THREE ALTITUDES OF A TRIANGLE

We want to consider here the elementary geometric theorem which says that
the three altitudes of a triangle meet in a common point (called the orthocenter)
in order to see an example of a primary decomposition of an ideal.

We formulate the problem as follows:

We consider the triangle ABC in an affine plane and we give coordinates
to the points: B = (0,0), C = (¢,0), A = (a,b) (the given coordinates are not
restrictive).

Next, we consider the altitudes, so let D = (a,0), E = (z1,22), F' = (z3,24)
be three points (D on the line BC, E on the line AC and F on the line AB) such
that the lines AD and BC' are orthogonal, the lines BE and AC' are orthogonal
and the lines CF and AB are orthogonal.

We want to see if the three lines AD, BE and C'F meet in a common point.
In order to see this, we consider the points G = (a, 2z1) and H = (a, z2) which
are the intersection points of the line AD with the line BE and C'F respectively
and we want to see if (when) G and H coincide.
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The above conditions give the following equations:

bc — bxy +axe —crea =0 points A, C, E collinear

brs —axy =0 points A, B, F' collinear
ac—axs —bry =0 lines AB and CF orthogonal
ari —cxry +bxo =0 lines BE and AC orthogonal
ars —x121 =0 lines B, E, G collinear

axy — cxq + czo — 13290 = 0 points A, D, H collinear

Consider now the ideal J generated by the above polynomials. Its primary de-

composition (in the polynomial ring Qla, b, ¢, 21, . .., x4, 21, 22]) is the following:
14
J = ﬂ Qi
i=1

where the primary ideals are:



_ 2 2 2 2
9, = (:E4,a:3,c,b — 21,a%2 — T121, %] + T5,ax1 + x221,0° + zl)
2 2
(21 — 22,¢,b — 20, a4 — T320, X3 + 23, TaT3 — T1T4, T123 + T2T4,
ars + T422,aT2 — T122, 1:% + z%, ary + r222, a? + z%)

QS - (zl,x37c,b,a)

Qs = (z2,21,¢,b,0a)

Qs = (x4,c—x3,b,0 — 3,203 — T121)

Qs = (374,1‘3,%‘2,33170)

Qr = (acg,xl,c b—22,aa:4—:Cng,xg—l—mi,awg—i—sz,az—i—z%)
Qs = (w4,22,21,¢— x3,b)

Qo = (x2,21,b,a,cxq — c29 + 322)

Qo = (z3,21,¢,0,0)

Qi = (227$17€ b, a)

Q12 = (c—m3,b— 24,73, a24 — T3T4, T2T3 + T1T4 — T3Ty — T121,

13 — x% — ToXy4 + Xoz1 + 2T421, a3 — a:% + X421,0T2 — L1271,
x% + x% — :c% + Toz1 + 22421, a1 — x% + To21 + 22421, 0% — x% +2x421)
Qiz = (x1,b— x2,ax4 — cTy + c22 — T322,73 + TF — Ta2o,
XToX3 — Cx4 + CZ9g — XT322,CT3 + ToTyg — T4Z2,AT3 + ToTy — T2Z2,
x% axo,ac — To22, a2, CToXy — CToZ2 + CT 422 — cz% + x3z§,
ry — Pry — 2xomyz9 + 1423)
Q14 = (21— 22,44 — Ty + CZg — L322, Ty — CT4 + T1T4 + CZo — T122 — L322,
13 — zg — Toky — xi + X922 + Tgz29,CT3 — :c?)) — xi,
bxs — cry + czo — X320, 003 — :v% — xi + X422,aT2 — X122,
x% — by + x% — x% —bxy — xi + Tozo + X429,
cry — bry — x§ —bxy — xi + Tozo + X429, 021 — x% —bxy — xi + Tozo + X429,
be — by — cxg + w129, aC — T3 — bwy — 1] + 1429,

a? — 1:% —bxy — 1:421 4 bzg + T429,CToxy — CTo2y + CT42zo — 21 T420 — cz% + :13125 + mgzg,

broxs — broze — braze + ToZaze, C2xy — x§x4 — b:L’?1 — :ci — 229+ x%zz + 2:0322)
The associated primes are P; (i = 1,...,14) where P, = Q; for i ¢ {12,13},
while Q12 and @13 are primary but not prime and
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P2 = (x4,¢—x3,b,0 — T3, TaT3 — X121, L1053 — T3 + Ta21, 2] + T5 — X5 + T221)
_ 2 2
Pis = (x2,21,b,a,crq — c2o + X322, x5 + T — 422, CT3 — T422)

The conclusion is that, if we do not consider the degenerate cases, then G and
H coincide (i.e. z1 = z2).

Note that if we perform the computations in C (or in Q [\/jl}), then the
ideals @1, @2 and @7 split in smaller ideals.



