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1 Introduction

In the present paper we continue a line of research concerning the identifi-
cation of unknown defects inside Reissner-Mindlin plates. As is well known,
the Reissner-Mindlin theory gives a more refined model for elastic plates with
respect to the Kirchhoff-Love theory and, in particular, it allows for an accu-
rate description of moderately thick plates, having thickness h of the order
of one tenth of the dimension of the middle plane €.

Perhaps, the simplest approach in detecting defects consists in estimating
their size. In [MRV18] we derived constructive upper and lower bounds of the
area of elastic inclusions (size estimates) in terms of the difference between
the works exerted by given boundary loads in deforming the plate without
and with inclusion. Here, we obtain constructive size estimates for extreme
inclusions in the form of either cavities or rigid inclusions. The interested
reader can refer, among others, to the papers [ARS00], [BCOZ|, [DiCLW13],
[DICLVW13], [198], [KKM12], [KM13], [KSS97], [MN12] for results and ap-
plication of the size estimate approach to various physical contexts.

Let Q x [ 5 2] be the plate, with  a bounded domain in R?, and let P
the fourth-order bending tensor and S the shearing matrix of the reference
plate (i.e., without defects). Let us denote by D x [—%, %], D cc Q, the
unknown defect to be determined. Our experiment consists in applying the
same (self-equilibrated) transverse force field @ and couple field M at the
boundary of the plate, in presence and in absence of the inclusion.

When D represents a cavity, the infinitesimal transverse displacement w,
and the infinitesimal rigid rotation ¢, (of transverse material fiber to the
middle plane ) satisfy the following Neumann boundary value problem

(

(1.1) div(S(p. + Vuw,)) = 0, in Q\ D,
(1.2) div(PVp,) — S(goC + Vwc) =0, inQ\D,
(1.3) S(pe + Vw,) -n on 02,
(1.4) (PVpe)n = M, on 05,
(1.5) S(pe + Vw,) -n = on 0D,
(1.6) (PVge)n =0, on 0D,

\

where n is the outer unit normal to €2 and D, respectively.
In case D is a rigid inclusion, the analogous statical equilibrium problem
becomes the following mixed boundary value problem



(1.7) ( div(S(p, + Vw,)) =0, in Q\ D,
(1.8) div(PV,) — S(¢, + Vw,) =0, in Q\ D,
(1.9) S(pr + V) -n=Q on 942,
(1.10) PV, )n =M, on 09,
(1.11) o, =D, in D,
(1.12) [ w, = —b-x+a, in D,

where ¢, and w, are continuous functions through 0D, a is any constant and
b is any 2-dimensional vector.

When D is empty, the equilibrium of the undefective plate is modelled
by

(1.13) div(S(¢o + Vuy)) =0, in €,
(1.14) div(PVeg) — S(po + Vwg) =0,  in Q,
(1.15) S(po + Vwy) -n=Q on 99,
(1.16) (PVpo)n = M, on 0.

Let us define the following boundary integrals, which express the works pro-
duced by the given boundary loads @), M when D is a cavity, a rigid inclusion,
or D is absent:

(1.17)

Wc = Gwc +M'¢ca W?" = @wr +M'SOT7 WO - @'LUO +M900
0N o0 o0

Our size estimates are formulated in terms of the normalized work gap

ow
(1.18) Wy
where
(1.19) oW =W, — Wy, oW =Wy — W,
respectively.

Upper and lower estimates require different mathematical tools and, also,
present different dependence on the work gap. Precisely, upper estimates
have [linear character, but require additional a priori assumptions on the
material (isotropy) and on the defect D, namely the following Fatness Con-
dition:

1
(1.20) area{z € D | dist(z,0D) > hy} > 5 area(D),



where h; is a given parameter.

The isotropy assumption ensures the unique continuation property in the
form of a quantitative three spheres inequality for the strain energy density
of solutions to the reference problem (1.13)—(1.16), which was obtained in
[MRV18]. Let us observe that the above Fatness Condition could be removed
provided a doubling inequality were at disposal. In that case, the upper
estimate would have Holder character, see, for example, [AMR02, Theorems
2.6 and 2.8] for an electric conductor, and [MR03, Theorems 2.7 and 2.9] in
the context of linear elasticity.

The estimates from below are quite different, both for the a priori as-
sumptions and the techniques of proof. In fact, we need to assume Lipschitz
regularity of the boundary of D, precisely

(1.21) 0D is of Lipschitz class, with constants rp, Lp,

whereas, on the other hand, we can replace the Fatness Condition (1.20) with
the weaker Scale Invariant Fatness Condition

(1.22) diam(D) < Qprp,

where, in both conditions, rp is unknown. This last hypothesis avoids col-
lapsing of D to an empty set having null 2-dimensional Lebesgue measure.
Moreover, the dependence of area(D) on W has a quadratic character.

Main mathematical tools for cavities are constructive Poincaré-type and
Korn-type inequalities and, in particular, a generalized Korn inequality re-
cently obtained in [MRV17], suitable to handle the Reissner-Mindlin system.

The treatment of rigid inclusions requires, in addition, boundary esti-
mates in L? for the boundary value problem (1.7)—(1.12). These estimates
are based on identities of Rellich type (see [R], [PW58]), and are in the style
of the solvability in L? of the regularity and Neumann problems formulated
in [FKP91], [KP93].

The paper is organized as follows. In Section 2 we introduce some useful
notation. Direct problems are described in Section 3, and the size estimates
are stated in Section 4. Finally, proofs are given in Section 5 and 6, for
cavities and rigid inclusions, respectively.

2 Notation

Let P = (21(P), x2(P)) be a point of R?. We shall denote by B,(P) the open
disc in R? of radius 7 and center P and by R,;(P) the rectangle R, ;(P) =
{z = (z1,22) | |t1 —21(P)| < @, |x2—x9(P)| < b}. To simplify the notation,
we shall denote B, = B,(0O), Rap = Rap(O).
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Definition 2.1. (Lipschitz regularity) Let G be a bounded domain in R?.
We say that a portion X of OG is of Lipschitz class with constants p, L if, for

any P € X, there exists a rigid transformation of coordinates under which
we have P = O and

GNR,L,= {x = (z1,20) € R, 1, | 2o > (1)},

where 1 is a Lipschitz continuous function on (—p, p) satisfying

|llcor(—pp) < Lp.

Remark 2.2. We use the convention to normalize all norms in such a way that
their terms are dimensionally homogeneous with the L*> norm and coincide
with the standard definition when the dimensional parameter equals one. For
instance, the norm appearing above is meant as follows

(2.1) [¥llcor—pp) = 1Ml (=p,p) + LIl oo (=00 -

Given G C R?, for any t > 0 we denote

(2.2) Gy = {z € G | dist(x, 0G) > t},
(2.3) G'={reR® | 0<dist(z,G) <1}
Let

A={z=(p,w) | p=bw=—b-z+a,a € R becR?*}

(24) ={z=(p,w) | Vo =0,0+ Vw =0}.

We denote by M? the space of 2 x 2 real valued matrices and by £(X,Y)
the space of bounded linear operators between Banach spaces X and Y.

For every 2 x 2 matrices A, B and for every L. € £(M?, M?), we use the
following notation:

(2.5) (LA);; = Lijr A,
(2.6) A-B=A;By, |Al=(A A3, tr(A)=A;,
~ 1

Notice that here and in the sequel summation over repeated indexes is im-
plied.



3 Formulation of the direct problems

Let us consider a plate, with constant thickness h, represented by a bounded
domain € in R? having boundary of Lipschitz class, with constants py and
Ly, and satisfying

(31) dlam(Q) < Qopo,
for some )y > 0, and

(3.2) 0 €.

The reference plate is assumed to be made by linearly elastic isotropic
material with Lamé moduli A and p satisfying the strong convexity conditions

for given positive constants ay, 79, and the regularity condition
(3.4) Moy + il cor @ < oa,

where a7 is a given constant. Therefore, the shearing and bending plate
tensors take the form

(3.5) SIy, S =hu, SeC(Q),
(3.6) PA=B [(1 Y ytr(A)IQ] . Pe (),
where I is the two-dimensional unit matrix, A denotes a 2 x 2 matrix and
EhR?
3.7 B=_——-"
(3.7) 12(1 — v?)’
with Young’s modulus E and Poisson’s coefficient v given by
2 3\ A
(3.8) E:M’ V= ——
p+ A 2(n+ )

By (3.3) and (3.4), the ellipticity conditions for S and P become

(39) hao S S S hOél, in ﬁ,
and

h3 o~ N PR —
(3.10) E§0|A| <PA-A< E§1|A| , in g,
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for every 2 x 2 matrix A, with

(311) fo = miH{Q(XO?’Yo}, 51 = 2061.
Moreover,
(3.12) 1Slcos) < hor,  [Plloar@ < OB,

with C' > 0 only depending on ag, a;, Yo- B
Let the boundary of the plate 0f) be subject to a transverse force field )
and a couple field M satisfying

(3.13) Qe H2(090), Me H 2(Q,R?),

and the compatibility conditions

(3.14) /m@—o, /m(@x—ﬁ)—o.

Throughout the paper, the defect is represented by an open set D satisfying
(3.15) D ccqQ, Q\ D is connected.

When D represents a cavity, the statical equilibrium is governed by the Neu-
mann boundary value problem

4

(3.16) div(S(¢. + Vuw,)) =0, in Q\ D,
(3.17) div(PVe.) — S(p. + Vw,) =0, in Q\ D,
(3.18) S(¢e+ Vw,) -n=Q on 99,
(3.19) PV )n =M, on 012,
(3.20) S(pe+ Vw.) -n=0 on 0D,
(3.21) (PVpe)n =0, on 9D,

\

where n is the outer unit normal to (2 and to D, respectively. A weak solution
to the above system is a pair (p., w.) € H'(Q\ D,R?) x H(Q\ D) satisfying

(3.22) / PVe.- Vi + / S(pe+ Vw,) - (¢ + Vo) = Qu+ M-,
O\D O\D 20
for every ¢ € H(Q\ D,R?) and for every v € H*(Q\ D). B
Problem (3.16)-(3.21) admits a weak solution (¢, w.) € H'(Q\ D,R?) x
H'(Q\ D), which is uniquely determined up to addition of an element z € A.



Since D has Lipschitz boundary, one can continue a solution pair (¢, w..)
to a H1(Q2,R?) x H(Q) function pair, which we continue to call (¢, w.):

(pf,wf) inQ\D,
(3.23) (¢e,we) =
(¢z,ws) in D,

where (¢, w}) is the given solution (p., w.) and (¢, ,w, ) is defined as the

weak solution of the Dirichlet problem

div(S(p. + Vw,)) =0, in D,

(3.24) div(PVy,) — S(p, + Vw,) =0, in D,
. ¢. = ¢flop, on 9D,
w, = w}|ap, on 0D.

When D represents a rigid inclusion, the statical equilibrium is governed
by the mixed boundary value problem

(3.25) (div(S(ef + V) =0, in Q\ D,
(3.26) div(PVel) — S(of + Vw}) =0, in Q\ D,
(3.27) Sl +Vuwf) - n=Q on 99,
(3.28) PV n=M, on 0€),
(3.29) < ¢y + Vw; =0, in D,
(3.30) Ve, =0, in D,
(3.31) w, =w, on 9D,
(3.32) L o7 = o, on 0D,

where we have denoted by (¢, ,w, ) and (¢, w;) the restriction of the solu-
tion (¢, w,) in D and in Q\ D, respectively, and n is the outer unit normal
to . For future reference, we notice that the compatibility conditions (3.14)
together with the above formulation (3.25)—(3.32) imply

(3.33) / (ot + V) - =0,
oD

(3.34) /8 BV = (S(F + Vu) - m)a) =0,

From the mechanical point of view, the last two conditions state the force
balance and the couple balance of the rigid inclusion D, respectively.
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Let us introduce
(3.35) Hp(9,R?) x Hp(Q) = {(p,w) € H'(Q,R?*) x H{(Q)| (¢, w)|, € A}.

A pair (¢, w,) € H(Q,R?) x HS(Q) is a weak solution to (3.25)-(3.32) if
for every (¢,v) € H5H(Q,R?) x HL(2) we have

(3.36) / PV, - Vi + / S(gr +Vuw,) - (0 +Vo)= [ Qu+ M-
Q Q o0

Since Hj(2,R?) x H},(Q) is a closed linear subspace of H'(Q2, R?) x H'(9),
by standard variational methods it can be proven that (3.25)-(3.32) has a
weak solution (¢.,w.) € HY(Q,R?) x H'(Q), which is uniquely determined
up to addition of an element z € A.

It is convenient to consider also the reference plate, in absence of in-
clusions, whose statical equilibrium is governed by the following Neumann
boundary value problem

(3.37) div(S (o + Vawe)) = 0, in Q,
(3.38) div(PVeo) — S(po + V) =0, in €,
(3.39) S(po+ V) -n = Q, on 09,
(3.40) (PVpo)n = M, on 0.

A weak solution to the above Neumann problem is a pair (g, wg) € H'(Q, R?)x
H'(Q) satisfying

(3.41) / PVo - Vi + / S(po+ Vwy) - (¢ + Vo) = Qu+ M -9,
Q Q o9

for every ¢ € H'(Q,R?) and for every v € H'(Q). The equilibrium problem
(3.37)-(3.40) has a weak solution (pg,wy) € H'(2,R?) x H'(Q), which is
uniquely determined up to addition of an element z € A.

Let us denote by W., W,, W, the works exerted by the surface forces
and couples @ and M when D is a cavity, a rigid inclusion, or it is absent,
respectively:

(3.42)

W. = @wﬁ—ﬂ'(ﬂc:/ PV Vo4 [ S(pe+ V) - (¢c+ Vw,),
o0 Q\D Q\D

(3.43)

W, = [ Qui+ilpF = / PVG-Vei+ [ S(et+Vul)-(pf + V),
o0 Q\D o\D

(3.44) Wy = @wg—i—ﬁ-% = / ]P)VQOO'VQD(H-/ S(QOO—FV’LU())'(QO()—FV’LU()).

o Q Q



Remark 3.1. Let us notice that, in view of the compatibility conditions (3.14),
the works W., W,., W, are well defined, that is they are invariant with respect
to the addition of any element z in A to the solution pair (., w.), (¢r, w;),
(0, wo), respectively.

Throughout the paper, we shall choose the following normalization con-
ditions for (g, wo):

Q Q

4 The inverse problems: main results

Let us start considering the size estimates for cavities. We analyze sepa-
rately the upper and lower estimates, since they require different a priori
assumptions and techniques of proof.

Theorem 4.1. Let Q be a bounded domain in R?, such that ON) is of Lips-
chitz class with constants po, Lo and satisfying (3.1). Let D be an open set
satisfying (3.15) and

1
(4'1) |Dh1,00’ > §|D|v

for a given positive constant hy. Let the reference plate be made by lin-
early elastic isotropic material with Lamé moduli A, yu satisfying (3.3), (3.4).

Let the transverse force field Q@ € H~'2(0Q) and the couple field M €
H=Y2(00Q,R?) satisfy

(4 2) F = ||M||H*1/2(39) + 'OOHQHH*U?@Q)

M || -1 (00) + pol| @l H-100)

for some positive constant F. The following estimate holds

W, =W,y

4.3 D| < K p?
(43) D] < Kpb ==,

where K only depends on ap, a1, Yo, Lo, Qo, 5, h1 and F.

In order to obtain the estimate from below, we assume that D is a domain
satisfying the following a priori assumptions concerning its regularity and
shape:

(4.4) 0D is of Lipschitz class with constants rp, Lp,

10



(45) dlam(D) S QDTD,

where Lp, ()p are given a priori parameters, whereas rp is unknown.

Let us stress the fact that rp is an unknown parameter (otherwise, the
size estimates should follow trivially), whereas the parameters Lp and Qp,
which are invariant under scaling, will be considered as a priori information.

Theorem 4.2. Let Q be a bounded domain in R?, such that OS2 is of Lipschitz
class with constants po, Ly and satisfying (3.1). Let D be a subdomain of 2
satisfying (3.15), (4.4), (4.5), and such that

(46) dZSt(D, 89) Z dOPO,

with dy > 0, rp < dQ—OpD. Let the reference plate be made by linearly elas-
tic isotropic material with Lamé moduli X\, u satisfying (3.3), (3.4). Let the
transverse force field Q € H=Y/2(982) and the couple field M € H~'/?(98, R?).
The following estimate holds

W, — W,
4.7 D| > kppV | ——
(@7) D1 = (),
where the function ¥ is given by
t2
(4.8) [0,400) Dt U(t) = T3

and k > 0 only depends on o, a1, Yo, Lo, Qo, 5, do, Lp, Qp.

Concerning rigid inclusions, the size estimates are stated in the next two
theorems.

Theorem 4.3. Let Q be a bounded domain in R?, such that O) is of Lips-
chitz class with constants po, Lo and satisfying (3.1). Let D be an open set
satisfying (3.15) and the fatness condition (4.1). Let the reference plate be
made by linearly elastic isotropic material with Lamé moduli A, p satisfying
(3.3), (3.4). Let the transverse force field Q € H=Y/2(0Q) and the couple field
M € H™Y2(00,R?) satisfy (4.2).

The following estimate holds

Wy — W,

4.9 D| < Kp?
(49) DI < K=

where K only depends on ap, a1, Yo, Lo, Qo, 5, h1 and F.
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Theorem 4.4. Let ) be a bounded domain in R?, such that 0X) is of Lipschitz
class with constants po, Lo and satisfying (3.1). Let D be a subdomain of §)
satisfying (3.15), (4.4), (4.5), and such that

with dy > 0, rp < dQ—OpO. Let the reference plate be made by linearly elas-
tic isotropic material with Lamé moduli A, p satisfying (3.3), (3.4). Let the
transverse force field Q@ € H~'/2(0Q) and the couple field M € H~'/2(99, R?).
The following estimate holds

Wy —W,
4.11 D| > Cpi® | ———
(411 Dl > e (o).
where the function ® is given by
t2
(4.12) 0,1) 2t O(t) = T

and C' > 0 only depends on «g, ay, Yo, Lo, Qo, 5, do, Lp, Qp.

Remark 4.5. Let us notice that the estimates from below stated in Theorems
4.2 and 4.4 hold for the general context of anisotropic plates with bounded
coefficients satisfying the strong convexity assumption, since unique contin-
uation estimates are not needed for the proofs of these theorems.

Moreover, Theorems 4.2 and 4.4 can be extended to the case when D
is made of a finite unknown number of connected components. Precisely,
it suffices to assume that D = U}’ZIDJ», j =1,..,J, with Q\ D connected,
0D; of Lipschitz class with constant r;, Lp, such that diam(D;) < Qpr;,
dist(D;, D;) > 3(r; +r;), rj < %py. The proofs can be extended to this
general case by applying the same arguments to each connected component
D; taking care to replace the integrals over 2\ D with integrals over a
neighborhood of dD; in 2\ D, by summing up the estimates obtained for
each 7, and by applying the Cauchy-Schwarz inequality.

5 Proof of the size estimates for cavities

The proofs of both Theorems 4.1, 4.2 are based on the following energy
lemma.

Lemma 5.1. Let Q be a bounded domain in R* and D CC Q a measurable
set. Let S, P given in (3.5), (3.6) satisfy the strong convexity conditions (3.3).

Let (e, w.) € HY(Q\ D,R?) x HY(Q\ D), (g0, wo) € HY(Q,R?) x HY(Q) be

12



the weak solutions to problems (3.16)—(3.21) and (3.37)—(3.40), respectively.
We have

(51) / PVQOO : VQO() +/ S(QOO + Vwo) . (QD() + Vw()) S WC — Wo =
D D

= / PV, - Vo +/ S(pe + Vw,) - (vo + V).
D D

Proof. For every weak solution (¢, w) € HY(Q2\ D,R?) x HY(Q\ D) to the
system (3.16)—(3.17), we have that

(5.2) /Q\D]P’Vgo-V@DnL/Q\DS(QOnLVw)-(@/}—I—Vv) =

= /BQ(S(QO + Vw)-n)v+ (PVp)n - — (S(e+Vw) -n)v+ (PVe)n -1,

oD

for every v € HY(2\ D,R?) and for every v € H*(Q\ D), where n denotes
the exterior unit normal to 2 and D, respectively.

Choosing in the above identity (¢, w) = (o, wo), (¥,v) = (¢, we), we
have

(5.3) / PVyo - Vo +/ S(¢o + Vwy) - (pe + Vw,) =
o\D o\D

=W, — (S(po + Vwg) - n)w, + (PVpo)n - @..
oD

Similarly, choosing in (5.2) (¢, w) = (e, we), (¥, v) = (g, wp) and recalling
the boundary conditions (3.20)—(3.21), we have

(5.4) / PV, - Voo + / S(pe + Vwe) - (po + Vwg) = Wy
O\D o\D

By subtracting (5.4) from (5.3),
(5.5) W, —Wy = / (S(po + Vwy) - n)w. + (PVgo)n - ..
oD
On the other hand, by the weak formulation of the system (3.37)—(3.38) in
D, recalling the transmission conditions in (3.24) for (p., w.) and by (5.5),

it follows that

(5.6) / PV, - Vg, + / S0+ Vo) - (oo + Vi) = W — W,
D D

13



that is the equality in (5.1) is established.

Choosing in (5.2) (¢p,w) = (Y,v) = (¢ — @o, W — wy), recalling that
(e, we) and (g, wp) satisfy the same Neumann conditions on 02 and that
(e, w,) satisfies homogeneous Neumann conditions on 0D, we have

(5.7) / P 0) Voo o)t
n / (e — o) + V(e — w) - (e — 90) + V{uwe — wp)) =
o\D

- /aD(S(% + Vwp) - n)(we — wo) + (PVgo)n - (¢c — ¢o).

Summing (5.4) and (5.6), we obtain

(58) / PVio - Vipe + / S(po + Vwo) - (pe + Vwe) = We.
Q Q

Subtracting (3.44) from (5.8) and recalling (5.6), we have

(5.9)

/ V0 - V(e — 00) + / S(go + Vo) - (e — ) + V(1o — o)) =
Q Q

:WC—W():/]P’VgooV¢C+/S(@0+Vwo)(goc—i-Vwc)
D D

By splitting the domain of integration on the left hand side of (5.9) into the
union of Q\ D and D, the following identity easily follows

(5.10)

/ 7PV(% — o) - Vo + _ S((¢e = o) + V(we —wo)) - (o + Vwy) =
Q\D O\D

:/]PVQOU'VQOQ—F/ S(QOO—FVU}(])'(QDO‘FVMO).
D D

By adding and subtracting to the left hand side of (5.10) the term fﬂ\ﬁ PV,

V(e =¢0) + Jorp S(@e+ Vwe) - (e — o) + V(we —wy)) and recalling (3.42)
and (5.4), we derive

(5.11) / PV - Vo + / S(po + Vwy) - (o + Vwg) =
D D
=W, — Wy — / PV(pe— o) - V(pe — o) —
oD

B R R R
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that is the inequality in (5.1). O

It is convenient to introduce the strain energy density

2

~ 1
(5.12) E(po, wo) = (|V900|2 + ?Wo + Vwo’z)
0

Let us notice that, by (3.9)—(3.11), the following double inequality holds
(5.13)
mpg B2 (o, wo) < PV - Voo + S (o + Vo) - (o + Vwo) < MpyE* (o, wo),

3 3
_ )& (A h _ & (h h
where m = min {l—g (p—o) ,ozop—o}, M = max {ﬁ (p—o) ,alp—o} only depend

on g, oy, Yo and .
The second key tool for proving Theorem 4.1 is the following unique
continuation property for solutions to (3.37)—(3.40).

Proposition 5.2 (Lipschitz propagation of smallness). Under the assump-

tions of Theorem 4.1, for every p > 0 and for every x € Q%p, we have

(5.14) / E*(po, wo) > Cp/EQ(wo,wo),
By () Q

where C, only depends on g, a1, yo, 5, Lo, Qo, F, pﬂo, and where 6 € (0, 1)
only depends on ag, a1, Yo, 5

The above proposition was established in [MRV18, Theorem 4.5].

Proof of Theorem 4.1. Let us cover Dy, with internally non overlapping
closed squares Q; of side [, for j =1, ..., J, with [ = Q%Zi7po, where 6 € (0,1)
is as in Proposition 5.2. By the choice of | the squares (); are contained in

D. Hence

D 1
(515) / EQ(@Ouw()) 2 / E2<9007w0) Z | ?2PO| / EQ((;OOawO)7
D UJJ:1 Qj Q;

where j is such that fQ7 E*(po, wp) = min, fQ, E?(pg,wg). Let T be the

center of ;. By applying estimate (5.14) with = Z and p = [/2 and using
(5.15) and (4.1) we have

D
(5.16) / B2 (o, wo) = 012 / E*(00, wo).
D Po Ja

where C' only depends on ag, a1, y0, Lo, Qo, 5, h1 and F.
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From the left hand side of (5.1), (5.13), (5.16) and (3.44), we have

E (QD(),U)()) > Cp()|D|/E2 QDQ,U}()) > C’p ’WO,

(5.17) W.— Wy > mpg/
0

D

with C' only depending on g, a1, Yo, Lo, Qo, 52, h1 and F, so that (4.3)
follows. O

Let us premise some auxiliary propositions concerning Poincaré and Korn
inequalities, which will be used for the proof of Theorem 4.2. In the following
three propositions G is meant to be a bounded measurable domain in R?
having boundary of Lipschitz class with constants p and L and satisfying

(5.18) diam(G) < @Qp.

Given v € H'(G) and given T' C dG, we shall denote

(5.19) ! / ! /
. ug = — [ u, ur=— [ u
G| Ja T Jr

Proposition 5.3 (Poincaré-type inequalities). For everyu € H'(G) we have

(5.20) /|U—UG|2 < Cpo/ [Vaul?,
G G

(5.21) /G|u—up|2§02 (HW) /|V 2,

where C7 and Cy only depend on L, Q.
Moreover, if u € H(GP) then

(5.22) / lu— upe|” < Csp/ [Vaul?,
oG Gr

where C5 > 0 only depends on L, Q).

The above Poincaré-type inequalities are well-known. A precise evalua-
tion of the constants C', Cy, C3 in terms of the scale invariant parameters
L, @ regarding the regularity and the shape of GG, can be found in the proof
of [AMRO2, Proposition 3.2].
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Proposition 5.4 (Second Korn’s inequality). For every o € H'(G,R?) sat-
1sfying

(5.23) o= o0
we have

(5:20) [ ver e [ 9o,
G G

where C' > 0 only depends on L and Q).
For a proof of this classical inequality see, for instance, [F], [N].

Proposition 5.5 (Generalized second Korn inequality). For every ¢ €
HY(G,R?) and for every w € H'(G,R),

~ 1
(525  [Velme <C (|rW||L2<G> +lo+ wnm) |

where C only depends on L and Q.

The above Generalized Korn inequality, established in [MRV17, Theorem
4.3], turned out to be a key result in dealing with the direct Neumann problem
for Reissner-Mindlin plates (see Proposition 5.2 in [MRV17]) and in deriving
unique continuation estimates for system (3.37)—(3.38) (see Theorem 4.2 in
[MRV18]) and the Lipschitz propagation of smallness stated in Proposition
5.2. Let us notice that in the statement of Theorem 4.3 in [MRV17] it was
made the explicit assumption that the domain contains a disc of radius sgp,
since this condition plays a fundamental role in the proof and, consequently,
the constant C' appearing in the inequality (5.25) depends on sq. This hy-
pothesis, which was emphasized in [MRV17] because of its relevance for the
derivation of the estimate, can be deduced from the boundary regularity,
with sg = WLTH and therefore it is omitted here.

Proof of Theorem 4.2. Let us consider D" C 2 and its boundary 0D"™> =
0D UTI", where I'"> = {x € Q\ D | dist(x,0D) = rp}. Let us tessellate
R? with internally nonoverlapping closed squares having side | = 2rD2 and let
Q1, ..., Qn be those squares having nonempty intersection with D"?. Let us
define D"? the interior of UY ,@Q;\ D. We have that D™ = dDUY."? | where
X0 C Ujes0Q;, with J = {j | Q;NI"> # 0}. As a portion of the boundary of
l~)”D, 0D is of Lipschitz class with constants \/% and Lp. By construction,

¥'P is of Lipschitz class with constants 2 and 1. Therefore D™ is of

17



—1
Lipschitz class with constants vyrp, L', where v = (max {8, L%+ 1})

and L' = max{1, Lp}. Moreover, diam(D™>) < (Qp + 3)rp. Let

1

e X
0D] Jop

Top =

be the center of mass of 9D. Let

1

a= =
0D] Jop

We,

A Pe,
10D Jop
1
~ 2|Dro| Jpro
r=b+W(x —xgp),

VSOC - VTSOQ

SOZ =P T
wh =w,+b-(x —xsp) + a.
By these definitions, ¢} and w} have zero mean on 0D, and

s+ Vuw: = ¢.+ Vw. — W(x — zsp).

By the weak formulation of the Reissner-Mindlin system satisfied by (o, wp)
in D choosing the test pair (¢f, w?), and recalling the right hand side of
(5.1), we have

(5.26)
Wo— Wy — / PVo- Vo' + / S(0+ Vo) - (¢ + Vo? + W — zap)) =
D D

:/ (PVQOQH)'QOZ—F/ (S(QD()—FVU)())-TL)’LU:—’—/ S(goo+Vw0)~W(x—an) =
oD oD D
== [1 + [2 + 13.

By applying Holder inequality and by (3.12),

1

(527 mise( [ wal) (v [ er)
oD oD

with C' only depending on ag, 7o, 1.
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Recalling (4.6), we can apply interior regularity estimates (see [C, Theo-
rem 6.1]) and then, by taking into account the normalization condition (3.45),
by applying Proposition 5.5 to (¢, wp) in 2, and recalling (5.13) and (3.44),
we have

(5.28)

1
W /w [Veool* < 110D Vipol ey < Ch*OD (Ilwollil(m + ?Ilwoll?mm) <
0

~ 1 C
< Ch*|aD)| (HV(:OOH%Q(Q) + PHSOO + Von%?(Q)) < E’aD’WOa
0 o

with C' only depending on ag, Yo, a1, 52, Lo, Qo, do.
By (5.22), (5.23) and (5.13) we have

5:29) 1 [ JaP <Chnp [ VeP <ot [ (vel
oD DTD

D"D

< Chérp / Tiel? < CrpWl,

D"D

with C only depending on ag, Y, a1, 52, Lp, @p.
By using arguments similar to those in [AR98, Lemma 2.8], we have that

D
(5.30) |0D| < Ou,

D

with C only depending on Lp.
By (5.27)—(5.30),

C 111
(5.31) || < —|D|2Wg W2,
Po

with C' only depending on ag, Yo, a1, 52, Lo, Qo, Lp, @p, do.
Let us estimate [3. By Holder inequality and by (3.12),

(5.32) |I3] < Ch (/ |<po+Vwo|2) (/ |W(x—xap)|2) <
D D
< Chlligo + Vol (oy | DIE V] ( / |x—an|2) ,
D

with C' only depending on «;.
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By interior regularity estimates, by using the normalization conditions
(3.45), the Poincaré inequality (5.20), the Generalized Korn inequality (5.25),
and recalling (5.13) and (3.44), we have

1
(5.33)  hllwo + vU’OHLOO(D) <Ch (||<P0HH1(Q) + p_”wOHHl(Q)) <
0

1

~ 1 2 1

< Ch (/ |Vg00|2 + ?lwo + Vw0\2> < —WOQ,
Q 0

with with C' only depending on ag, Yo, a1, 5, do, Lo, Qo.

By Hélder inequality, by the Generalized Korn inequality (5.25), noticing
that |15TD| > Crp?, with C only depending on Lp, using rp < df,og, and
recalling (5.13) and (3.42), we have

(5.34)

1 1
C 2 C ~ 1 2
W] < — (/ rwc\?) s—([ IV%\2+—2\¢c+Vwc\2> <
|DTD | 2 DD D D™D D

< C </ 2|§ |2+| 4V |2); < C W%
) c c We >~ 5 —VVc,
~rp? \Upo PoIvy 4 7D2\/Po

with C' only depending on ag, v, a1, 52, Lp, Qp, do. Moreover,

(535) (/ ’SL’ — an‘Q) < \D|%d1am(D) < CTD2
D

with C only depending on Qp.
By (5.32)—(5.35), it follows that

C 1 1
(5.36) 3] < —WZWE|D|z,
Po

with with C' only depending on g, Yo, @1, 2, do, Lo, Qo, Lp, Qp.
By applying Holder inequality, by (3.12), (5.22), (5.30) and (5.33), we get

it ([ )
5.37 L| < —W¢Z|D|z vwi?)
(5.37) | I NG o D] m' |

with with C' only depending on ay, 0, a1, &, do, Lo, Qo, Lp, Qp.
On the other hand,

(5.38)

/~ |Vu1j|2:/~ |Vw, + bf? §2/~ |Vwc+gpcl2—|—2/~ lpe — b <
bro pro bro pro

<2 / Vet gl +4 / (oW (e —zpp)|?+4 / W (2 —za0)[.

DTD DTD D"D
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By applying the Poincaré inequality (5.21) and the Korn inequality (5.24),
using (5.13) and (5.34) and recalling that diam(D™) < (Qp + 3)rp and
|D"P| < Crp?, with C only depending on Qp, we have

(5.39)
[owur<c [ Vuealicn? [ @erom? [ jesof <
D"D D"D D™D D™D
2 2 1< 2 C C
S C (’@C—i_vwc’ +Po‘v%| )"'_Wc S _Wc,
Drp Po Po

where C' only depends on ag, v, a1, 5, do, Lp, @p.
By (5.37) and (5.39), it follows that

C.. 1 1
(5.40) I < %W02W02|D|%,

where C' only depends on ag, Y, a1, 52, do, Lo, Qo, Lp, @p.
Finally, by (5.26), (5.31), (5.37) and (5.40),

C 1 1
(5.41) W, — Wy < —W2WZ|D)z,
Po

where C' only depends on g, Y0, a1, 52, do, Lo, Qo, Lp, Qp, and the thesis
follows by straightforward calculations. n

6 Proof of the size estimates for rigid inclu-
sions

The comparison between the works W, and W, is stated in the following
lemma.

Lemma 6.1. Let Q be a bounded domain in R? and D CC Q a measurable
set. Let S, P given in (3.5), (3.6) satisfy the strong convexity conditions
(3.3). Let (¢, w,) € HLH(,R?) x HL(Q), (po,wy) € HY(,R?) x H'(Q) be
the weak solutions to problems (3.25)—(3.32) and (3.37)—(3.40), respectively.
We have

(61) / PV(,OO . V(,Oo -+ S(QOO + Vwo) . (SOO + V’LU()) < WO — Wy =
D

- / BV - go + (S(oF + Var) - n)uwo.
oD
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Proof. The proof of this energy lemma can be obtained by adapting the proof
of the corresponding result in linear elasticity, see [MRO3]. Therefore, we skip
the details and we report the main steps of the proof.

Let us multiply equations (3.25), (3.26) by wq, ©o, respectively. Integrat-
ing by parts and summing up, we obtain

(6.2) / BV - Vo + S(er + V) - (o + V) =
Q\D
— W - / BV )n - g0+ (S(aF + Var) - n)uwp.
oD

Next, we multiply equations (3.37), (3.38) by w;, ¢, respectively, and we
integrate by parts in 2\ D. Summing up, we obtain

(6.3) W, = 7PV90:F Vo + S(p + V) - (o + Vwg)—
o\D
- [ @V} + (Steo+ Vo) - nuf =
oD
= / PV Vo + S(ef + V) - (o + V),
o\D

where, in the last step, we have used the fact that the second integral on the
right hand side vanishes because of the definition of (y,,w,) in D. By (6.2)
and (6.3), the equality on the right hand side of (6.1) follows.

To obtain the inequality in (6.1), we consider the quadratic form of the
strain energy associated to the pair (¢g — ¢, wo — w,) in . Recalling the
definition of (¢, w>) in D, by (3.43), (3.44) and by (6.3), we have

T

(6.4)
/QPV(SOO—%«)'V(Wo—@r)-i‘s((WO—SOT)‘FV(U)O—UJT))'((900—90r)+v(w0—wr))

= / PV o - Voo + S(pe + V) - (po + Vwe)+
Q
i / P! - V! + S(of + Vui) - (o + Vur)—
oD

—2/ PV - Vo + S(po+ V) - (¢ + Vw)) = Wy — W,.
O\D

22



Noticing that
(65) / PV(,OO . VQOO —+ S(gO() -+ Vwo) : (900 + VU}O) =
- /D PV (907 ) V(go—97 )+ (00— )+ (wo—1w;))- (o= )4V (wp—wy)) <

S/QPV(@Oo—s@r)-V(wo—sor)+5((soo—sor)+v(wo—wr))-((sao—sor)JrV(wo—wr)),

by (6.4) the thesis follows. O

Let us notice that the estimate from above stated in Theorem 4.3 can be
derived as in the proof of Theorem 4.1.
In order to prove Theorem 4.4 we shall use the following proposition.

Proposition 6.2. Let the hypotheses of Theorem 4.4 be satisfied. The con-
tact actions exerted by the material in Q\ D on D throughout the bound-
ary D are square summable on 0D, e.g., (PVy¢)n € L*(0D,R?) and
S(f + Vw) -n e L*(0D), and the following estimate holds
(6.6)

BV I+ S (e +Vui)nf? < CL2 | RVt P+ pllet +Vur |,

oD D Jo\D

where n denotes the outer unit normal to D and the constant C' > 0 only
depends on QO; dO; LD; QD; Qp, 01, Y0-
Proof of Theorem 4.4. By using (3.33) and (3.34), the right hand side of
(6.1) can be written as

(6.7) Wo—=W,= [ ((PVy)n—(S(g; + V) n)z) - (vo — poop)+

oD

+ / (S(f+VwS)n)z-po+ / (S(F+Vw)n)(wo—wopp) = Li+Io+15.
oD oD

By applying Holder’s inequality and Poincaré’s inequality (5.22) we have
(6.8)

1/2 1/2
| < Cory? ( / |VS00|2) ( [ 1@eiin + sl +u)- n|2) ,
D oD
where C' > 0 only depends on @y, Lp, Qp.

By interior regularity estimates, by the generalized Korn inequality (5.25)
(applied to (¢g,wp) in ), and by recalling (5.13) and (3.44), we have

1/2 C s
(6.9) (/ |wo|2> < =7 DIV WL,
D Po
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where C' > 0 only depends on g, vo, a1, 52, Lo, Qo, do. Therefore, by (6.8)
and (6.9), we have
(6.10)

C 1)

1/2
il < et op e ([ @9t + dister + ) o)
o oD

where the constant C' > 0 only depends on ag, v, a1, 5, Lo, Qo, do, Lp,

@p.

By using similar estimates, we get

o 1/2
010 il < oDy ([ gister 4+ vu k)
Po oD

where the constant C' > 0 only depends on ag, Y0, a1, 5, Lo, Qo, do, Lp,

Q@p-
By (3.33) and by using Holder’s inequality, the integral I can be domi-
nated as follows

(612) I, = /a (S(et + V) - m)(a - = (o go)on) <

1/2 1/2
<([ o= ennl) ([ I8+ un )
oD oD

Noticing that V(z - ©g) = @0 + (V)T z, the first integral on the right hand
side of (6.12) can be estimated by using Proposition 5.3, interior regular-
ity estimates for Vi, the generalized Korn’s inequality (5.25) (applied to
(0, wp) in ), inequality (5.13) and the definition of W} in (3.44), obtaining

(6.13)
/ 20— (z-po)onl® < Crp / V(-00)? < Cro / ol + 2P Viol? <
oD D D
C
< CrolDl(lgolleio) + I Tiallei) < S5rol DIV,
0

where C' > 0 only depends on ag, vo, a1, 52, Lo, Qo, do, Lp, @p. Inserting
the above estimate in (6.12) we have

(6.14) L<—5 ri?| D)MW (/ yS(gova;).nP) :
Po oD

where the constant C' > 0 only depends on ag, v, a1, 5, Lo, Qo, do, Lp,

@p-
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By (6.7), (6.10), (6.11), (6.14) and by Proposition 6.2, we have

C R 1/2
(6.15) Wy — W, < —|D["/*W," (/\pélvsoilz + oyl +V’wﬂz) :
Po D

with C' > 0 only depending on ay, v0, @1, 5, Lo, Qo, do, Lp, Qp.
To conclude, by the strong convexity of P and S, recalling (5.13) and
(3.43), we have

(6.16) / AT il + T <
D

< Cpo / PVy! - Vit +S(ot + Vaut) - (g + V) = CpoW,
oD

with C' > 0 only depending on vy, vo, a1, 5, Lo, Qo, do, Lp, @p. Therefore,
by (6.15) and (6.16), we have

(6.17) Wy — W, < g|D|1/2W01/2VV§/2,
Po

with C' > 0 only depending on ag, Yo, a1, 5, Lo, Qo, do, Lp, Qp. By some
algebra, estimate (4.11) follows. O

The remaining part of the section is devoted to the proof of Proposition
6.2. The main idea consists in estimating the L*(0D)-norm of the conormal
derivatives (PV:)n, SVw; -n in terms of the strain energy stored in Q\ D
and the L?(0D)-norm of the tangential component of the gradient of ¢~ and
wi.

We start by introducing some notation.

Given p > 0, L > 0 and a Lipschitz continuous function ¢ : (—2p,2p) —
R satisfying ¢(0) = 0, [[¥|lcor((—2p20)) < 2pL, let us define for every ¢,
0<t<2p,

(618) C;r = {(.Z'l,l'z) € R? ‘ |LZ'1’ <t, 1/1(1'1) < T < Lt},

(619) At = {(ZL’l,CCQ) € R2 | ‘I1| <t, To= ¢(I1)}

We shall use the following two-dimensional version of the constructive Korn-
type inequality on cylindrical domains due to Kondrat’ev and Oleinik [KO89].

Proposition 6.3. ([KO89], Theorem 2) Let

(620) Cl/J = {(1'1,332) € R? | |[L’1‘ < l,, —l<xy < l},

25



where | > 1. For every uw € H'(Cyp;,R?) such that u = 0 on {xy = —1}, we
have

472 =
(6.21) / |Vul* < C (1 + TQ) / Vul?,
Cy l Ciry

where C > 0 is an absolute constant.

The next proposition states local boundary estimates in L? of the conor-
mal derivatives of solutions to the Mindlin-Reissner plate problem. A proof
shall be presented at the end of this section.

Proposition 6.4. Let S, P given in (3.5), (3.6) satisfy the strong convezity
conditions (3.3).

Let w € H'(Cy,) be a solution to
(6.22) div(SVw) = —div(Se) in O3,
with ¢ € H'(Cy,, R?).

If wla,, € H'(Ay,), then SVw -n € L*(A,) and we have
(6.23)

/ |SVwn* < C (/
A, A

where Vrw is the tangential component of Vw, and the constant C' > 0 only
depends on L, aq, Yo, Q1.

Let p € H'(C3,,R?) be a solution to

£0
p3|va|2+(1+—) [ iVl + [ lel? + v
1Y c;p C;'p

2p

(6.24) div(PVy) = S(¢ + Vw) in Cy

2p

with w € H'(Cy)).
If ©la,, € H' (A9, R?), then (PV)n € L*(A,,R?) and we have
(6.25)

[, 1eveme<c ( /.

where Vrp is the tangential component of Vi, and the constant C' > 0 only
depends on L, ag, Yo, Q1.

o
po| Vel + (1 + ;) /+ polel” + py| Vol + /+ pS’!VwV)

2p C2p CQp

Proof of Proposition 6.2. We follow the lines of the proof derived in [AMRO2]
(Proposition 3.4) for the analogous estimate in an electric conductor, see also
[MRO3] (Proposition 3.3).
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We cover 0D with internally non-overlapping closed cubes @, j =1, ..., J,

having side 7p = y(Lp)rp, where y(Lp) = % The number of these
D

cubes can be evaluated by a slight modification of the arguments in Lemma
2.8 of [AR98], that is

D
(6.26) 7<cBl<oq,
D
where C' > 0 only depends on Lp. -
For every j =1, ..., J there exists zop € 0D N Q; such that Q; N (Q\ D) C

CF, where 7 = 2\/2—1—% and Cf = {y = (y1,42) € Q\ D | |yi] < t.¥(y1) <
y2 < tLp} for every t, 0 < ¢t < 27. Here, 4 is a Lipschitz function in (—27, 27)
satisfying ¢(0) = 0 and [[1||co1(—or2r) < 2FLp, representing locally the
boundary of D in a suitable coordinate system y = (y1,v2), y = Rx, where R
is an orthogonal transformation and x = (z1,x2) is the referential cartesian
coordinate system.

Recalling (3.29)—(3.32), it is not restrictive to choose (¢, w,) such that

(6.27) 0, =0, w,=0 inD.

By the change of variables y = Rz, the pair (¢ = ¢ (RTy),wS =
w;(RTy)) satisfies

(6.28) div ,(SV,w') = —=div,(SR¢}) in Cf
and
(6.29) div, (B(y) V) = S(pf + RTV,wf) in Oy,

where S = S(RTy) and P(y)[A] = RP(RTy)[RTAR]RT for every 2 x 2 matrix
A. The tensor P belongs to C%!(Cy7), with [|Pl|lcos ey < Ch?, where C' >0
only depends on «ag, a; and 7. Moreover, P satisfies the strong convexity
condition (3.10).

Recalling that w;” = 0 on 9D and by applying (6.23) with p =7, we have
(6.30)

/ |SVw-n|* <C (1 + po) / po\Vwi\2+Cpo/ ot P+ o5 Vit 12,
Q,;ndD . pat

TD CQr

where C' > 0 only depends on Lp, ag, 7o, a. Similarly, since ¢;" =0 on 9D,
by applying estimate (6.25) with p = 7 we obtain
(6.31)

/ (PP < ¢ (142 / Aot Pl |Vt PAC / AV,
Q,;ndD o +

TD CQT
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where C' > 0 only depends on Lp, ap, Yo, Q1.
Let us consider the cylinder

(6.32) C* = {(y1,52) €R* | || < T, [yo] < L'T},
where I’ = max{L,2 — L}, and let ¢* € H'(C*,R?) be defined as follows:

of in CF,
(6.33) ot =
0 inC*\Ci.

By applying the Poincaré inequality [+ |¢;|* < Cr} [+ [Vt [?, with C >
27 27

0 only depending on Lp, the Korn-type inequality (6.21) to ¢*, and by (6.31),
we have

o) [ \<Pw¢>n|2sc(1+p0) | aeee [ gvarr,
Q,;ndD cr A

TD 27 02?

where C' > 0 only depends on Lp, «ap, Yo, Q1.

Finally, in order to estimate locally the L? norm of the contact forces
S(pt + Vw!) - n on the boundary of D, we rewrite inequality (6.30) as
follows

(6.35) / 1S(of + Vud) - nf? <
QjﬁaD

Po
<o(1+2) [ pivuriecm [ lerPriveitec [ o,
cf a

D - Q;NdD

where C' > 0 only depends on Lp, ag, 7o, @1. Recalling that ¢;F =0 on 0D,
by using Poincaré inequalities and the Korn-type inequality (6.21), we have

(6.36)
[ isterevunapsc (14 2) [ ivuriee [ e
Q;NdD o (op

T
D 27

where C' > 0 only depends on Lp, ap, Yo, Q1.
By summing (6.34) and (6.36), using the normalization (6.27), by ap-
plying Poincaré’s inequality (5.21) and the Korn-type inequality (6.21) we
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have
(6.37) / BVl + 221S(F + Vat) - nf? <
QjﬁaD
<o(te®) [ AT+ ivert <
D C;—F

Po &
<cofie ) (/ AT+ it + Vi [ p%!%ﬂz) <
TD C+ C;F

27

<C (1 - @) / AIVe P + pile + V|,
D C;F
where C' > 0 only depends on Lp, ag, Yo, Q1.
Since 1+ po/rp < (1 4 do/2)po/rp, and recalling (6.26), we obtain the

wished estimate (6.6). O

We conclude the section with a proof of Proposition 6.4, which is based
on the following result.

Lemma 6.5. Let S, P given in (3.5), (3.6) satisfy the strong convezity con-
ditions (3.9), (3.10) and the reqularity conditions in (3.12).

For every w € H¥?(Cy,) such that div(SVw) € L*(Cy,) and w = |Vw| =
0 on OC3, \ Ag,, we have
(6.38)

/ |ISVw-n* < C (pg/
A, Ao

where C > 0 only depends on L, «ag, 7o, Q1.

For every ¢ € H*?(C3,,R?) such that div(PVy) € L*(C3,,R?) and |¢| =
[Vl =0 on dC5, \ Ay, we have
(6.39)

/. |<Pw>n|2so< I p8|w|2+p3|wndiv<Pw>|),

po| Vrwl* + po/+

P C2p

IVw|? + |Vw||div(SVw)|> ,

where C' > 0 only depends on L, ag, vy, a.

Proof. The proof follows the lines of the proof of the analogous result ob-
tained in conductivity and elasticity context, see [AMRO02] (Lemma 5.2) and
[MRO3] (Lemma 4.3), respectively. The key mathematical tool is a general-
ization of the well-known Rellich’s identity [R]. O
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Proof of Proposition 6.4. The proof can be obtained by adapting the ar-
guments used, for example, in the proof of the analogous result in three-
dimensional elasticity [MRO3] (Proposition 4.2), see also [AMRO02] (Proposi-
tion 5.1). Moreover, the proof of the estimates (6.23) and (6.25) follows the
same path. Therefore, we sketch the proof of the inequality (6.23) only.

We first prove the thesis under the additional assumption that w €
H32(C}) for every t < p.

Let us introduce the cut-off function in R?

(6.40) n(z1, x2) = x(z1)¥(z2),

where

(6.41) X € C(R), x(z1) =1 if [1] < p,
. 3

(6.42) x(z1) =0 if |z9] > 3P

(6.43) IXNloo < Cip™", X" lle < C1p77,

(6.44) Ve CP(R), t(xe) =1 if |2o] < pL,
. 3

(6.45) Y(z2) =0 if |ag| > ipL,

(6.46) [l < Cop™, 1]l < Cap™,

where (] is an absolute constant and C is a constant only depending on L.
For every ¢ € R the function

(6.47) u=mn(w-—rc)

satisfies the hypotheses of Lemma 6.5 with p = ¢, for every ¢ € (%p, p).
By substituting (6.47) in (6.38), and recalling (6.22), we have

(6.48)
/A 5?2 ((w —)?|Vn - n|* +9*Vw - n* + 2n(w — ¢)(Vn - n)(Vw - n)) <

<O [ w— Pl + P19l < 290 — )i Vot
Aot

+ Cpo /+(w —)?| V2 + 0| Vuw|* + 2n(w — ¢)Vn - Vw + |p]* + pé[Vg0|2,

CQ t
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where C' > 0 only depends on L, g, o, a1.
By recalling (6.41)—(6.46), by using Schwarz inequality and 2ab < a?/e +
eb?, for every € > 0, we obtain

(6.49) /|SVw-n|2§
Ay

(w—c)? (w—c)?
<C (p%/ st IVrw|* + po T IVwl|® + o]* + p| Vel |
Aoy C.

2t

3
for every t € (Zp’ p> ,

where C' > 0 only depends on L, ag, o, @1.
Choosing ¢ = ﬁ fC+ w, by applying trace inequalities and Poincaré’s
2t 2t

inequality (5.20), we have

(6.50) /|SVw-n|2§
Ag

<C (p%/ [Vrwl® + (1 + %)/ po| V| +/ pol e’ +p3|V<P|2> ,
Aoy C;rt O

2t

3
for every t € (Zp’ p) ,

where C' > 0 only depends on L, aq, Y9, @1. Passing to the limit for ¢t — p,
we obtain (6.23).

We notice that if the function ¥ representing the boundary Ay is smooth,
then the additional assumption made at the beginning of this proof (e.g.,
w € H3?(CY) for every t < p) is satisfied by regularity estimates up to
the boundary for solutions to (6.22). When Ay, is represented by a Lipschitz
function, the thesis can be obtained by following the approximation argument

presented in [MRO3] (Step 2 of Proposition 4.2). O
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