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1 Introduction

In the present paper we consider elastic plates modelled by the Reissner-
Mindlin theory. This theory was developed for moderately thick plates, that
is for plates whose thickness is of the order of one tenth of the planar dimen-
sions of the middle surface [Reid5], [Min51]. Our aim is to give a rigorous,
thorough and self-contained presentation of mathematical results concerning
the Neumann problem, a boundary value problem which poses interesting
features which, at our knowledge, have not yet been pointed out in the liter-
ature.

Throughout the paper we consider an elastic plate €2 x [—%, %], where
Q) C R? is the middle surface and h is the constant thickness of the plate.
A transversal force field Q and a couple field M are applied at the bound-
ary of the plate. According to the Reissner-Mindlin model, at any point
x = (x1,25) of Q we denote by w = w(z) and w,(z), o = 1,2, the infinitesi-
mal transversal displacement at x and the infinitesimal rigid rotation of the
transversal material fiber thorugh z, respectively. Therefore, the pair (¢, w),

with (@1 = wa, Yo = —wy), satisfies the following Neumann boundary value
problem
div (S(¢ + Vw)) =0 in Q, (1.1)
div(PVy) — S(¢+Vw) =0, inQ, (1.2)
(S(¢ + Vw)) -n = Q, on 01}, (1.3)
(PVp)n = M, on 012, (1.4)

where P and S are the fourth-order bending tensor and the shearing matrix
of the plate, respectively. The vector n denotes the outer unit normal to €.

The weak formulation of (1.1)-(1.4) consists in determining (¢, w) €
HY(Q,R?) x H'(Q) satisfying

a((p, w), (¥, v)) = BQ@) +M-y, Ve H(QRY),Yoe H(Q), (15)

where
a((gp,w),(w,v)):/Q]Pch-Vw—ir/QS(gojLVw)-(¢+Vv). (1.6)

The coercivity of the bilinear form a(-,-) in the subspace

H:{(w,v)eHl(Q,Rz) « HY(Q) | /qu:O,/Qv:O}



with respect to the norm induced by H'(Q, R?) x H(Q) is not standard. To
prove this property — in other terms, the equivalence of the standard norm in
‘H with the norm induced by the energy functional — we derive the following
generalized Korn-type inequality

196l 2@ < C (Wl + llp + Vol Vo € H'(Q,R), Voo € HY(Q,R),
(1.7)

where ¥ denotes the symmetric part of the gradient and the constant C' is

constructively determined in terms of the parameters describing the geomet-

rical properties of the Lipschitz domain €. Inequality (1.7) allows to solve

the Neumann problem and provides a quantitative stability estimate in the

H' norm.

Assuming Lipschitz continuous coefficients and C™! regularity of the
boundary, we prove global H? regularity estimates. For the proof, which
is mainly based on the regularity theory developed by Agmon [Ag65] and
Campanato [Ca80], a key role is played by quantitative Poincaré inequalities
for functions vanishing on a portion of the boundary, derived in [A-M-R08].

Finally, in case of isotropic material, we adapt arguments in [LNW2010]
to H? solutions of the plate system (1.1)-(1.2), obtaining a three spheres
inequality with optimal exponent and, as a standard consequence, we derive
the strong unique continuation property.

Let us notice that the constructive character of all the estimates derived
in the present paper is crucial for possible applications to inverse problems
associated to the Neumann problem (1.1)-(1.4). As a future direction of
research, we plan to use such results to treat inverse problems concerning the
determination of defects, such as elastic inclusions, in isotropic elastic plates
modelled by the Reissner-Mindlin model. The interested reader can refer, for
instance, to [M-R-V07] for applications to the determination of inclusions in
a thin plate described by the Kirchhoff-Love model, which involves a single
scalar fourth order elliptic equation.

The paper is organized as follows. In section 2 we collect the notation and
in section 3 we present a self-contained derivation of the mechanical model for
general anisotropic material. Section 4 contains the proof of the generalized
Korn-type inequality (1.7), which is the key ingredient used in section 5 to
study the Neumann problem. In section 6 we derive H? global regularity
estimates. In Section 7 we state and prove the three spheres inequality.
Finally, section 8 is an Appendix where we have postponed some technical
estimates about regularity up to the boundary.



2 Notation

Let P = (z1(P), z2(P)) be a point of R?. We shall denote by B,(P) the disk
in R? of radius r and center P and by R, ;(P) the rectangle R, ,(P) = {z =
(x1,22) | |21 — 21(P)| < a, |z2 — 22(P)| < b}. To simplify the notation, we
shall denote B, = B,(0), R, = R.4(0).

Definition 2.1. (C*! regularity) Let Q be a bounded domain in R?. Given
k € N, we say that a portion S of 9 is of class C* with constants py,
My > 0, if, for any P € S, there exists a rigid transformation of coordinates
under which we have P =0 and

an RPO = {I = ({L‘hl'g) € RPO | To > @/}({L‘l)},

25 PO T PO
where 1 is a C®! function on (—&—%, &—%) satisfying
P(0) =0, ¢'(0)=0, whenk>1,

Hd}HClm( 20 ﬂo) < Moypo.

1o

When k = 0 we also say that S is of Lipschitz class with constants py, M.

Remark 2.2. We use the convention to normalize all norms in such a way that
their terms are dimensionally homogeneous with the L* norm and coincide
with the standard definition when the dimensional parameter equals one. For
instance, the norm appearing above in case k = 1 is meant as follows

1,1 PO Po_ oo ,00 ,00 + v oo ,00 ,00 + v oo PO PO
Wllos(—gn g0y = Il e (- g )+ POV oo (g0 20 Pl Pl (- n )

Mo Mg’ Mg

Similarly, we shall set

1
2
sy = o7 ( / u) |
Q
1
2
llley = o7 ( [+t ] |w|2) ,
Q Q

and so on for boundary and trace norms such as || - |20, | - HH%@Q),



Given a bounded domain Q in R? such that 99 is of class C*!, with
k > 1, we consider as positive the orientation of the boundary induced by
the outer unit normal n in the following sense. Given a point P € 0f2, let
us denote by 7 = 7(P) the unit tangent at the boundary in P obtained by
applying to n a counterclockwise rotation of angle 7, that is 7 = ez X n,
where x denotes the vector product in R? {e;,e,} is the canonical basis in
R? and e = e; X es.

We denote by M? the space of 2 x 2 real valued matrices and by £(X,Y)
the space of bounded linear operators between Banach spaces X and Y.

For every 2 x 2 matrices A, B and for every . € £(M? M?), we use the
following notation:

(]LA)M == Lijk:lAkl; (21)

A-B=A;By, |Al=(A-A):. (2.2)

Notice that here and in the sequel summation over repeated indexes is im-
plied.

3 The Reissner-Mindlin plate model

The Reissner-Mindlin plate is a classical model for plates having moderate
thickness [Reid5], [Min51]. The Reissner-Mindlin plate theory can be rigor-
ously deduced from the three-dimensional linear elasticity using arguments
of T'-convergence of the energy functional, as it was shown in [P-PPG-T07].
Our aim in this section is more modest, namely, we simply derive the bound-
ary value problem governing the statical equilibrium of an elastic Reissner-
Mindlin plate under Neumann boundary conditions following the engineering
approach of the Theory of Structures. This allows us to introduce some no-
tations useful in the sequel and to make the presentation of the physical
problem complete.

Let us consider a plate € x [—%, %} with middle surface represented by
a bounded domain € in R? having uniform thickness h and boundary 02
of class C*!. In this section we adopt the convention that Greek indexes
assume the values 1,2, whereas Latin indexes run from 1 to 3.

We follow the direct approach to define the infinitesimal deformation of
the plate. In particular, we restrict ourselves to the case in which the points
x = (21, x9) of the middle surface Q are subject to transversal displacement
w(x1,xa)es, and any transversal material fiber {z} X [—g, %], x € Q, under-
goes an infinitesimal rigid rotation w(z), with w(z) - e3 = 0. In this section
we shall be concerned exclusively with regular functions on their domain of
definition. The above kinematical assumptions imply that the displacement



field present in the plate is given by the following three-dimensional vector
field:

— h
u(z, x3) = w(zr)es + x3p(z), x€Q, |rs| < > (3.1)

where B
o(r) =w(x) X e3, x €. (3.2)

By (3.1) and (3.2), the associated infinitesimal strain tensor E[u] € M3 takes
the form

Elu)(z, 25) = (Vu)¥" (2, 23) = 23(Voip(2))?" + (7(2) ® €3)™™,  (3.3)

where V() = %(-)ea is the surface gradient operator, V<¥(-) = 1(V(-) +
VT(.)), and

V(z) = p(z) + Vow(z). (3.4)
Within the approximation of the theory of infinitesimal deformations, v ex-
presses the angular deviation between the transversal material fiber at  and
the normal direction to the deformed middle surface of the plate at x.

The classical deduction of the mechanical model of a thin plate follows
essentially from integration over the thickness of the corresponding three-
dimensional quantities. In particular, taking advantage of the infinitesimal
deformation assumption, we can refer the independent variables to the initial
undeformed configuration of the plate.

Let us introduce an arbitrary portion €2 x [—%, %] of plate, where ' CC )
is a subdomain of 2 with regular boundary. Consider the material fiber
{z} x [-4,2] for x € OQ and denote by t(z,x3,e,) € R3, |as| < %, the
traction vector acting on a plane containing the direction of the fiber and
orthogonal to the direction e,. By Cauchy’s Lemma we have t(x,x3,e,) =
T(z,x3)eq, where T'(z,x3) € M3 is the (symmetric) Cauchy stress tensor at
the point (x,z3). Denote by n the unit outer normal vector to 9€ such
that n - e3 = 0. To simplify the notation, it is convenient to consider n
as a two-dimensional vector belonging to the plane z3 = 0 containing the
middle surface Q2 of the plate. By the classical Stress Principle for plates, we
postulate that the two complementary parts ' and Q \ €’ interact with one
another through a field of force vectors R = R(x,n) € R? and couple vectors
M = M(x,n) € R3 assigned per unit length at z € Q. Denoting by

h/2
R(z,e,) = / t(z, z3, €q)dxs (3.5)
—h/2

the force vector (per unit length) acting on a direction orthogonal to e, and
passing through = € 0€)', the contact force R(x,n) can be expressed as

R(z,n) = T%x)n, =z c o, (3.6)
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where the surface force tensor T(x) € M**? is given by
T9(x) = R(7,e,) ® €4, in €. (3.7)

Let P = I — e3 ® e3 be the projection of R? along the direction es. T is
decomposed additively by P in its membranal and shearing component

T = PT® + (I — P)T® = 79%m) 4 79 (3.8)
where, following the standard nomenclature in plate theory, the components

To?ﬁ(m) (= Tgofm)), a,8 = 1,2, are called the membrane forces and the com-

ponents TSQ(S), B = 1,2, are the shear forces (also denoted as T?fé(s) = Q3).
The assumption of infinitesimal deformations and the hypothesis of vanishing
in-plane displacements of the middle surface of the plate allow us to take

7™ =0, in Q. (3.9)
Denote by
h/2
M(z,e,) = / x3e3 X t(x, x3,€4)drs, a=1,2 (3.10)
—h/2

the contact couple acting at x € 92" on a direction orthogonal to e, passing
through =. Note that M(z,e,)-e3 = 0 by definition, that is M(z, e,) actually
is a two-dimensional couple field belonging to the middle plane of the plate.
Analogously to (3.6), we have

M(z,n) = M*x)n, = c o, (3.11)
where the surface couple tensor M (x) € M3*? has the expression
M (z) = M(z,e4) ® eq. (3.12)

A direct calculation shows that

M(z,e,) = e3 X egMpa(z), (3.13)
where
h)2
Mpgo(z) = / 3T 30 (T, x3)drs, o, =1,2, (3.14)
—h/2

are the bending moments (for a = ) and the twisting moments (for a # j3)
of the plate at = (per unit length).

Denote by ¢(z)es the external transversal force per unit area acting in €.
The statical equilibrium of the plate is satisfied if and only if the following
two equations are simultaneously satisfied:
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fan Tnds + Joy qesdx = 0, (3.15)
faﬂf ((m — xg) X T%n + Mﬂn) ds + fQ,(x — x9) X gesdr =0, (3.16)

for every subdomain ' C Q, where z( is a fixed point. By applying the
Divergence Theorem in €2’ and by the arbitrariness of 2" we deduce

div, T9C) 4+ ges = 0, in Q, (3.17)
div, M? + (T9)Tes x e3 =0, in Q. (3.18)

Consider the case in which the boundary of the plate 02 is subjected simul-
tancously to a couple field M, M -e; = 0, and a transversal force field
Qes. Local equilibrium considerations on points of 92 yield the following
boundary conditions:

M =M, on 09, (3.19)
T = Qes, on 00. (3.20)

where n is the unit outer normal to 0f). In cartesian components, the equi-
librium equations (3.17)—(3.20) take the form

My —Qa =0, inQa=1,2 (3.21)
Qaa+q=0, in €, (3.22)
Mgng = M, on 012, (3.23)
Qane = Q, on 012, (3.24)

*

where we have defined M; = M, and My = —M,.

To complete the formulation of the equilibrium problem, we need to in-
troduce the constitutive equation of the material. We limit ourselves to the
Reissner-Mindlin theory and we choose to regard the kinematical assump-
tions Fss[u] = 0 as internal constraint, that is we restrict the possible defor-
mations of the points of the plate to those whose infinitesimal strain tensor
belongs to the set

M={EcM*3E=E"E-A=0, for A=e3®e3}. (3.25)

Therefore, by the Generalized Principle of Determinism [T66], the Cauchy
stress tensor T at any point (x,x3) of the plate is additively decomposed in
an active (symmetric) part T4 and in a reactive (symmetric) part T:

T =Ty + Th, (3.26)



where T does not work in any admissible motion, e.g., T € M*. Consis-
tently with the Principle, the active stress T4 belongs to M and, in cartesian
coordinates, we have

TA = TAa,Bea ® €3 + TAa3ea @ es + TASaeS ® €a «, 6 = 17 27 (327)

Tr = Traze3 @ e3. (3.28)

In linear theory, on assuming the reference configuration unstressed, the ac-
tive stress in a point (x,z3) of the plate, z € Q and |z3| < h/2, is given by
a linear mapping from M into itself by means of the fourth order elasticity
tensor Cpq € L(M?, M?):

Ty = CpqE[ul. (3.29)
We assume that C,, is constant over the thickness of the plate and satisfies

the minor and major symmetry conditions expressed in cartesian coordinates
as (we drop the subscript M)

Cijrs = Cjirs = Cijsr = Crsij: i,J,r,s=1,2,3, in Q. (330)
Using (3.26) and recalling (3.9), we have:

T =79, M® = MY, (3.31)

Y

that is, both the shear forces and the moments have active nature. By (3.29),
after integration over the thickness, the surface force tensor and the surface
couple tensor are given by

T (x) = hC(z)(y ® e3)™™, in Q, (3.32)
M(z) = %EC(x)(Vmgo(x))sym, in €, (3.33)

where £ € M? is the unique skew-symmetric matrix such that £a = e3 X a
for every a € R3. The constitutive equations (3.32), (3.33) can be written
in more expressive way in terms of the cartesian components of shear forces
and bending-twisting moments, namely

Qo = aﬁ(w)(@ﬂ tw,pg )7 a=12, (3'34)

Ma/j = Pa/g,y(g(af)g&y,g, a, 5 = 1, 2. (335)

where the plate shearing matriz S € M? and the plate bending tensor P €
L(M?, M?) are given by

Sap(x) = hCsu38(x), a,f=1,2, (3.36)

9



h3
Paﬁ'yé(x) = EOQ,B’Y(S(m)v a, 3,7, 0=1,2. (337)

From the symmetry assumptions (3.30) on the elastic tensor C it follows that
the shearing matrix S is symmetric and the bending tensor P satisfies the
minor and major symmetry conditions, namely (in cartesian coordinates)

Sa@ = Sﬁa, Oz,ﬁ = 172, in Q, (338)
Paﬁ'yé = PBa'y& = Poeﬁch = Pvdaﬁ» «, 67’77 d = 17 27 in €. (339)

We recall that the symmetry conditions (3.39) are equivalent to
PA=PA, PA is symmetric, PA-B=PB- A, (3.40)

for every 2 x 2 matrices A, B, where, here and in the sequel, we denote for
brevity A = A%™.
On S and P we also make the following assumptions.

I) Regularity (boundedness)
S € L>=(Q, L(M?)), (3.41)
P e L>=(Q, L(M? M?)). (3.42)

IT) Ellipticity (strong convezity) There exist two positive constants og, o1
such that
hoolv|* < Sv-v < haoy|v]?, a.e. in €, (3.43)

for every v € R?, and there exist two positive constants &, & such that

~ 3 ~
E§0|A’2 <PA-AL %fl\AF, a.e. in €, (3.44)

for every 2 x 2 matrix A.

Finally, under the above notation and in view of (3.34)—(3.35), the problem
(3.21)—(3.24) for ¢ = 0 in Q2 takes the form (1.1)—(1.4), namely (in cartesian
components)

(Pagyepy.s)8 —Sap(pp +w,p) =0,  inQ, (3.45)
(Sas(ps +w,5))a=0, in Q, (3.46)
(Pagrsprs)ns = Ma, on 09, (3.47)
Sas(ps +w,5)n0 = Q, on Of). (3.48)

10



4 A generalized Korn inequality

Throughout this section, Q will be a bounded domain in R?, with boundary
of Lipschitz class with constants py, M, satisfying

diam () < M py, (4.1)

Biyp (20) C 2, (4.2)
for some sy > 0 and xg € €). For any F C (), we shall denote by

7.
rp=— [ x, 4.3
£ 18] 4

),
v = —_— ”U, 44
2= 1E] )y (4.4)

the center of mass of E and the integral mean of a function v with values in
R™ n > 1, respectively.

In order to prove the generalized Korn inequality of Theorem 4.3, let us
recall the constructive Poincaré and classical Korn inequalities.

Proposition 4.1 (Poincaré inequalities). There exists a positive constant Cp
only depending on My and My, such that for every v € H'(Q,R™), n = 1,2,

|lu —uallz2@) < Crpol| VUl L2(q), (4.5)

Ql\ 2

See for instance [A-M-R08, Example 3.5] and also [A-M-R02]| for a quan-
titative evaluation of the constant Cp.

Proposition 4.2 (Korn inequalities). There exists a positive constant C
only depending on My and M, such that for every u € H*(Q,R?),

1 ~
HVU — ~(Vu — VTu)q < Ck||Vull 2, (4.7)
2 12(9)
1 Y
U—Uug — §(Vu —V'u)g(z — xp) < CpaCry\/1+ C} pol|Vul 12,
H1(Q)
(4.8)
where )
_ 19| 2\ ?
Cpao=1+ 2|E| (1+M7)) . (4.9)



See the fundamental paper by Friedrichs [F47] on second Korn inequality
and also [A-M-R08, Example 5.3] for a proof of (4.8)-(4.9).

Notice that, when E = By, (20), Cra <1+ v2(1 + Mf)% J‘f—ol
The following generalized Korn-type inequality is useful for the study of
the Reissner-Mindlin plate system.

Theorem 4.3 (Generalized second Korn inequality). There exists a positive
constant C only depending on My, My and sg, such that, for every ¢ €
HY(Q,R?) and for every w € H'(Q,R),

~ 1
Vel < C (kuwm bl anLz(m) S ()

Proof. We may assume, with no loss of generality, that [ Bug o (v0) £ = 0. Let
50P0

S= {Vw | w e Hl(Q),/w = 0} C L*(Q,R?).
Q

S is a closed subspace of L*(2,R?). In fact, let Vw, € S and F € L*(Q, R?)
such that Vw, — F in L?(Q,R?). By the Poincaré inequality (4.5), w,, is a
Cauchy sequence in H'(2), so that there exists w € H'(Q) such that w, — w
in H*(Q2). Therefore F = Vw € S. By the projection theorem, for every
¢ € L*(Q,R?), there exists a unique Vw € S such that

I = Vil 2 = min |lp — Vel 2e) = min o+ Vollpe.  (411)
Moreover, Vw is characterized by the condition

¢© — Vw L Vw in L*(Q), for every Vw € S. (4.12)

Let us consider the infinitesimal rigid displacement

1
r= §(Vgp — VTcp)BSOpO(IO)(x —xq) == W(z — xp), (4.13)

0 «
w=(15)

r = (a(z — x0)2, —a(x — o)1)

where

that is

Let us distinguish two cases:
i) Q= BSopo(xU)v
ii) Bsop()(xo) g Q.

12



Case i). Let us see that, when one takes ¢ = r in (4.11), with r given by
(4.13), then its projection into S is

Vw =0, (4.14)

that is, by the equivalent condition (4.12), r L Vw in L*(Q), for every
Vw € S. In fact

/ r-Vw = / a(x — Tg)oWy, — (T — x0) Wy, =
Bsgpg (o) Bsgpg (zo)

= a/ w((x —x0)ovy — (& — x0)112) . (4.15)
838000(430)

Since v = = ;”0, we have
r—x T—
(.T — (L’Q)QVI — (I — .To)lVg = (l’ — xo)Q% — (JI — 1’0)1< SOpOO) = 0,
so that
r-Vw =0, for every Vw € S. (4.16)
Bsgpg (o)
Therefore, by (4.11) and (4.14),
7|2 < [l + Vwl| 120, for every Vw € S. (4.17)

By the definition of r and recalling that 2 = B, ,,(z0), it follows trivially
that

T 522
P22y = 5078006 = = IVT (172 (4.18)

By the Korn inequality (4.8), by (4.17) and (4.18), we have

IVellr2) < V(e — 7“)||L2(Q +[IV7llz2@) =

= 190 =ity + iz < 190 =it + ol + Vsl <
< V(0 = Dllzer + =l + Tl + =l =l
c (nwnm n %Hs@ ; unm) . (4.19)

with C' only depending on M, M; and sy.

13



Case ii).
Let 7 be the infinitesimal rigid displacement given by (4.13). By (4.12),
its projection Vw into S satisfies

/ r-Vw = / Vw - Vw, for every Vw € S. (4.20)
Q 0

Choosing, in particular, w = w in (4.20), and by the same arguments used
to prove (4.16), we have

/|VE]2:/7“-Vw:/ r-V@%—/ T-V@:/ r-Vw,
Q Q B%(ﬂﬂo) Q\B%nz(ﬂﬂo) Q\B%nz(ﬂﬂo)

(4.21)
so that, by Holder inequality,
IVl 2(e) < HTHL%Q\B%@(W))- (4.22)
By a direct computation, we have
2 2 2
fQ\BSOPO (o) 7] stopO (o) 7] fBSOPO (o) Il 15
i :1_T—2§1_T—2:E’ (4.23)
fQ 4 fQ ] stopo(ﬂ?O) ]
and, by (4.22) and (4.23),
_ V15

Therefore

_ _ V15
| = V|| 2(0) = [[rllz20) — VOl r20) = (1 = | Irllze). (4.25)

From (4.11) and (4.25), it follows that
4
7] 220 < m“r + Vwl| 120 for every w € H'(Q). (4.26)
Now, Vr =W, |Vr|* = 2a2, so that

/Q]VHQ < 8a*mTM;ip;. (4.27)

Since |W (z — xo)|> = |z — xo|?, by(4.27), we have

T $2\?
Ir|*> = az/ |z — x0]* > —a’sgpg > (—0> p2/ |Vr|?. (4.28)
/Q 0 2 00 4M1 0 0



By (4.8), (4.26) and (4.28),

V|2 < IV(e —7)ll2i) + VTl z2() <
1

1
<c (Hv«o )l + %urnm) <c (uw )l + %nwwnm) <
1 1
< (I¥G = sy + o+ Tullzey + o = rllize ) <

~ 1
<c (||V90||L2(m + o+ Vw\|L2m)) . (4.29)
0

with C only depending on My, M; and sy.
Notice that a more accurate estimate can be obtained by replacing B =020 (x0)
with By, ,,(z0) in (4.21) and in what follows, obtaining

Vw2 ) < VAllTll 2 @), (4.30)

where the constant 7,

Jos, ;c r|? Tsapa
fg‘ﬂ fg‘x_$0|
can be easily estimated in terms of the geometry of €. O

Remark 4.4. Let us notice that, choosing in particular w = 0 in (4.10), it
follows that there exists a positive constant C' only depending on M,, M;
and sg, such that for every v € H'(Q,R?),

[ull 1) < Clpol| Vull L2y + llullz2@))- (4.32)

The above inequality was first proved by Gobert in [G62] by using the theory
of singular integrals, a different proof for regular domains being presented by
Duvaut and Lions in [DL76].

5 The Neumann problem

Let us consider a plate 2 x [—%, %] with middle surface represented by a
bounded domain €2 in R? having uniform thickness h, subject to a transversal
force field @Q and to a couple field M acting on its boundary. Under the
kinematic assumptions of Reissner-Mindlin’s theory, the pair (¢, w), with
© = (p1,¢2), where ¢,, a = 1,2, are expressed in terms of the infinitesimal

rigid rotation field w by (3.2) and w is the transversal displacement, satisfies
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the equilibrium problem (1.1)-(1.4). The shearing matrix S € L*(Q, £(M?))
and the bending tensor P € L>(£, £L(M? M?)), introduced in Section 3, are
assumed to satisfy the symmetry conditions (3.38), (3.39) and the ellipticity
conditions (3.43), (3.44), respectively.

Summing up the weak formulation of equations (1.1) and (1.2), one de-
rives the following weak formulation of the equilibrium problem (1.1)-(1.4):

A pair (p,w) € H(Q,R?) x HY(Q) is a weak solution to (1.1)-(1.4) if
for every ¢ € HY (2, R?) and for every v € H' (),

/QPVQO'VZD—F/QS(QD-FVUJ)'(w-FVU):/ Qu+ M 1. (5.1)

o0
Choosing ¢ =0, v =1, in (5.1), we have

Q=0. (5.2)

)
Inserting ¢» = —b, v = b - x in (5.1), we have

/ (Qr — M) =0, for every b € R?,
o9

so that

Qr — M = 0. (5.3)
20

We refer to (5.2)-(5.3) as the compatibility conditions for the equilibrium
problem.

Remark 5.1. Given a solution (p,w) to the equilibrium problem (1.1)-(1.4),
then all its solutions are given by

p'=p—b w'=w+b-z+a,  VaeRVbeR (5.4)

It is obvious that any (¢*, w*) given by (5.4) is a solution. Viceversa, given

two solutions (p,w), (p*, w*), by subtracting their weak formulations one
has

[PV =e)- Vit [ Sio=9)+ Vw—u) - @+ ) =0,
Vo e HY(Q),Vy € H'(Q,R?).
Choosing ¥ = ¢ — ¢*, v = w — w*, and by the ellipticity conditions (3.43),
(3.44), we have
0= [ BV ) Vlo=p")+ [ S(lo=e)+T =) (=g )+ Vwu) 2

> L6 [196 = +hon [ o= )+ Tw=w)P. (653
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From the generalized Korn inequality (4.10) it follows that V(¢ — ¢*) = 0,
so that there exists b € R? such that ¢* = ¢ — b. By the above inequality
we also have that V(w* —w) = ¢ — ¢* = b, and therefore there exists a € R
such that w* =w +b-2 + a.

An alternative proof of V(¢ — ¢*) = 0, that better enlightens the math-
ematical aspects of the Reissner-Mindlin model, is based on a qualitative
argument which avoids the use of (4.10). Precisely, from (5.5), one has that
@((p —¢*) =0 and V(w — w*) = ¢* — p. Therefore p — p* = Wz + b for

0 «
—a 0
and V(w* —w) = Wa + b € C*. Hence we can compute (w* — W)z 2, =
(axg 4+ b1)zy = @, (W* — W)4ye, = (—axy + be),, = —a and, by the Schwarz
theorem, o = 0, so that ¢ — p* =D.

some skew symmetric matrix W = and some constant b € R?

Proposition 5.2. Let Q be a bounded domain in R? with boundary of Lips-
chitz class with constants py, My, satisfying (4.1)-(4.2). Let the second order
tensor S € L>(Q, L(M?)) and the forth order tensor P € L>(Q, L(M? M?))
satisfy the symmetry conditions (3.38), (3.39) and the ellipticity conditions
(3.43), (3.44), respectively. Let M € H™2(09,R?) and Q € H2(9Q) sat-
isfy the compatibility conditions (5.2)-(5.3) respectively. Problem (1.1)-(1.4)
admits a unique solution (o, w) € HY(Q,R?) x H(Q) normalized by the con-

ditions
/@:O, /w:O. (5.6)
Q Q

(970 -3 gy + 201 @l oy ) > (57)

Moreover

Sl Q

1
ol 1) + —llwll g @) <
Po

with C" only depending on My, My, so, &, 00, 5

Proof. Let us consider the linear space

H:{(w,v)EHl(Q,R2)xH1(Q)| /wzo,/v:()}, (5.8)
Q Q
which is a Banach space equipped with the norm
1
1, v)lla = 1€l () + %Hvllmm)- (5.9)

The symmetric bilinear form

a:HxH—-R
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awmme»zKﬁv@vw+a¢+vm-W+vw, (5.10)

is continuous in H X H. Let us see that it is also coercive. By the ellipticity
conditions (3.43), (3.44),

ol ) o)) 2 6o [ 196l +hoo [ o+l >

zh?’mm{%, p“ }(/ Vol? + g/ngoJrvw\?). (5.11)

On the other hand, from Poincaré and Korn inequalities (4.5) and (4.10),
and by the trivial estimate ||Vwl|| 2y < [l¢ + Vwl|2@) + ¢l 22(), one has

I w)lln < C (pol Velliae) + Il + Volliae) . (5:12)

with C only depending on My, M; and sy.
From (5.11)-(5.12), one has

a((p,w), (p,w)) = Cpgll(p, w)[3; (5.13)

Lo

where C' only depends on My, My, so, §o, 00, 52
Therefore the bilinear form (5.10) is a scalar product inducing an equiv-
alent norm in H, which we denote by |[||-]||.
The linear functional
F:H—-R

F(zb,v):/m@vﬂ\?-w

is bounded and, by (5.13), it satisfies

F 6, 0)] < Coo (I3 00 1813 0y + 1@ 3 1008 ) <
< Cpo (IM 1 - g + PNl - ) 1085, 0) e <
_1 J— —
< oy (IM1,y oy + 014 gy ) 1L (5.14)

so that L, B
EN. < Coo® (T, gy + 0@y ) - (515)

with C only depending on My, My, sq, &, 09, 2. By the Riesz representa-
tion theorem, there exists a unique (¢, w) € H such that a((¢,w), (Y,v)) =
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F(y,v) for every (¢,v) € H, that is (5.1) holds for every (¢, v) € H. More-
over

I, w)lIT = HET- (5.16)

Let us prove (5.1) for every (¢,v) € H*(Q,R?*) x H'(Q). Given any ¢ €
H'(Q,R?) and any v € H'(Q), let

b = — UV=v+Yq- (x—zq) — va.

We have that J + Vv = ¢ + Vu. Hence, by the compatibility conditions
(5.2)-(5.3),

/PV@-V¢+S(9@+Vw)-(@D+Vv): M-+ Qv =
Q o0
= M‘¢+@U—¢Q'/ (M—-Qz)—vq @—MI%L‘Q/ Q= [ My+Qu.
o9 B o9 o9 o0
(5.17)
Finally, (5.7) follows from (5.13), (5.15) and (5.16). O

6 H? regularity
Our main result is the following global regularity theorem.

Theorem 6.1. Let  be a bounded domain in R? with boundary of class
CY, with constants py, My, satisfying (4.1), (4.2). Let S € C%Y(Q, L(M?))
and P € C%Y(Q, L(M?,M?)) satisfy the symmetry conditions (3.38), (3.39)
and the ellipticity conditions (3.43), (3.44). Let M € Hz(9Q,R?) and Q €
Hz(09Q) satisfy the compatibility conditions (5.2), (5.3), respectively. Then,
the weak solution (p,w) € H'(Q,R?) x HY(Q) of the problem (1.1)—(1.4),
normalized by the conditions (5.6), is such that (p,w) € H*(Q,R?) x H*(Q)
and

1 C /,— —
el + el < (7] oy + 0@l gy) - (61)

where the constant C' > 0 only depends on My, M, so, &, 00, 5, || cor
and HPHCOJ(E)'

The proof of the theorem is mainly based on the approach to regularity
for second order elliptic systems adopted, for instance, in [Ag65] and [Ca80].
For the sake of completeness, the main steps of the proof are recalled in the
sequel.
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Let us introduce the following notation. Let
B::{<y1ay2) EIRQ' y%_l_yg <027 Y2 >O} (62)

be the hemidisk of radius o, ¢ > 0, and let

Lo ={(y1,92) ER?*| —0 <y1 <0, yo =0} (6.3)

and
Fj = 6B;r \ T, (6.4)

be the flat and the curved portion of the boundary 0B, respectively. More-
over, let
Hyy(Bf)={ge H(Bf)|g=0o0nT}}. (6.5)

Without loss of generality, hereinafter we will assume py = 1. More-
over, the dependence of the constants C' on the plate thickness h will be not
explicitly indicated in the estimates below.

By the regularity of 02, we can construct a finite collection of open
sets Qg, {2}, such that Q = QU (U;V: ) T(j—)l(Bg)), Qo C Qs,, where
Qs, = {z € Q| dist(z,00) > dp}, dp > 0 only depends on My, and N only
depends on My, M. Here, T;), j = 1,..., N, is a homeomorphism of ot
class which maps §2; into B,, ©; N into B, ﬁj N o into I',, and 9; N
into I'}.

The estimate of (||| m2(ay) + ||| #2(00)) is a consequence of the following
local interior regularity result, whose proof can be obtained, for example, by
adapting the arguments illustrated in [Ca80].

Theorem 6.2. Let us denote by B, the open ball in R? centered at the origin
and with radius o, ¢ > 0. Let (p,w) € H(B,,R?) x H'(B,) be such that

a((p,w), (1h,v)) =0, for every (v,v) € H'(By,R?) x H(B,),  (6.6)

where

al(ip,w), (4,v)) = / PV Vi + [ S(p+ V) (6 + Vo),  (6.7)

Bs
with P € C%Y(B,, L(M2,M?)), S € C%Y(B,, L(M?)) satisfying the symmetry
conditions (3.38), (3.39) and the ellipticity conditions (3.43), (3.44). Then,
(o, w) € H*(B,,R?) x H*(B,) and we have
lellmag) + llwllazs,) < C (lellae) +llwlme.,)) (6.8)

where the constant C > 0 only depends on &, 0o, ||S|| oz, and [Pllcez,)-
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In order to complete the proof of the regularity estimate, let us control

the quantity (|[¢||m2;n0) + |wlg2@,na)) for every j € {1,...,N}.
For every v € HéQjHQ(Qj N Q) and for every ¢ € H(%Qjmﬂ(ﬁj N, R?), the
solution (¢, w) to (1.1)—(1.4) satisfies the weak formulation

/ P(x)V.p - Vetbdr + / S(z)(p + Vew) - (Y 4+ Vyv)de =
QN0 0,;nQ

= / (Qu + M -p)ds,. (6.9)
;N9

Let us introduce the change of variables

y="Ty(x), yeBf, (6.10)
x:’ﬁ;)l(y), z € Q;NQ, (6.11)
and let us define
By) = w13 W), B0) =T W), r=1,2,  (6.12)
) = 0T W), Bly) = 6T W), =12 (613)

Then, the pair ($,w) € HY(B,,R?) x H'(B}) satisfies
54—((9’57 {D)a ({E’ 5)) - ﬁ-ﬁ-(@f[;’ i7)7 for every (777;7 @/) S H%‘;"(B:7R2> X H%‘;(B:)v
(6.14)

where

@ ((3,0), (,0)) =
= [ B@V.E Vs + [ S0)E+LI9,0) 0+ 1Yy, (6.15)

o

F, (¢, 7) :/ (QF 4+ M - )ds,, (6.16)
Iy
with o7
J— J— k J—
(L)ks = Lis = Ba kys=1,2, (6.17)
. T ')\ T 'y
t=|detL|, = \/< 8y( )) 3y( ) [— (6.18)

2
(P())itrk = Park(y) = Z Pijes(T M (y)) Lis Lt ™", 0,11, k= 1,2, (6.19)

J,s=1
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S(y) = S(T ' (y) ™, (6.20)
Oy) = QT ()", Mly) = M(T ' (y))". (6.21)

Since L € C%(Q; N Q,M?) is nonsingular and there exist two constants ¢,
¢z, only depending on My, such that 0 < ¢; < ¢,0" < ¢ in €, the fourth
order tensor P in (6.19) has the following properties:

i) (major symmetry) for every 2 x 2 matrices A and B we have

PA-B=A-PB; (6.22)

ii) (strong ellipticity) there exists a constant kg, ko > 0 and ko only de-
pending on Mj and &, such that for every pair of vectors a, b € R? and
for every y € E: we have

Pla®b) - (a®b) > kolal?|b|*: (6.23)

iii) (regularity) P € CO’I(E;L,E(MQ,I\/JF)).

The matrix S defined in (6.20) is symmetric and there exists a constant o,
Yo > 0 only depending on oy and M, such that for every vector a € R? and
for every y € Pj we have
Sa-a > xolal*. (6.24)
Moreover, S € COY (B}, M?2).
We now use the regularity up to the flat boundary of the hemidisk B;
stated in the next theorem, whose proof is postponed in the Appendix.

Theorem 6.3. Under the above notation and assumptions, let (p,w) €
HY(BF,R?*) x HY(BY) defined in (6.12) be the solution to (6.14). Then
(p,w) € H*(B%,R?) x H*(BZ) and we have

2 2

- - C (= o~ - ~
1Py 1PNy < 7 (190 ey + WMy + 8 (1B + 10
2 2 0

(6.25)
where the constant C' > 0 only depends on My, o, 0o, ||S|coa @) and [|P||coa -

Recalling that 2 = Qy U <UjV:1 7?;)1(32)) the estimate (6.1) follows by
2
applying the inverse mapping ’T(]_)l to (6.25), 7 =1, ..., N, and by using the
interior estimate (6.8).
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7 Three spheres inequality and strong unique
continuation

Our approach to derive a three spheres inequality for the solutions to the
Reissner-Mindlin system consists in the derivation of a new system of four
scalar differential equations in Laplacian principal part from (1.1)—(1.2). This
can be made following the approach developed in [LNW2010], which is based
on the introduction of a new independent variable, see (7.17) below. In order
to perform this reduction, it is essential to assume that both the plate bending
tensor P and the plate shearing matrix S are isotropic.

In the present section we assume that € is a bounded domain in R? of
Lipschitz class with constants pg, My and we assume that the plate is isotropic
with Lamé parameters A, . We assume that A\, € C%'(Q) and that, for
given positive constants «g, ay, 7o, they satisfy the following conditions

w(z) > ap,  2u(x) + 3X(x) > 70, (7.1)
and
Mlgo@ + el cor@y < aa- (7.2)

We assume that the plate shearing matriz has the form SIy where S €
C%1(Q) is the real valued function defined by

Eh
where 5 ” \
E— M’ y— (7.4)
4 A 2(p+XN)

and we assume that plate bending tensor P has the following form

PA =B |(1—v)A+vtr(A)L|, forevery2x2 matrix A, (7.5)

where o
B=—¢—. .
12(1 - 12) (7.6)
By (7.1) and (7.2) and noticing that S = hu, we have that
hO’o < S, in Q, HSHCOJ(Q) < hO’l (77)
and
h—gg AP <PA-A< h_gg A2, inQ (7.8)
120 = = 1St R '
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for every 2 x 2 matrix A, where

oy =0p, 01 =01, & = min{2a0,70}, &1 = 20y. (7-9)

Theorem 7.1. Under the above hypotheses on ), S and P, let (p,w) €

HE (Q,R?) x HE (Q) be a solution of the system
div(S(¢ 4+ Vw)) =0, in Q, (7.10)
div(PV ) — S(p + Vw) =0, in Q. (7.11)

Let z € Q and Ry > 0 be such that Bg,(z) C Q2. Then there exists 6 € (0,1),
0 depending on ap,a1,0, 5 only, such that if 0 < R3 < Ry < Ry and
By < B2 < @ then we have

R = R
T 1—71
| wrse ( / |V|2> ( / |V|2) (712)
BR, (%) Brpg (%) Br, (%)
where 1
V2 =lel® + = wl?, (7.13)
Po
7 € (0,1) depends on oy, a1, Yo, g—i’, g—f, %0 only and C' depends on oy, g, Yo, g—f, %O

only. In addition, keeping Ry, Ry fized, we have

7 =0 (|log Rg\_l) , as Ry — 0. (7.14)

Proof. 1t is not restrictive to assume that z = 0 € ). In order to prove
(7.12), first we introduce an auxiliary unknown which allows us to obtain
a new system of equations with the Laplace operator as the principal part,
then we obtain (7.12) by applying [LNW2010, Theorem 1.1]. By (7.3) and
(7.5) we have

div (PVg) — S(p + Vw) =

R . 2\
=13 div (,u(VgO—I—V @))+V<2M+)\

Now we denote

_2u+ 3\ AN+ p)

_2uASA At ) 7.16
“TA0 T ) 2+ A (7.16)

2 1
G= (Voo Vi _ |V Gt 3N g <_>] div o
p p 2pu+ A It

24



and

v = bdiv . (7.17)

By (7.15) we have
3

h 12
dW@V@—S@+pr>éfA¢+me+G—Eﬂ¢+vm,

therefore equation (7.11) is equivalent to the equation

12
Ap+ V(aw) + G — ﬁ(go + Vw) = 0. (7.18)

.« . . 1
Now, noticing that (7.16) gives a + ; = 1, we have

div (Ag + V(av)) = A (%) L Aw) = A ((a—i— %) v) — Av. (7.19)

Now we apply the divergence operator to both the sides of (7.18) and by
(7.19) we get

12
Av+divG — ﬁdiv (p+Vw) =0. (7.20)
Finally, observing that by equation (7.10) we have

div (i + V) = div (%5@0 + w)) _v (%) S + V),

by (7.20) we obtain

12 1
On the other side by (7.17) we have
div (S(¢ + Vw)) = SAw + %v +VS- o+ VS Vuw, (7.22)

therefore, by (7.22), (7.10), (7.3) and (7.4), we have

2+ A \) VS
Aw—|—4<)\+ﬂ>v+ 5 o+ 5 Vw =0 (7.23)

Now, in order to satisfy the homogeneity of norms we define

W=w, $=pp, U=po
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and
~ 2 3\
G = poG = (Vgo—i—VT )V,u VM—FMV( )] div .
I It 2+ A I
By (7.18), (7.21), (7.23), we have that w, ,v satisfy the system
~ 2u+A S ~ .

Aw+4—p%% +VS 90+%-Vw:0, in €2,
Ap+ V(5tv) + G- 3 (@ + poVw) =0, inQ, (7.24)
AT+ podiv G — 2pyV (1) - S(F+ poV@) =0, in Q.

The above system has the same form of system (1.5) of [LNW2010]. As
a matter of fact, as soon as we introduce the following notation

u = (U’?’ SZ) )
2u+A o~ Vs . VS
B 4p3 (M) v poS p+ g Vw
P (xz,0)v = , Pz, 0)u =

V(5:v) w2 (@ + pVa),

G —
~ 12 1 N -
Q.07 =0, Qalo =157 (§) S + nVD)

system (7.24) is equivalent to

Au+ Pi(x,0)0 + Py(z,0)u=0, in Q,
(7.25)

AT + Q1 (z,0)0 + Qo(x,0)u+ podivG =0, in Q.
Notice that, likewise to [LNW2010], P;j(x,0) and Q;(x,0), j = 1,2, are first
order operators with L*° coefficients. In addition, although G is slightly

different from the term G of [LNW2010], the proof of Theorem 1.1 (after
the scaling * — Rjx) of such a paper can be used step by step to derive

(7.12). 0

Corollary 7.2. Assume that S, P and Q) satisfy the same hypotheses of 7.1,

let xy € Q and let (p,w) € HlQOC(Q,]RZ) x HZ (Q) be a solution of the system
(7.10)-(7.11) such that

1
||SO||L2(BT(:E)) + %HMHLQ(BT(:E)) = O (TN) , asr — 0, \V/N - N (726)

then p =0, w =0 wn
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Proof. 1t is standard consequence of the inequality (7.12) and of the connect-
edness of Q. For more details see [M-R-V07, Corollary 6.4]. O

8 Appendix

In this appendix we sketch a proof of Theorem 6.3.
Without loss of generality, we can assume o = 1. Our proof consists of
two main steps. As first step, we estimate the partial derivatives %V@,

%Vﬁ? along the direction e; parallel to the flat boundary I'; of B;". The
second step will concern with the estimate of the partial derivatives %VQZ,
%Vﬁ} along the direction orthogonal to the flat boundary I';.

First step. (Estimate of the tangential derivatives)

Let ¢ € C5°(R?) be a function such that 0 < ¥(y) < 1inR?* ¢ =1in B,
¥ =0inR?\ By, and |[V¥J| < C, k=1,2, where p=3, n=1 and C > 0 is
an absolute constant.

For every functions ¢ € H;T(Bf,]l@), v E H%T(Bf), we still denote by
¢ € H'(R2,R?), 7 € H'(R2) their corresponding extensions to R2 obtained
by taking ¢ = 0, 7 = 0 in R2 \ By.

Given a real number s € R\ {0}, the difference operator in direction y;
of any function f is defined as

fly+se) — fly)

S

(T,sf) (W) = (8.1)

In the sequel we shall assume [s| < ;=. We note that if § € H'(B;,R?),
w € HY(BY), then 1 ((99) € H%T(Bf,Rz) and 7y s(Vw) € H%T(Bf).

We start by evaluating the bilinear form a, ((-, ), (+,-)) defined in (6.15)
with @, w replaced by 7 4(99), 71 s(Vw), respectively. Next, we elaborate
the expression of a,((+,-), (+,-)) and, by integration by parts, we move the
difference operator in direction y; from the functions ¥, Yw to the functions
1, v. After these calculations, we can write

a4 (11,5 (08), Tu,s(VD)), (4, B)) = —a4 (3, @), (V71— IT1 D)) + 7, (8.2)

where the remainder 7 can be estimated as follows
71 < € (18 + 1)) (VP logapy + 19002 ) (8:3)

where the constant C' > 0 depends on Mo, [P0 and [|S]|cog only.
It should be noticed that a constructive Poincaré inequality for functions
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belonging to H'(B{") and vanishing on the portion I'{" of the boundary of
Bi has been used in obtaining (8.3), see, for example, [A-M-R02].

Since ¢ € H%T(Bfr, R?), v € H%T(Bfr), the functions 97y _ .1, 971 _,0 are
test functions in the weak formulation (6.14), so that the opposite of the first
term on the right hand side of (8.2) can be written as

A (B, @), (071 _s0, 971, _0)) = Fy (071 _ot), 971._4D) (8.4)

and, by using trace inequalities, we have

B tom - B0m 1 < C (1803 0,198y + 1803 - 190 )
(8.5)
where C' > 0 only depends on Mj. By (8.2)—(8.5) we have

@ (71, (03), 7,0(98), (7)) <
< C (1813 0y + M3 )+ 1B apy + 18l ay )
(19l o) + 1990 25y)) - (86)

for every (¢,v) € H%T(BT,RQ) X H%T(Bfr), where C' > 0 only depends on

Mo, ||P||0071(§) and ||SHCO,1(§).
We choose in (8.6) the test functions

¢ = 7_1,8(196)7 U= 7’1,5(19{17)' (87)

The next step consists in estimating from below the quadratic form a ((-,-), (-, -)).
To perform this estimate, we write

@4 (11,5 (08), 71,s(0@)), (11,6(03), 71,4 (9)) = @, (11,5 (9F)) +35 (11,5 (9F), e éz)%»,

where

& (11,(95)) = / BY(11,.(93)) - V(r.4(93)). (3.9)

Bf

@ (11,6(03), 71,0 (9)) =

- / 8 (ns(08) + LTV (1, (08))) - (m(97) + LTV (1,(0))) - (8.10)

By (6.24), the matrix S is definite positive, and then a3 (-,-) can be easily
estimated from below as follows

@ (11,4(03), 1, (WD) = C /B s (08) + LTV (r @), (8.10)
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where C' > 0 only depends on Mj and oy.

The fourth order tensor P neither has the minor symmetries nor is strongly
convex. Then, in order to estimate from below @ (71,5(99)), we found con-
venient apply the inverse transformation 7{;)1 (see (6.11)) and use the strong

convexity of the tensor P. To simplify the notation, let f = 1,(0p) €
H.(By,R?). We have
1

a- [ B

1

P(2)V,f-V,fdz > 0/ V. f|2dz,

Q;nQ
(8.12)
where f(z) = f(ﬁ])(x)) and C' > 0 is a constant only depending on &.
By Korn’s inequality on HFT(BT ,R?) (see, for example, Theorem 5.7 in
[A-M-R08]) and by the change of variables y = 7(;)(x), we have

(y)vyf'vy]?dy = /

Qjﬂﬂ

[ Sfparzc [ wutae= [ VLR zc [ 9,5k
;N0 Q,;NQ By By

(8.13)
where C” > 0 only depends on Mg, and in the last step we have taken into
account that the matrix L is nonsingular. Then, by (8.12) and (8.13), we
have

W 08) 2 C [ 907 (8.14)
1
where C' > 0 only depends on M; and &§. Now, by inserting the estimates
(8.11) and (8.14) in (8.6), with ¢, v as in (8.7), and by Poincaré’s inequality
in H., (B"), we have
1

19 (71,008 2y + 171,6(92) + LT (71,0 (0)) | 2 s <
< C (1813 ) + Mgy o) + 1Bl gap) + 18lngsp) ) (8:15)

where C' > 0 only depends on My, &, 0o, [|Pl|cosmy and [|S]|cos ). Taking
the limit as s — 0 and by the definition of the funct1on ¥, we have

% v 2 g

— Vo
4 L2(B]) ‘ ayl ayl

IN

I

L2(By)

< C (1813 ) + Mgy 0y + 1B linagap) + 18lngap) ) (8:16)

where C' > 0 only depends on My, 50, 00, [|P[|co. @) and [|S][co. q)- Therefore,
the tangential derivatives a Vgo, 3y VW exist and belong to L*(Bf).
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Second step. (Estimate of the normal derivatives)
To obtain an analogous estimate of the normal derivatives %V@, %Vﬁ
we need to prove the following two facts:

/ 0%, 90
Bf Oy Oya

[ oo
BF ya OYs

for some constant C' > 0 depending only on the data. Since

< CHJHLQ(B;), for every J € CSO(B;), r=12 (8.17)

< Cl0ll oty for every v € C5°(B,), (8.18)

@ ((§,@), (¥,7)) =0, for every (¢,0) € C&(B;,R?) x CF(B})), (8.19)

by integration by parts we have

2
/ Pirorathiz + / S2W,2 Vyo = / Z (Pijrs@r,s)aj Yi—
B B B
4 4 P

%,7,m,8=1

(7,5)7#(2,2)

2
—/B+ SG -1 = (Sy@i (L)) w0+ S(LTV@) b — > (LSL")yi,;),7 |

| Bi=
(4,9)

(

N

2)

(8.20)
for every (¢, 7) € Co° (B, R?) x Cg°(By), where
Pir = Pigya, 7 = 1,2, Sy = (LSLT)y. (8.21)
By the properties (6.22)-(6.23) of P and the definite positiveness of S (sce

(6.24)), the matrix (Pi;); r=12 is symmetric and definite positive and Say > 0.
Let v = 0 in (8.20). Then, by using estimate (8.16) we have

<

/ Pir 551”,2221‘,2
B}

< C (190,53 0y + MU g3 ) + 1Bty + 1y ) 19020,
(8.22)

for every @,DV € C’go(B;), where the constant C' > 0 only depends on My, &,
0, [[Pll co. ey and || S| co.1q)- This inequality implies the existence in L*(B})
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of the derivative 5> (Zr 1 PMOM) 1 = 1,2. Then, it is easy to see that this
condition implies = 8 ‘p’” € L*(Bf), r=1,2.

Similarly, Choosmg 1/1 = 0 in (8.20) we have

SpW,0 0,9 | <

B}

< C (1803 + Mgy o) + 1B lngap) + 180 map ) 1] 2,
(8.23)

for every v € Cg° (B;), where the constant C' > 0 only depends on My, &,
00, [IPllcorm and [[Sllcorm)- As before, this condition implies the existence
in L*(BF) of ?927?

Finally, from (8.22) and (8.23), the L*norm of aa“’{, r=1,2, and a 3
can be estimated in terms of known quantities, and the proof of Theorem 6 3
is complete.
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