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Abstract

In this paper we study the rate of convergence of the Markov chain X, 1 =
AX, + B, (mod p), where A is an integer matrix with nonzero eigenvalues, and
{By},, is a sequence of independent and identically distributed integer vectors, with
support not parallel to a proper subspace of QF invariant under A. If A has an
eigenvalue of length 1, then n = O (p2) steps are necessary and sufficient to have X,,
sampling from a nearly uniform distribution. In general, if no assumptions on the

eigenvalues of A are done, then O (p2) steps are sufficient.
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1 Introduction

In this paper, we study the Markov chain on Z* defined by the affine recursion
Xn+1 = AXn + B, (mOd p)7 (1)

where Xo = x¢ € Z¥, A € GL,(Q) N My(Z), p is an integer, and {B,}, is a sequence of
independent and identically distributed integer vectors.

Several results on this recursion have been obtained in the mathematical literature. In
particular, if £ = 1 and B,, is a fixed integer b, for particular values of p (for example,
p =23 —1orp=2%) the sequence (1) is used to produce pseudorandom numbers on
computers. These matters can be found in the book [10].

In [1], [4], and [8], the term b is a random variable B,, chosen with the same probability

at each step, and so the authors study the following Markov chain:

Xnt1 = aX, + B, (mod p),

where a € N*. The aim of these studies is to produce uniformly distributed random
numbers on the set {0,1,...,p — 1}. In [4], it is shown that, for a = 2, n = O(lnp Inlnp)
steps are sufficient to sample X,, from a distribution almost uniform. Moreover, if a = 1,
then n = O (p2) steps are necessary and sufficient. In [7], also the integer a is a random
variable A,, but the same estimate n = O(Inp Inlnp) for the number of steps sufficient
is found.

In [2] and in [9], the extension of the previous results to the higher-dimensional case
is done, but the recursion (1) is studied only in some particular cases on the distribution
of B, and on the eigenvalues of A. In the paper [3], the conditions on B,, are the most
general (||By||,, € L? and the support of the distribution of B,, cannot be parallel to any
proper subspace of QF invariant under A). The results of the paper depend on the size
of the complex eigenvalues of A. If |\;| # 1 for all eigenvalues \;, then n = O ((Inp)?)
steps are sufficient and n = O(Inp) steps are necessary to reach the uniform distribution.
Conversely, if A has an eigenvalue of length 1, only some particular results are obtained.

In this paper, we improve and complete the study begun in [2] and [3] and we provide

some results that agree with the one-dimensional case studied in [4]. In general, we prove



that, without any assumptions on the eigenvalues of A, n = O(p?) steps are sufficient to
achieve randomness (Theorem 3.1). This theorem generalizes Theorems 4.1 in [2] and 3.9
in [3]. In particular, if A has an eigenvalue of length 1, then O (p2) steps are also necessary
(Theorem 3.3). This theorem generalizes Theorem 3.11 in [3].

In Sect. 2, we provide some preliminary results and we recall shortly the theory of the
random walks on groups. In Sect. 3, we expose the main results of our work, and in Sect.

4 we introduce some problems for further study.

2 Preliminary results

The aim of this paper is to prove that, with some conditions on p and on B,,, the distri-
bution of the Markov chain {X,,} tends to the uniform distribution on Z’; , as n — 400,
where {X,,} is defined by (1), and so it can be supposed on Zlg. Moreover, we wish to
estimate the rate of convergence of the process.

Set P,(x) = P(X, = x),Vx¢€ Z';, and u(x) = P(B, =x),Vx € ZF, Vn € N;

moreover, denote by U the uniform distribution on Z’Ij. Define:
V:{XEZk:X:h—k, where h, k € supp u}.

Denote by d, where d < k, the degree of the minimum polynomial of A. By definition we

have:
d d
[[A=xD =TJ(A=XI) =0€ My(Z), Xi€{h,...\}, Vi=d+1,..,F,
=1 i=1

where A1, ..., Ag, ..., A\p are the eigenvalues of A. Finally, set:
VIl —{Amx:xeV ,m=0,1,..,d—1}.

We use the Fourier analysis (see for example [5], [6], [11], and [12]). Define the variation
distance between P, and U in the following way:
1
1Pn=Ull =5 D [Pale) = Ue)]:
acZk

It is possible to prove that

1P~ Ull = sup B () = )] = g [Pa(4) = () @)



where F' = {f: Z]Zj — C:||f]| <1}

Henceforth, our purpose will be to find an upper bound and a lower bound for || P, —U ||
in terms of n and p. Observe that we can suppose X = 0; in fact, if we denote by {Y,},
the sequence defined by (1) and the condition Xy = 0, we have X,, = ¢,,(Y ), where the

one to one function ¢, : Zl; —_— Z’; is defined by ¢, (x) = A"x¢ + x. Moreover:
[Pn = Ul = [|(Pn o ¢n) = Ul

Let E be a countable group of R* and let f : E — C; define the generalized Fourier
transform f: CF — C by:
Fla) = 3 e (7 Re(e) ) 1),
heE
where Re(«) is the vector whose components are the real parts of the components of a.
Henceforth, we consider only E = Z* or E = Z’;.
The following lemma is proved in [2] (Lemma 2.5), and also in [5], in a more general

case.

Lemma 2.1 (Upper bound lemma).

1 N
1P = U < 5 Y. B (3)
acZk—{0}

Lemma 2.2. Suppose that M € GLi(Q) N My(Z) and ged(det(M),p) = 1; then,
M € GLk(Zp).

Proof. By assumption, there exist k1, ko € Z such that
ki det(M) + kop =1,

from which kj det(M) =1 (mod p). Moreover:

1
M= N
det(M) "’

where N € My(Z), and so M € GLi(Z,). O

The following two results follow from Lemma 2.2 and their proofs are similar to those

of Lemmas 3.1 and 3.4 in [2]: the only difference is that a ranges in C* instead of Z];.
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Lemma 2.3. Suppose that gcd(det(A),p) =1, Xo = 0, a € CF. Then:

n—1
1) ]3,1(0() = H i("Ala).
j=0
N n—1 o '
2) PP =TT | X wttutiycos (27 (h =i, Re(e)
Jj=0 \h,icz*

2

< ;ii[: <1 —2p(u) e (v) + 20 () p (v) cos <p <u—VatAj04>>> )
Yu,v € supp p.

Lemma 2.4. Suppose that the support of u is not parallel to a proper subspace of
QF invariant under A. Then, there exists a basis {y1,--yr} C V41 of Q*. Furthermore,
for all p € N such that ged(det(y;...yx),p) = 1 and for all « € C* — (pZ)k, there exists
i € {1,....,k} such that (y;,a) # 0 (mod p). In particular, if the support of p is not
parallel to a proper subspace of Q¥, we have y1,...,yx € V, {yi, @) # 0 (mod p), for some
ie{l,.. k}

Henceforth, we denote by B the matrix (y;...yx), where the vectors yi, ...,y are

defined by Lemma 2.4.

Lemma 2.5. Let o € C*. Then:

Po(a) — ﬁ(a)j .

N =

1P = Ul =

In particular, if o € ZF — (pZ)k, then:

1P, = Ul =

ﬁn(a)’ .

N =

Proof. From (2), we have:

1P~ Ull= 5 sup [E (1) ~ Bu()}

For all o € C¥, define the following function f : Z’; — C:
271
7 = e (T ) )
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Since || f|| = 1, we obtain:

1P~ Ul > 3 1Ep, () ~ Eu ()

xEZE

In particular, if a € ZF — (pZ)k7 there exists jo € {1,...,k} such that o, € Z — pZ;

then:
~ 1 21
Ula) = —kH Z exp <xjaj>
P 7j=1 .’L'jEZp
1 211 21
Tk 11 > e (pfﬂj%') > e <pf'3j00<jo> :
]6{177k}_j0 IJEZP :L‘J()ezp
Moreover:
P
omi 1= (exp (%ay, ) )
Z exp | —xj o, | = - =0
@50 €Zp 1 —exp (704]0>
= U(a) =0,
from which
1)~
|Pa= Ul 2 5 |Pale)] . ©

3 Main results

Theorem 3.1. Assume that A has eigenvalues Aq,..., A\ € C*, and assume that the
support of x is not parallel to a proper subspace of QF invariant under A. Then, there
exist a,c € RT and N € N such that, for all p € N such that p > N, ged(det(A),p) =

ged(det(B),p) = 1, and for all n > cp?, we have:

1P, — Ul < 26 Lexp (_O‘('”_M> _

p2
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Proof. For all s € N, from Lemma 2.3, we have:

n—s—1

SN P@r<s Y I e, (4)

aeZk—{0} acZk—{0} j=0

2 ,
where fs(a,j) = Z p(u)pu(v) cos <; (u - V’tAJ+sa>>
u,vezk
Observe that, for all j € N and for all a3,y € Z'; — {0} such that a; # a9, from

Lemma 2.2 we have ‘Ala; # ‘Alay (mod p), and so
{tAja ca e Zk - {0}} — 7} — {o}.

Moreover, use the following result:

Lemma 3.2.

> Ionm < Zl a5,
p

j=11i=1

where, for all i =1,...,r and all j =1,...; s, m; is a permutation of {1,...,s} and a; > 0.

Then we have:

n—s—1

oo I el < Do fol,0)m. (5)

acZk—{o} j=0 acZk—{0}

Consider the vectors y1, ..., yx defined by Lemma 2.4; then, for all m =1, ..., k:
Ym = A" (W —vy,), where uy,, v, € supp p, 2, € {0,1,...,d — 1}.
For all m =1, ..., k, set:

gtm) = (1= 2utun)tvm) + 2t tvmeos (2 ) )

Then:
fom (@, 0)772m < g(m).

Let mv € {1, ..., k} be such that g(m) = min g(m); by (4) and (5), choosing s = 2z,

m=1,....k
we have:
Yo PP Y gm). (6)
acZk—{0} acZk—{0}



Moreover, we have the following relation:

zy-{o}= |J Vs
0£Sc{1,....k}
where, for any ) £ S C {1,...,k}:

Ysz{aez’;—{o}:<ym,a>¢o (mod p), ¥ m € S,
(Ym,a) =0 (mod p), Vm ¢ S}.

Then, (6) implies:

Yo B@P<s Y Y em

aeZk—{0} 0#£SC{1,....k} Ys
' o n—2zm
< Y Smin (1 2wt + 2 )utvmeos (2 vl ) ) )
p#£Sc{1,...,k} Ys p

If ) £S5 C{1,...,k}, reorder the set S in the following way:
S = {ml,g, ...,m|5|75} ,  where m; g <mjgs & i <j.

Then, for all h =1, ..., |5]:
Ymps = Azmhvs(umh’s—vmh’s), where W, o, Viny, g € SUPD [y Zm, ¢ € {0,1,...,d —1}.

Set Yh,s = Ympus> UhS = Umy, 5 VAS = Vmy, 5 and z = mlax Zm- Moreover, set:
m=1,...,

ap,8 = <?h,s, Oé> :

We have:

3 iy (1 2t + 2t tson (2 )

) - - . B 27T n—=z
<>, min <1 — Opu(T,5)(Ths) + 24T 5) (T 5) O3 (pahys))
YS - Ity

S|

_ (n=2)/I5|
< > 11 (1 = 20(Wp,5) 1 (Vi,s) + 200(Tn,) 1(Va,s) cos <2pah,s)>

ah,sezp—{o}, h=1
vV h=1,...,|5|

|S|

W =2/l
=11 > <1 = 2u(Uh,9)1(Vh,s) + 20(Wh,8) 1(Vi,s) cos <2pah,s>> - (8)

h=1 ahysezp—{O}



2
Note that —1 4 cosz < ——23:2, for all € [—m,n]. Furthermore, if a, g € Z, — {0}, we
T
can suppose:

-1 27
aps € Z¥N —L,Q = —apg € [—m, 7.
b 2 2 p b

Then, for all h =1, ..., |5]:

2 (n—2)/I5|
Z <1 — 2u(ﬁh’5)u(vh7s) + QM(ﬁh,S),U(Vh,S) Cos <pah’5>>

ahysézp—{()}

16 9 (n—2)/1S|
<2 Z <1 - pgﬂ(uh,s)ﬂ(vh,s)ah,S>

16 _
<2 ) exp <_Wﬂ(uh,5)ﬂ(vh,5)(n —k+ 1)ai,S>7

since z<d—1<k—1and|S| <k.

Let 7 € (0,1) be such that 272 +72 -1 =0 (& 17772 = 5), and set:
-7

b g = oxp [ — 0 (@, ) iu(Fng)(n —k+1) ), ©=max— "0
18 TSP g SIS T S 16u(ns) 1(Vas)

cC—¢C

k—1
Letc>c,N:{ J,p>N,andn20p2;then:

n—k+1>ep? =ty 5 <7,

from which
ajp g aj g 2ap,s
(9) =2 Z ths | =2 | ths+ Ztm <2 | ths+ Zt ’

h,S
ap,s>2

t 73
=2 [ tps+—5— ) <2pg (14——5 | = 3tns
1-— th,S 1-7

by the definition of 7. Then:

ap,s>2

ap,s€Zp—{0}

5 (n—2)/1s]
> (1 = 2p(Wh, ) (Vi,s) + 200(0n,5) 1(V,s) cos (;ah,s»

16 -
< 3exp <—kp2,u(uh75)u(vh,g)(n —k+ 1)>

|S|

=11 > <1 —2u(ap, s)1(Vh,s) + 2p(Wp,s) (Vi s) cos (27T >>(n_2)/s|

?ah,s
h=1an s€Z,—{0}



S|

2ag(n —k+1 8 _ _
h=1

Moreover, from (7) and (8) we have:

. aln — k k
> PP e (<20 B 3%

aczl— {0} p is=1 \ S|
2 —-k+1
= <4k _ 1) exp (04(7124—)) ,
p
— : _ 8 i . ) — _InT .
where o = ngl{llr}””k}ag = Elﬁgﬂ(uhﬁ)u(vhﬁ) = —5=. Then, from (3) we have:

1 20(n — k+ 1
o < () (00

b
_ 2(n — k+1
< e (20D,
from which
—k+1
|P, — U| <2 Lexp <_0‘(”pQ+)> .0 (10)

Observe that, for k = 1, the bound (10) reduces to the following:

1P, — U < exp <—;‘2> ,

that agrees with the one-dimensional case studied in [4] (case a = 1).

The following theorem proves that, if A has an eigenvalue of length 1, then O (p2)

steps are also needed to reach the uniform distribution.

Theorem 3.3. Suppose that the matrix A has an eigenvalue A € C such that |A\| =1
(hence, so does the matrix A), that the support of y is not parallel to a proper subspace
of QF invariant under A, and that |Bn|l,, € L? for all n € N. Then, there exist v,c € RT
and N € N such that, for all p € N such that p > N, ged(det(A),p) = 1, and for all
n < cp?, we have:

12w = Ul = .
Proof. By assumption, there exists A € C such that *Aa = Ao, for some a € C¥—{0}.

10



Case 1: Re(a) # 0. From Lemmas 2.3 and 2.5, we have:

7=0 \h,icZK p
1 211
2 % e (7 x Refa))
x€Zk p
22
Since cosx > 1 — — for all x € R, we have:

(11)

where p = 272k? Z p(h)pi) |h —i% € RT.
h,ieZX

Denote by @ the vector whose components are the complex conjugated values of the
components of «; then:

tAa =tAa = a = \a

. a+a Na+Na
T4 Re(a) = ' A7 a—;—a:)\a—;—)\a

— 2
2 (ol +afle)”
oo = 4

= HtAj Re(a)||

Moreover, since Re(a) € R* — {0}, for all p > ||Re(a)||,, we can suppose that Re(a) €

11



RF — (pZ)*; then, there exists jo € {1,...,k} such that aj, € R —pZ, from which:
1 27 1 271
o Z exp <p<x, Re(a))) = —kH Z exp <p:cj Re(oz)j>
Jj=4p
1 2mi 1 2mi
S H Z exp (pwj Re(a)j> ’ Z exp <pxj0 Re(a)]b)

5 o )| R,
<=3 P<p o Re )J'O) N pll—exp<%Re(a)jo)‘

V2

p\/l ~ cos (27” Re(a)jo) |

IN

Observe that

V2 . 2 1

lim = lim .
21
p——400 p—+oop - 2L Re(qy) - mRe(a);
p\/l — cos (%’r Re(a)j()) P ( )JO ( )Jo
Then, for sufficiently large p and since « is an eigenvector of *A, we can suppose that

1 2mi 1
— Z exp <p(x, Re(a)>> < m <1,

from which

n/
1 p(lladlo + 1l s)? 1
Po-Ul|>:|[1- 0 0 S
| = 2 ( 4p? 3Re(a),,

Moreover, there exists d € RT such that 1 — z > exp(—2z), for all x € [0,d]. For

N2
sufficiently large p, we can suppose that P (||a||°°4+2Ha|°°) € [0, d]; hence:
D

— 2
_pllafle + )" n

1
P, — > — — .
1=t [“p ( G ) 3Re<a>jo]

Let ¢ € R* be such that
(—¢) > S
L 3Re(a);,

iz
and suppose that n < cp?, where ¢ = ¢ ——— . Then, we have:
p (el + 1)

1 _
1P, = U] 25 (eXP(—C)—?)ReM

12



Case 2: Re(a) =0. In this case, Im(a) € R¥ — {0}, ‘ATm(a) = AIm(c), and so
A € {—1,1}, which implies @ € Q* — {0}; then, there exists x € Z* — {0} such that
tAx € {—x,x}, and so, for all j € N, *A/x € {—x,x}. For all p > ||x||, we can suppose
that x € ZF — (pZ)k; then, from Lemmas 2.3 and 2.5, we have:

11~
1P = Ul = 5 |Pa)

1/2
1% . s CtAds
=3 |:| hViEEZk w(h)p(i) cos (p (h—1,'A >>

n/2

S uyutiyeos (27 th i)

h,icZk

By proceeding as in the proof of the previous case, we obtain the following formula,

5 TL/2
1P -0l =t (1—) ,
p

where § = 27%k? HX”C%O Z p(h)p() |h — i||oo € R™. Finally, for all p sufficiently large:

h,icZK
1 on

Then, for all n < ¢p?, we have:

analogous to (11):

1 _
||P, —Ul|l > §exp(—5c) =5cR".

From the cases 1 and 2, we have the statement, with v = min{7,7}. O

4 Problems for further study

In this paper, we complete the study of the recursion (1) when the Markov chain {X,,}
ranges in Z’;, but the study of the analogous recursion in R¥ reduced modulo p, for some
real number p, is an open problem. Moreover, the sequence (1) can be generalized and

replaced by the following:
Xn+1 = f(Xpn) + By, (mod p), (12)

13



where f : R¥ — R is a one to one function such that || f||, < +oc.
We think that, by using the Fourier transform defined by an integral on R¥ instead of

a sum on ZF or ZF

»» it is possible to generalize the lemmas in Sect. 2, and to prove the

convergence in law of the Markov chain (12) to the uniform distribution on some subset
of R* (mod p), the set where the chain ranges. This set can be different from RF (mod
p), and it can be also countable (for example, in the case where the recursion (12) reduces
to (1)), then it is necessary to develop a theory and to establish it. Another problem is to
estimate the rate of convergence of the Markov chain: the idea is to use the arguments of
functional analysis that generalize the theory of the eigenvalues and the eigenvectors of a

matrix.
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