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Equations aux dérivées partielles/ Partial Differential Equations

Maximum principles for cooperative elliptic systems

Djairo G. de Figueirepo and Enzo MiTinieri

Abstraet ~ In this Note we establish maximum principles for weakly coupled elliptic systems of
the form (1) below. The maximum principles here relate lo the existence of a sort of barricr
function for the homogeneous syslem.  In the case when A his constant entries and the diTerential
operators are all equal to a same self adjoint operator then a necessary and sufficient condition for
a maximum principle to hold relate to the characteristic polynomials of all principal minors of A.

Principes du maximum pour des systémes ellipriques coopératifs

Résumé — Dans cetie Note, nous établissons des principes du maxinm pour des sysrémes etlipligues
faiblement couplés. de la forme (1) ci-dessous. Ces principes du maximum soni liés a Uexistence  une
sorte de fonction barriére pour fe systéme homogéne, Dans le cax on A a dex coefficienty constanis ¢
les opérateurs différentiels sont tous égaux & wn opdrateur awio-adioint, alors une condition nécessatre
el suffisante pour qu'un principe du maximum ait liew, est donnée en terme des polynomes cardete-
ristigues des mineurs principaux de A,

Version fran¢aise abrégée — Considérons n opeérateurs clliptiques du second ordre 4 coethi-
cients réels sur un ouvert borné Q de R™:

LoD)y:= —S (DD, +ZH D, k=1 ...,
ij r'

™Nous supposons que les coefficients &fj et &Y sont tels que chacun de ces operateurs sansfan

séparément le principe du maximum (¢f [3} [4]). Soit A(x)={(a;;(x)) une marricc n*n

coopérative (c'est-a-dire a;{x)=0 dans £ pour i5j). Nous considérons le systeme
Ly(DYu=3 ay u,+ f, dans Q

(1) i

u, =0 sur cQ, k=1...n

ou (f;{x))=F(x) est une fonction vectorielle réelle sur €. En notations abrégees :
{ FDIU=A()U+F(x) dans O
U=1{ sur ¢Q

ot U(x)=(u,(x)) représente une solution, supposce exister et appartenir 4 CP () N C*(€2). On
dit que le systéme (1) satisfait le principe du maximum st F 2 0 (c’est-a-dire f; (x) = 0) dans (2
pour tout k implique UZ=0. Tl est bien connu que le systéme coopératif (1) satistait ce principe
du maximum si, pour chaque =1, ..., n

(2) @y ix}:*Zﬂﬁ{x}gﬂ dans €2
J

{¢f.[4]). Remarquons que ce résultat, dans le cas d’une scule cquation, est plus restrictif que
le principe de maximum classique (ou, avec des notations évidentes, on suppose sculement
a(x)=h<h,, A, étant la premi¢re valeur propre de l'opérateur différentiel, supposée positive).
Dans cetie Note nous donnons des extensions du principe du maximum pour le systéme
(1), extensions qui, dans le cas d'une seule ¢équation, contiennent le principe du maximum
classigue.
Nous dirons que (%, A) vérifie la propricté () s’il existe une fonction vecrorelle

U ()= (, (x)) sur Q telle que

Note présentée par Jacques-Louis Lions.
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(i) W (x) =0 dans £ pour tout k,
(i) £ (D)= A dans £2.

THEOREME 1. — Supposons que (£, A) vérifie la proprieté () et qu'sl existe une consiante
C>0 et des nombres 0<o, <1 tels gque

U, () = Cldist (x, 0€2)]™ pour xeld

Alors le systeme (1) satisfart le principe du maximum pour toute solutton U gut est hpschitzienne

sur €,

THFEOREME 2. — Supposons gue (£, A) vérifie la propriété (W) et gue ) jourt de la propriéié
de la sphére mtérieure. Alors le systéme (1) satisfast le principe du maximum pour toute solution
U gut est lipschitzienne sur ).

Remarquons que si chaque W, est >0 dans ), alors il n'est pas nécessaire de supposer
dans les théorémes précédents U lipschitzien sur € ou la propriété de la sphére intéricure.

Tutorime 3. — Supposons la matrice cooperative A constante (c'est-d-dire a;;(x)=1;;) e
chacun des vpérateurs 1., (D)) self-adjoint, avec une premiére valeur 1% positive. Alors le systéme
(1) satisfart le principe du maximum si tous les déterminants des mineurs principanx de la matrice
A=A sont posittfs, ot A repreésente la matrice diagonale [N}, .. .. M.

Maximum prINCIPLES. — Consider the following set of second order elliptic operators
with real coefficients defined in some bounded domain £} in B

Li(D)= =Y bs,D,D;+YMD, k=1 ....n

No regularity on the coefficients 1s assumed. However we require the conditions that
will provide a maximum principle for each L, separately, ¢f.[3], [4]. Let A{x):=(a;(x))
be a n % n cooperative matrix, that is, a;{x)=0 in Q for i#/.

In this Note we establish maximum principles for the system

L (D)=Ya,u+f, in Q, k=1, ....n
(1) j
1,=0 on JQ

or, tn a short notation
F(IMU=AU+F, LUi=0 on ¢Q

where U(x)=(u,{x), ....u,(x)) 15 a solution of (1) in the classical sense, i.e.
u, e CP ()M CHQ), and Flx)=(f,(x). .... [, (x))is a given vector whose components
are real valued functions in Q.

By a maximum principle we mean the statement that F=0 (i.e, f,(x)=0 in Q for
all k) imphes U=0.

It is well known that the cooperative system (1) satisfies a maximum principle if

(2) a(x):=Y a,(x)s0 in Q

for all k. ¢f.[4]. Observe thal such a result does not yield the classical maximum
principle for a single equation, Lu= A (x)u-+/, which requires only that a(x)<k <i, (),
where A, {Q) denotes the first eigenvalue of Le=% a ¢ in ©, =0 on ¢Q, which is
supposed to be positive.
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We say that (¥, A) satisfies Property () if there exists a vector function
Y=, (x), .... ¥, (x) with $,eC (Y NC*(Q) such that (HY(x)>0 in Q (e
Y (x)=>0, for all k), and (1) L (D)y=A in 2. Observe that we are not assuming
that each ¢, (x}>0 on €.

THeOREM . — Suppose that (£, A) salisfies Property (V) and that there exist a constant
C>0 and numbers a,, with 0<a, <1 for all k, such that
(3) Y () = Cldist (x, 7))

for all xeQ). Then (1) has a maximum principle for all solutions which are Lipschiiz
continuous in ), and correspond to F>0 in Q. [If & (D)=> A then one could take any
Fz0inQ].

Sketch of the proof. — We reduce our system (with the hypotheses of the present
theorem) to a system satisfying condition (2) for the variables ©,(x) defined by
vy =1t L

Remark 1. ~ If some \, (x) is positive in the whole of £}, then (3) is trivially satisfied
for that &k, and in this case the corresponding u, does not have to be assumed Lipschitz
continuous in £. Observe that such an assumption is made only to guarantee that v,
is continuous up to the boundary in the case where \, vanishes there. In case of >0
in  we have the following strengthening of Theorem I: system (1) has a maximum

principle for all F=0 and all solutions V (not necessarily Lipschilz continuous).

Remark 2. = If L, (D)= ...=L,(D)=L(D) where L(D) is self-adjoint with paositive
first eigenvalue A, (), and a, (x) (defined above) is an L™ function defined in a open set
Q' =20, with

(4) a, (x)Sh<i () forall xeQ,

where & is a constant, then (%, A) satisfies Property ({) with {, (x)>0 in €.

So in this case. under hypothesis (4) a maximum principle holds for system (1). The
proof consists simply in taking y=(p, ..., p) where >0 1in Q" is a first eigenfunction
for the eigenvalue problem L(D)p=24p in Q", =0 on Q" where ' 2Q" =0 is chosen
in such a way that A, (") <Xk, ().

THEGREM 2. — Suppose that (¥, A) satisfies Property (), and that the domain Q)
satisfies the interior sphere condition. Then (1) has a maximum principle for all solutions
which are Lipschitz continuous in Q, and correspond 10 F=0 and F#0 in Q.

Sketch of the proof. — It follows from the fact that A is cooperative and from

Lemma | in [5] that there exists a constant C>0 such that ¥, (x)=C dist(x, 7Q) for all

x in €L
Let us denote by

be=Min { peR: g+ py, ()20 in Q)

with the provisal that we take p, =0 if w,=0. If there is some u, which is negative
somewhere in (), then the corresponding p, 1s positive. We may assume without loss of
generality that g, =2p, 2 ... 2y,. And let us suppose, by contradiction, that p, > 0. Let
M be the diagonal matrix [u,, ps, ..., ). Then the vector V= U+ M ¢ has nonnega-
tive components and 1t satisfies the system of inequalities

LVZAV+F+(MA~-AM) .
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Writing down explicitely the lirst one we have
Ly o gZuut{i-ﬁﬂ +§:{y| =1 ay;
i i

which imphes ¢, £0. Then it follows L, », Z«a,, ;. which gives via the strong maximum
principle that ;>0 1 Q. By Lemma | in [5] we see that there is £>0 such that
vy — ey, 20, which contradicts the mimimality of p,.

Theorem 3. — Suppose that the cooperative marrix A has constant entries, und that the
operators L, (D) are selfadjoint with a positive first eigenvalue 2%, Then (1) has a maxinum
principle provided the prmcipal punors of the matrix A= A huve positive dererminanis,

where A iy the diagonal marrix [2), ... M)

Remurk 3. = The matrix A=A is of a type well studied in the literature [1]. the so-
called M-matrices. In view of known results, one has only to assume that the n first
principal miners of A— A have positive determinants. ¢f. {1}

Remark 4. — Suppose that the differental operators L, (D) are all equal 1o the same
operator L (D). whose first eigenvalue &, is positive,  In this case, a4 maximum principle
holds for (1) provided p (A,) >0, j=1, ... nwhere p,(L} 15 the characteristic polynomial
af the first j>j principal of A, As a matter of fact, in this case those conditions are
not only sufficient but they are also necessary provided f,20 and f;#0 in Q, see [2].

Sketeh of the proof. — The case n=2 18 proved readily by inverting L, —a,,, k=1, 2,
and rewriting (1) as

w, —i,; B,u, =B, [,
=iy Bouy tus=B, /s

where B, is the inverse of L, a,, under Dirichlet boundary conditions. which is a
positive operator. Then

iy E{]"ﬂtl”ll HI B;l’wjfﬂg_.ﬁ +'H]3 B[ B:Jrl}

From our assumption the norm of the operator ¢, , 45, B, B, is strictly less than one.  So
the result follows.  The rest of the proof goes by induction.

Note remise le 18 octobre 1989, qecepted v 24 ovtobre 1989,
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