 0, uniformly. The proof of the first inequality in (3.18) is thus
completed. O

Let us define the open sets

Anw = {(t,u,v) € R? 1w <a(r), v>vi1)},
Asw ={(t,u,v) eR3 : u <a(t), v<vi(t)},
Ane={(t,u.v) €R* 1 u>B(1), v>vg(0)},
Ase ={(t,u,v) eR3 : u> B@), v< CAGIE

Lemma 3.3. For every solution z = (q, p,u, v) of system (3.8), the following assertions hold
true:

(to, u(to), v(to)) € Anw (t,u®),v(t)) € Ayw foreveryt <ty,
(2o, u(t9), v(to)) € Ase
(to, u(to), v(t9)) € ANE

(to, u(tp), v(tp)) € Asw = (t,u(t),v(t)) € Asw foreveryt >1ty.

(t,u(t),v(t)) € Asg foreveryt <ty,

L4l

(t,u(t),v(t)) € ANg foreveryt > ty,

Proof. We only prove the first assertion, since the remaining ones can be proved similarly. We
suppose on contrary that there exists #; < fg such that

(to, u(to), v(tp)) € Anw ,
(t,u(),v(@®)) e Ayw, forteln,l,

and

(1, u(r1), v(t1)) € 0ANW .
Notice that

dANw ={t,u,v) €R3 : u=a(), v= (1))

Uft,u,v) €R3 - u<a(r), v=20i()). (3.20)

Assume v(t1) > v, (t1). Without loss of generality, we may assume that there exists § > 0 such
that [, 1 + 8] C [11, to[ and v(z) > v} (¢) for every t € [t, t; + 5]. Now define w : [1, 1 + 8] —
R by w(t) = u(t) — a(t). Then, we have that w(t; + §) < 0 and, by Lemma 3.2,

w(t)=u(t) —a@)= f(t,v)+ed, P(t,u(t),v(t)) —a() >0,

for every t €]t1, 1 + 6] and |e| small enough. Hence, w(#1) < 0, implying that u(¢) < «(¢) for
every t € [f1, 1 + 8]. Then, by (3.20), we necessarily have that v(¢;) = v (#;). Now if we define
the map G(t) = v(t) — v(¢), then G is continuous on [t1, fp], G(¢t1) =0 and G(t) > O for every
t €1, to]. But then, using (3.18) and the fact that u(¢) < «(¢) for every t € [#1, f9], we have
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G(t1) =0(t) — 0 (t) = §(t1, u(t)) — e 9 P(t, q, p,u,v) — v5(11) <0,
for |¢| small enough; a contradiction. O

We now define the sets

Aw ={(t,u,v) eR? : u <a(t), v=05@1)},

Ap={(t,u,v) eR3 : u> (), v=1v5(0)}.

Lemma 34. Ifz = (q, p, u, v) is a solution of system (3.8) such that (to, u(tp), v(ty)) € Aw, then
there exists a 6 > 0 such that

telio—48.n0l = (@ u@)vi)) €Anw,

telto,to+38[ = (@t u(),v@)) € Asw.
Similarly, if (ty, u(ty), v(tg)) € Ag, then there exists a § > 0 such that

relio—356, 0l = (r,u@),v@)) € Asg,

relp,to+38[ = (t,u@),v®)) € ANE.
Proof. We give only the proof of the first part, the proof of the second part being similar. Let
z = (q, p,u,v) be a solution of system (3.8) such that (7o, u(#y), v(tp)) € Aw. Then v(t) =

v (tp) and u(tp) < a(tp). Let us define a map G(¢) = v(t) — v5(¢). Then, G is continuous with
G(tg) =0, and by (3.18) we have

G(ty) = (to) — V5 (to)
= (10, u(to)) — & 3, P (to, q (1), p(t0), u(to), v(to)) — v (o) <0,

for |e| small enough. So, there exists § > 0 such that G(¢) > 0 for every ¢ €]ty — 6, to[, and
u(t) < a(t) for every t € [ty — 8, to + 8]. The conclusion is thus proved. O

Lemma 3.5. If z = (q, p,u, v) is a T-periodic solution of system (3.8), then (t,z(t)) € V, for
everyt € R.

Proof. Let us first prove that, for every ¢ € R, we have
a(t) <u(r) < B(@). (3.21)
Suppose that there exists a solution z = (g, p, u, v) of system (3.8) such that u(ty) < «(to) for

some g € [0, T]. If (tg, u(to), v(tg)) € Anw, then from Lemma 3.3 we have that (¢, u(t), v(t)) €
Apnw for every t < fg. Then, by (3.16), we have

%(u —a)(t) = f(t,v(t) +ed P(t,u(t), v(t)) —a(t) >0,
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for |e| small enough and every ¢ < ty, which is clearly a contradiction, because u — « is a periodic
solution. The same reasoning applies if (fy, u(ty), v(fo)) € Asw. Finally, if (fo, u(tp), v(tp)) €
Aw, then by Lemma 3.4 we know that the solution will be in Agw or in Ayw at some time near
t9, hence we obtain a contradiction again. Then, u(¢) > «(¢) for every ¢ € [0, T']. In a similar way
we can prove that u(t) < g(¢) forevery t € [0, T'].

Finally we prove that

y-(r) =v() < yy (u(?)). (3.22)

For such a solution z = (¢, p, u, v), by (3.3) and (3.21) we see that g(t, u(t)) = g(t, u(t)). Now,
define the T -periodic function H_(t) = v(t) — y_(u(t)). Let t,, € [0, T'] be such that H_(t,,) =
min H_ and assume by contradiction that H_(#,,) < 0. Then,
H_(tm) = 0(tm) — v ()it ()
=g, u(ty)) — €0y P (t,qtn), p(tn), utm), v(tm)) — wit(ty)
= 8t t(tm)) = 1L f (tm, (tm))
—& 0y P(tm, q(tm), p(ti), u(tm), v(tm)) + 1 0y P (i, u(tn), v(tm))) .

We now consider the following cases:
Case 1.1f —d < v(tm) < y—(u(ty)), then f(tm, v(tm)) = f(tm, v(ty)) and so we have

H_(1n) <C—p-(=0)
—& (0u P (tim, g(tm), p(t), u(tm), v(tm)) + 0y P (tm, u(tm), v(tm)))
<0,

C

c’

for |e| small enough, since g(t,,, u(t,;)) <C and u < —
Case 2. If v(ty,) < —d— 1, then f(tm, v(ty,)) = v(t,;) and so we have

H_(tn) <C — p(tm)
—& (0 P (t, q(tm) P(tm)s u(tn) s V() + 1 3y Pty ttn), v (1))
<C—p-(=d=1
—& (0 P (t, q(tm) P(tm)s u(tn) s V() + 1 3y Pty t(tn), 0 (1))
<0,

for |¢| small enough, since g(t,,, u(t,)) < C and d> C/lul.

Case3.1f —d —1 < v(ty) < —d, then f(t,, v(fy)) is a linear interpolation between f (1, v(tm))
and v(t,;,), hence

min{ f (ty, v(tn)), v(t)} < f(tn, v(ty)) < max{f (G, v(tn)), v(Em)},
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so we have

H—(tm) S C - Mmax{f(tmv U(tm))v U(tm)}
—& BuP (i, q(t), p(ty), uty), v(tm)) + 0y P(ty, u(ty), v(ty))) .

If f(tm, v(tm)) < v(twm), then

H_(ty) <C+ pd
—& (04 P(ti, qtm), p(ti), u(tm), v(tm)) + 0y P (tm, u(tm), v(tm)))
<0,

for || small enough, since d > c and u < —C/c. On the other hand, if v(t,) < f(tm, v(tnm)),
then again
H_(tn) <C—p-(—c)
—& (0 P(tim, q(tm), p(ty), u(tm), v(tm)) + w0y P(t, u(ty), v(tm)))
<0,
for |e| small enough.
In all the above three cases we obtain contradictions, hence we have proved that v(r) >

y—(u(t)), for every ¢t € [0, T]. In a similar way we can prove that v(¢t) < y4(u(t)), for every
tel[0,T]. O

We have thus proved that, if z = (g, p, u, v) is a solution of system (3.8), then (¢, z(¢)) € V, for
every ¢t € R, and so z is a solution of system (1.1). This completes the proof of Theorem 2.5. O

4. Consequences and applications of Theorem 2.5

Let ¢ : R — R be an increasing diffeomorphism with a bounded derivative, such that ¢ (0) =
0. Consider the system

q :apH(tvCva)+8317P(tsq9p,”)9
p=—0,H(t,q,p)—€d,P(t,q,p,u), “4.1)
L) =g(t,u) — £ P(t,q, p,u),
where P = P(t,q, p,u) is a perturbation term which is 27 -periodic in ¢ and has a bounded
gradient with respect to (g, p,u). As a direct consequence of the Theorem 2.5, we have the

following result.

Corollary 4.1. Let Al and A2 hold. Moreover, let there exist two T -periodic C?-functions «, B :
R — R with o < B, such that

%@(d))(t) >g(t, at)), %@(ﬁ))(t) <g, p(),
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for every t € [0, T]. Then there exists € > 0 such that, if |¢| < &, system (4.1) has at least two
geometrically distinct T -periodic solutions, such that p(0) € la,b[ and @ <u < B.

Proof. Define vy, vg : R — R as

v () =),  vgt) =p(B)).

Setting f(f,v) = ¢~ (v), all the assumptions of Theorem 2.5 are satisfied, and so the conclusion
follows. O

Notice that, taking ¢ (s) = s for all s € R, the last equation in (4.1) becomes

i=g(t,u)—ed,P(t,q,p,u).

Example 4.2. Consider the following system

[-éj:asinq+88qP(t,q,u), 4.2)

—ii =—g(t,u) +e08,P(t,q,u),

where a > 0. Assume that P is 2w -periodic in ¢ and has a bounded gradient with respect to
(g, u), and the function g satisfies the Landesman—Lazer condition

T T
/limsupg(t, u)dt <0 < / liminf g (¢, u)dt . “4.3)
u——+00

U——00
0

By using (4.3) and [16, Lemma 2], we get a strict lower solution « and a strict upper solution
B of the equation ii = g(t, u). So, Corollary 4.1 applies, and thus system (4.2) has at least two
geometrically distinct solutions. Notice that also Theorem 2.8 could be applied in this case,
providing subharmonic solutions of period kT, with any integer k > 27 /(T /a), in the spirit
of [20].

5. The higher dimensional case

We now consider the following system

qg=VpH(t,q,p)+eV,P(t,q,p,u,v),
p=—VgH(t,q,p) —eVeP(t,q,p,u,v),
uj=fjt,vj)+edy, P(t,q,pu,v), j=1,...,L,
vj =gt uj) —€dy; Pt,q,p,u,v), j=1,....L.

5.1)

Forz=1(q, p,u,v) € RY we write

q:(qlv'--qu)E]RMa p:(plv“'va)ERMv

u:(ul,...,uL)eRL, v:(vl,...,vL)e]RL.
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We assume all the involved functions to be continuous, and T -periodic in their first variable ¢.
We first recall the definition of lower and upper solution for the T -periodic problem associated
with the system

l;lj=fj(t,vj), l}jzgj(l,uj), j=1,...,L. 5.2)
Definition 5.1. A T-periodic C'-function o : R — R’ is said to be a “lower solution” for the

T -periodic problem associated with system (5.2) if there exists a T-periodic C'-function v, :
R — RL such that, forevery j =1, ..., L we have

s <vg (1) = fit,s) <dj(),

: (5.3)
s> (1) = filt,s)>d;),

and

Vo, j (1) = g (t, (1)) (5.4)
The lower solution is “strict” if the strict inequalities in (5.4) hold.
Definition 5.2. A T-periodic C'-function g : R — R’ is said to be an “upper solution” for

the T-periodic problem associated with system (5.2) if there exists a T-periodic C'-function
vg: R — R’ such that, for every j =1, ..., L we have

s<vg () = filt,s) <),

. 5.5)
s>vg (1) = fit,s)>B;@),
and
vg,j (1) < g;j(t. Bj(1)). (5.6
The upper solution is “strict” if the strict inequalities in (5.6) hold.
We first consider the case when D is a rectangle in RY | i.e.
D=la1,b1] x -+ x [am,byu].
Let us state our hypotheses in this setting.
A1’. The function H (z, g, p) is 2w -periodic in each variable g, ..., gp.
A2'. There exists an M-tuple o = (o1, ...,04) € {—1, I}M such that all the solutions (g, p) of
system (5.10) starting with p(0) € D are defined on [0, T'], and, foreveryi =1, ..., M, we

have

pi0)=a; = 0i(q(T)—qi(0) <0,
pi(0)=b; = 0i(q;(T)—q;(0)>0.
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In the sequel, inequalities of n-tuples will be meant componentwise.

A3'. There exist a strict lower solution « and a strict upper solution 8 for the T -periodic problem
associated with system (5.2), such that o < 8.

A4'. The second order partial derivatives 32 f;(t,s) and 92 fj(t,s) exist and are continuous;
moreover, there exists A > 0 such that

Os fj(t,s) =X, forevery (¢,5) €[0,T] xR,

forevery j=1,...,L.

AS5'. The function P(t,q, p,u, v) is 2m-periodic in g1, .. ., g and has a bounded gradient with
respect to (g, p, u, v); moreover, the partial derivative V, P is independent of ¢ and p, and
the map V, P (¢, u, v) is continuously differentiable.

Here is our first generalization of Theorem 2.5.

Theorem 5.3. Assume that A1’ — A5’ hold true. Then there exists &€ > 0 such that, if |¢| < &, there
are at least M + 1 geometrically distinct T -periodic solutions of system (5.1), with p(0) € D and
oa<u<B§B.

The proof follows exactly the lines of the proof of Theorem 2.5, working separately on the
components (¢, v;) of the solutions z = (g, p, u, v) of system (5.1). The main idea is to modify
the system so to have a Hamiltonian function of the type

H(t,2) =L — )+ K(,2),

where K is a function having a bounded gradient with respect to z, and then apply [13, Corollary
2.4] again. We avoid the details, for briefness.

Remark 5.4. Based on the Remark 2.7, we could have varying intervals [a;(s), b; (s)] instead
of the intervals [a;, b;] in the rectangle D, where a;,b; : R — R are 2w -periodic continuous
functions.

We can now provide a higher dimensional version of Theorem 2.8. Recall that D(I") denotes
the open bounded region delimited by a planar Jordan curve T'.

Theorem 5.5. Assume that A3’ — A5 hold true. Let ki, ko, ..., kM bg integers and assume that,
foreachi € {l,..., M}, there exist two planar Jordan curves I'|, 'Y, strictly star-shaped with
respect to the origin, with

0e D)) S DT) S DY),

such that the solutions of system (5.10) with (g;(0), p;(0)) € D(Fé) \ D(F"l) for every i €
{1,..., M} are defined on [0, T] and satisfy

(qi (1), pi(1)) #(0,0), Vre[0,T],
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and

(qi(0), pi(0)) €T = Rot((g;, pi); [0, T]) <ki,

! (5.7)
(qi(0), pi(0)) €T, = Rot((gi, pi); [0, T]) > k; .

Then system (5.1) has at least M + 1 geometrically distinct T-periodic solutions 7" =
(q(”), p(”), u™, v(”))forn =1,...., M+ 1 such that

a<u™<g,

(a0, p{" () € DI \ DI,

and

Rot((g", p{™); [0, T = ki,
fori=1,..., M. The same is true if for some i € {1, ..., M} the assumption (5.7) is replaced by
the following

(qrz-<0),p,-(0>)erf1 = Rot((gi, pi); [0, T]) > k; ,
(gi(0), pi(0)) T, = Rot((g;, pi); [0, T]) <k;.

Here is an example of application of the above theorems.

Example 5.6. Consider the following system

—gi =a;sing; + €9y, P(t,q,u), i=1,....M, (5.8)
—iij=—gj(t,uj)+ed,;Pt,q,u), j=1,...,L, :
where a; > 0. Assume that P is 2z -periodic in ¢q1,...,qy and has a bounded gradient with
respect to (g, u), and for each j € {1,..., L}, the function g; satisfies the Landesman—Lazer
condition
T T
/limsupgj(t,s)dt <0</liminfgj(t,s)dt. 5.9
§—>—00 §—>+00
0

By using (5.9) and [16, Lemma 2], we get a strict lower solution «; and a strict upper solution 8
of the equation ii j = g; (¢, u;), with () < B;(¢). So all the assumptions of Theorem 5.3 hold
and thus system (5.8) has at least M + 1 geometrically distinct 7 -periodic solutions. As noticed
in Example 4.2, subharmonic solutions with a sufficiently large period may be detected also in
this case.

We now consider two variants of Theorem 5.3.
We say that D is a convex body of R if it is a closed convex bounded subset of RM having

nonempty interior. By assuming that D has a smooth boundary, we denote the unit outward
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normal at { € 9D by vp(¢). Moreover, we say that D is strongly convex if for any p € 9D, the
map F : D — R defined by F (&) = (¢ — p, vp(p)) has a unique maximum point at £ = p.
Let us first state the following “avoiding rays” assumption for the system

q=V,H(t.q.p), p=—VgH(t,q,p). (5.10)

A2". There exists a convex body D of RM, having a smooth boundary, such that all the solutions
(g, p) of system (5.10) starting with p(0) € D are defined on [0, T'], and

p(0)edD = ¢q(T)—q(0) ¢ {Avp(p0)) : A=0}.

Theorem 5.7. If in the statement of Theorem 5.3 we replace assumption A2’ by A2", the same
conclusion holds.

The only difference in the proof is that instead of [13, Corollary 2.4], we apply [13, Corollary
2.1].
To conclude this section we introduce an “indefinite twist” assumption.

A2". There are a strongly convex body D of RM having a smooth boundary and a symmetric
regular M x M matrix A such that all the solutions (g, p) of system (5.10) starting with
p(0) € D are defined on [0, T'], and

p(0)edD = (q(T)—q(0), Avp(p(0))) > 0.

Theorem 5.8. If in the statement of Theorem 5.3 we replace assumption A2' by A2, the same
conclusion holds.

Again the proof is the same, the only difference being that instead of [13, Corollary 2.4], we
apply [13, Corollary 2.3].

Remark 5.9. We could also have assumed some very general twist conditions, in the line of [11-
13]. These involve the “avoiding cones condition” for rather general domains. However, in this
paper we preferred to present our ideas in some more concrete situations. The interested reader
will have no difficulties in adapting our results to the more general setting.

6. Twist with Hartman type condition

In this section we consider a system in R +2L of the type

C}vaH(t747p)+8vpp(t,q,p,u),
pZ_VqH(tyqvp)_SVqP(t»‘ZaP,u), (61)
u=v, v=V,G(t,u) —eV,P(t,q,p,u).

Here again all functions involved are assumed to be continuous, and 7T -periodic in t. We will
assume the periodicity condition A1’ and one of the twist conditions A2’, A2” or A2”, even if
in the following statement we concentrate on A2”. We also assume condition A5’ which, in this
setting, can be stated in the following simpler form.
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A5”. The function P(t,q, p,u) is 27 -periodic in qy, ..., g) and has a bounded gradient with
respect to (g, p, u).

Here is our statement, involving a Hartman-type condition (see [10,22] and the references
therein).

Theorem 6.1. Assume that A1', A2" and A5" hold true and that there exists R > 0 such that
=R = (VuG(t,u),u)>0. 6.2)

Then there exists € > O such that for |e| < &, there are at least M + 1 geometrically distinct
T -periodic solutions of system (6.1) such that p(0) € D and |u(t)| < R for every t € R.

Proof. First of all, we modify the function G outside the ball Bg = {u : |u| < R}. By (6.2) and
the continuity of the inner product, there exists o > 0 and § > 0 such that

R<lul<R+p = (V,G({t,u),u)=>94. (6.3)
We can assume without loss of generality that
G(t,u) <0, whenR<|u|<R+p. 6.4)
Indeed, if it is not already the case, it is sufficient to replace G(¢, u) by G (¢, u) — M, where
M =max{|G(t,u)] : 0<t<T, R<|u|<R+p}.

Its gradient will not be changed.

Moreover, as in the previous proofs, after a truncation we can from now on assume that H has
a bounded gradient with respect to (g, p).

Now choose a C*®°-function 1 : R — R satisfying

ns)=1, ifs <R,
n(s) <0, ifR<s<R+p,
n(s)=0, ifs>R+p,
and define the function
G(t,u), if lu| <R,
G(t,u)= n(lul)G(t,u)Jr(l—n(lul))%lulz, if R<|ul<R+p,
lul?, if lul>R+p5.

Notice that, outside the ball Bg, 5, the system becomes almost linear.
We now consider the new system

qvaH(taq,P)+5va(t»q’pa”),
p=—VyH(t,q,p) —eV4P(t,q, p,u), (6.5)
u=v, v=V,G(t,u) —eV,P(t,q, p,u),
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where the new Hamiltonian function is

ﬁ(tsQ»p,Mav):H(tqup)+%|U|2_5(t7u)+8p(tvq7psu)

Writing the modified system (6.5) as z = J VH (t, z), we see that

77 R P B
H(t, z)= 2(|v| lul”) + K(t,2),

with K (¢, z) has a bounded gradient with respect to z = (g, p, u, v). Then, by [13, Corollary
2.3], the modified system (6.5) has at least M + 1 geometrically distinct T-periodic solutions,
such that p(0) € D, provided that |¢| is small enough.

We need to prove that the T-periodic solutions of system (6.5) we have found are such that
lu(t)| < R for every ¢ € [0, T], so that they are indeed solutions of system (6.1).

Assume by contradiction that there exists #yp € R such that

lu(to)] = max{|u(t)| : t €[0,T]} > R.
Consider the function f(¢) = |u(r)|?. We have that f(zo) = 0 and f(zo) < 0. Being f(¢) =

(u(t), u(t)), we compute

F6) =200), (1)) + 2 (u(@), ii (1)
= 20i(0) > +2(u(®), VuG (. u(®)) — & Vi P(t,q(1), p(0), u(@))
> 2(u(0), Vi G, u(t)) — & Vu P(, g (1), p(6), u(®))). (6.6)

We have two cases.

Case 1. If |u(tg)] > R + p, then by the Cauchy-Schwartz inequality and the fact that
IV, P(t,q, p,u)| < C, the inequality (6.6) implies that
F(to) =2 (ulto), ulto) — & Vu P (1o, q(t0). p(to). u(to)))
> 2Ju(to)|* = 2le| |u(to)| | Vi P (20, q (t0). p(to), u(to))|
> 2|u(to)|(lu(t0)| — le| |Vu P (10, (t0), p(to), u(10))|)
>2R*>0,

for |¢| small enough, a contradiction.
Case 2. If R < |u(tp)] < R + p, then again (6.6) implies that

u(to)

lu(to)|

f(to) = 2<u(to), 1 (lu(to)])

G (10, u(t0)) + n (lu(to)|) Vi G (1o, M(to))>

1
+2<u(ro>, i Qo)) 2 L2+ =y (|u<to)|>)u<ro)>

|u(10)] 2
—2|u(t0)| le] IVu P (10, q (t0), p(to), u(10))|
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= 21 (|lu(t0)]) lu(t0)1G (10, u(to)) + 2n (Ju(to)]) (u(t0), Vi G (to, u(t0)))
=) (|u(@0)]) (o) |* +2 (1 = n (lu(t))) |u(to) |
—2[u(to)| le] [Vu P (20, q(t0), p(to), u(to))|.

By (6.3) and (6.4), since 7 (|u(tp)|) <0 and

0 (u(t0)]) (u(t0), Vu G (t0, u(10))) + (1 — 1 (Ju(t0)])) |u(to)|* > min{s, R*},

we have that

f(t0) = 2min{8, R*} = 2(R + p)le| [Vu P (10, 4 (10), p(io), u(10))| > 0,
when || is small enough, a contradiction. The proof is thus completed. O

Remark 6.2. In the case L = 1, writing g(¢, u) = V, G(¢, u), the Hartman condition becomes

gt,—R)<0<g(, R).
It is thus seen that « = —R and = R are constant strict lower/upper solutions, with o < B.
7. Perturbations of completely integrable systems
There is a very large literature on the periodic problem for perturbations of completely inte-
grable systems (see, e.g., [3,13] and references therein), starting from Poincaré, who referred to
Hamiltonian perturbation theory as the “Probleme général de la Dynamique”.

We will add now an extra term to the Hamiltonian function, involving a Hartman-type situa-
tion. Consider the system

{gb =VK() +eViP(t, 9. Iu), [=—eVsP(t, g1 u), 1)

ii =V,G(t,u) — eV, P(t, 0,1, u),

where (¢, I) € R*™ and u € RE. As usual we assume that all the involved functions are contin-
uous and T-periodic in ¢. The perturbation function P : R x R?M+L _ R is assumed to have a
bounded gradient with respect to (¢, I, u). Moreover, it is t;-periodic in each variable ¢, i.e.

P@,...,0i+ti,...)=P,...,¢0i,...),
and we assume that there exist /% € RM and some integers my, ..., my such that
TVKU®) = (mity, ..., myty).
We are thus dealing with a completely resonant torus. Here is our result.
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Theorem 7.1. In the above setting, assume that there exist 1° € R, a symmetric invertible
M x M matrix A and p > 0 such that

0<I-1"<p = <VIC(I) — VKUY, AU — 10)) 0. (1.2)
Moreover, let there exist R > 0 such that

lul=R = (V,G(t,u),u)>0.

Then, for every o > 0, there exists € > 0 such that, for |e| < &, there are at least M + 1 geomet-
rically distinct solutions of system (7.1), with

<p(t+T):<p(t)+TVIC(IO), ut+T)=u(), I1¢+T)=1(1),
lo(t) — p0) — t VKU + 11(1) - 1°| <o,

and

lu()| <R,
foreveryt e R.

The proof is based on Theorem 6.1, following the same reasoning as in [1 1, Theorem 24], so
we omit it, for briefness.

Remark 7.2. It can easily be seen that assumption (7.2) is satisfied if the function K is twice
continuously differentiable at / 0 with

detK"(1%) #0.
It is indeed sufficient to choose A = K (19).
Data availability
No data was used for the research described in the article.
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