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Consider a body Q ¢ R® which might contain an unknown,
inaccessible, crack represented by ¥ cC Q, a
two-dimensional orientable surface with boundary .

We wish to recover X from electrostatic measurements
taken on 09.
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Perfectly insulating crack

The basic problem

The direct problem. Given ¥ and given ¢ on 02 such that
Jaq ¥ = 0, find u such that

Au=0, in Q\ %,
Vu-vt =0, oneithersideof ¥,
Vu-v=1, on o0Q.
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The basic problem

Perfectly insulating crack

The direct problem. Given ¥ and given ¢ on 02 such that
Jaq ¥ = 0, find u such that

Au =0, in Q\ %,
Vu-vt =0, oneithersideof ¥,
Vu-v=n1, on o09.

The inverse problem. Find X given uylsq , k=1,...,K,

with the potentials uy, corresponding to suitable finitely many
choices of ¢y = 14, . .., Yk.
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Perfectly conducting crack.

Au =0,
u = const.,
Vu-v =1,

in
on
on

Variants

Q\ %,
2,
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Variants

Perfectly conducting crack.

Au=0, in  Q\ZX,
u=const.,, on Y,
Vu-v=1, on 09Q.

Crack with impedance.

Au =0, in Q\ %,
—Vu-v*4+~FuT =0, oneithersideof X,
Vu-v =1, on oQ.

here v, v~ are the unit outward normal vectors on the two
sides of ~ and v*,~~ are nonnegative functions.



Cracks

Giovanni
Alessandrini

Introduction
The basic problem
Variants

Known results
2D
3D

Open
problems

Unique continuation
along level surfaces

Insulating cracks and
harmonic maps in 3D

Stability with
full boundary
data

Singular solutions
An identity

End

Further variants

2D model. Q ¢ R? | ¥ simple arc.
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The basic problem

2D model. Q ¢ R? | ¥ simple arc.

Multiple cracks. X disjoint union of finitely many cracks ; .

Singular solutions

An identity
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M 2D model. Q ¢ R?, ¥ simple arc.
- Multiple cracks. X disjoint union of finitely many cracks ; .

Full boundary data.

Nz :Vu- I/|3Q — U|aQ .

——— or otherwise
Ay : U‘aQ —Vu- V‘BQ .
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2D model. Q ¢ R? , ¥ simple arc.
Multiple cracks. X disjoint union of finitely many cracks ¥; .

Full boundary data.

Nz :Vu- V|BQ — U|aQ .

S ——— or otherwise
Ay : U‘aQ —Vu- V‘BQ .

Inhomogeneous (known) background. Replace A with,
for instance, div (yV-), v = v(x) > 0 known.



Results in 2D

Uniqueness.

Single crack: Friedman-Vogelius ’89.
e Two measurements are necessary.
e Two suitable measurements suffice.
e Duality conducting-insulating cracks.

Multiple cracks: Bryan-Vogelius '92. A.-Diaz Valenzuela
'96. Kim-Seo '96.

e Two suitable measurements suffice.
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Single crack: Friedman-Vogelius '89.

e Two measurements are necessary.

¢ Two suitable measurements sulffice.

e Duality conducting-insulating cracks.
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Uniqueness.

Single crack: Friedman-Vogelius '89.
o Two measurements are necessary.

e Two suitable measurements suffice.
e Duality conducting-insulating cracks.

Multiple cracks: Bryan-Vogelius '92. A.-Diaz Valenzuela
'96. Kim-Seo '96.

e Two suitable measurements suffice.
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Results in 2D.
Stability

A.’93. A.-Rondi '99, Rondi '99, Rondi '05.
Under a-priori regularity (Lipschitz) assumptions on the
unknown (multiple) crack the mapping

data — crack

is continuous with a logarithmic modulus of continuity.
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Results in 2D.
Stability

A.’93. A.-Rondi '99, Rondi '99, Rondi '05.
Under a-priori regularity (Lipschitz) assumptions on the
unknown (multiple) crack the mapping

data — crack
is continuous with a logarithmic modulus of continuity.
Di Cristo-Rondi '03.

Logarithmic continuity is optimal also with full boundary
data.



Results in 3D.

Kubo ’91. Uniqueness for a planar perfectly insulating crack
with 3 suitable measurements.

Eller ’96. Uniqueness for a crack with impedance with full
boundary data.

A.-DiBenedetto '97.
© Uniqueness for multiple perfectly conducting cracks
with 2 suitable measurements.
@® Stability for a planar perfectly conducting crack.

® Uniqueness for multiple perfectly insulating planar
cracks with 2 suitable measurements.
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Kubo ’'91. Uniqueness for a planar perfectly insulating crack
with 3 suitable measurements.

Singular solutions

An identity



Cracks

Giovanni RGSU”S |n 3D

Alessandrini

Kubo '91. Uniqueness for a planar perfectly insulating crack
with 3 suitable measurements.

Eller ’96. Uniqueness for a crack with impedance with full
boundary data.




Cracks

Giovanni RGSU”S |n 3D

Alessandrini

Kubo '91. Uniqueness for a planar perfectly insulating crack
with 3 suitable measurements.

Eller ’96. Uniqueness for a crack with impedance with full
boundary data.

A.-DiBenedetto '97.



Cracks

Giovanni RGSUHS |n 3D

Alessandrini

Kubo '91. Uniqueness for a planar perfectly insulating crack
with 3 suitable measurements.

Eller ’96. Uniqueness for a crack with impedance with full
boundary data.

A.-DiBenedetto '97.

© Uniqueness for multiple perfectly conducting cracks
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Kubo '91. Uniqueness for a planar perfectly insulating crack
with 3 suitable measurements.

Eller ’96. Uniqueness for a crack with impedance with full
boundary data.

A.-DiBenedetto '97.

© Uniqueness for multiple perfectly conducting cracks
with 2 suitable measurements.

@® Stability for a planar perfectly conducting crack.
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Kubo '91. Uniqueness for a planar perfectly insulating crack
with 3 suitable measurements.

Eller ’96. Uniqueness for a crack with impedance with full
boundary data.

A.-DiBenedetto '97.

@ Uniqueness for multiple perfectly conducting cracks
with 2 suitable measurements.

@® Stability for a planar perfectly conducting crack.

® Uniqueness for multiple perfectly insulating planar
cracks with 2 suitable measurements.



Main open problems in 3D.
© Unigueness and stability for cracks in known
inhomogeneous medium.
® Uniqueness for curved insulating cracks, with finitely
many measurements.

@ Stability for curved cracks, conducting and insulating.
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Main open problems in 3D.

© Unigueness and stability for cracks in known
inhomogeneous medium.
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REin Main open problems in 3D.
. © Uniqueness and stability for cracks in known

Unique continuation
al

inhomogeneous medium.

® Uniqueness for curved insulating cracks, with finitely
many measurements.

@ Stability for curved cracks, conducting and insulating.

An identity
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Conducting crack in 3D.

The result of uniqueness in A.-DiBenedetto is as follows.

Given three distinct points P, Qq, Q> € 0%, prescribe
boundary current densities 1)1 = op — 0q,, 2 = dp — dq,-
The corresponding boundary potentials uy|sq, Uz|aa
uniquely determine %.
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Conducting crack in 3D.

The result of uniqueness in A.-DiBenedetto is as follows.

Given three distinct points P, Qq, Q> € 0%, prescribe
boundary current densities 1)1 = op — 0q,, 2 = dp — dq,-
The corresponding boundary potentials uy|sq, Uz|aa
uniquely determine %.

Question. Can this result be extended to inhomogeneous
media?
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Let S be a regular connected surface in an open set

G C RS, let S’ be a nonempty open subset of S.

Let u and v be two harmonic functions in G ¢ R3. If
u=c=const.onSandv=b=const.onS ,thenv=>b
on all of S.
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surfaces.

Problem (A.-Favaron, '00)

Let S, S' be as above. Let L be a second order elliptic
operator with Lipschitz coefficients in the principal part.
Let u, v solve

Lu=Lv=0inG.

Is it true that, if u = ¢ = const. on S and v = b = const. on
S’ ,thenv =>bonall of S?
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e Au =0, in Q\x,
" Vu-v* =0, oneithersideof ¥,
- Vu-v=1, on o90.

There exist pairs of boundary current densities 11,1 such
that (no matter which is ) the map U = (uy, up) is such that

det DU # 0 everywhere in Q\ ¥ .
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Giovann Uniqueness in 2D, in a nutshell.
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Au =0, in Q\ %,
: Vu-v* =0, oneithersideof ¥,
- Vu-v=1, on o90.

There exist pairs of boundary current densities 11,1 such
that (no matter which is ) the map U = (uy, up) is such that

det DU # 0 everywhere in Q\ ¥ .

Question. Can this result be extended to 3D?
Can we find current densities 11, 15, 13 such that (no matter
which is ) the map U = (uy, Uo, Us) is such that

det DU # 0 everywhere in Q\ X ?
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The ancestor.

Theorem (Radd, Kneser, Choquet)
Let Q c R? be simply connected. Let D C R? be a convex
domain.
Given a homeomorphism ¢ : 90Q — 0D , consider the
solution U = (uy, uo) : Q — R2 to the following Dirichlet
problem

AU=0, in Q,

{ U=®, on 0Q.

then (Rado ‘26, Kneser ‘26, Choquet '45)
U is a homeomorphism of Q +— D
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The ancestor.

Theorem (Radd, Kneser, Choquet)
Let Q c R? be simply connected. Let D C R? be a convex
domain.
Given a homeomorphism ¢ : 90Q — 0D , consider the
solution U = (uy, uo) : Q — R2 to the following Dirichlet
problem

AU=0, in Q,

{ U=®, on 0Q.

then (Rado '26, Kneser ‘26, Choquet '45)
U is a homeomorphism of Q — D
and (Lewy '36)
detDU #0inB.



Counterexamples in 3D.

Wood '74. There exists a harmonic homeomorphism
U : R3 — R3 such that det DU(0) = 0.

Melas "93. There exists a harmonic homeomorphism
U: B~ B, B C R unit ball, such that det DU(0) = 0.

Laugesen '96. Ve > 0 3¢ : 9B — 0B homeomorphism, such
that |®(x) — x| < e,Vx € OB and the solution U to

AU=0, in B,
U=¢, on 0B

is not one-to-one.
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Wood '74. There exists a harmonic homeomorphism
U : R®  R3 such that det DU(0) = 0.

Melas '93. There exists a harmonic homeomorphism
U: B+ B, B c R® unit ball, such that det DU(0) = 0.
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Wood '74. There exists a harmonic homeomorphism
U : R®  R3 such that det DU(0) = 0.

Melas '93. There exists a harmonic homeomorphism
U: B+ B, B c R® unit ball, such that det DU(0) = 0.

Laugesen ’96. Ve > 0 3¢ : 9B — 0B homeomorphism, such
that |®(x) — x| <e,¥x € 9B and the solution U to

AU=0, in B,
U=¢, on 9B

is not one-to-one.
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A relaxed question.

In order to prove uniqueness for an insulating crack it would
be sufficient to prove that we can find current densities

1, 9,13 such that, for any X and for any regular surface

S C Q\ X there exists one potential u;, corresponding to the
current density 1, such that Vu; - v does not identically
vanish on S.
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Problem

Let U = (uy, uo, u3) be the map whose components solve
Au; =0, in Q\ %,
Vuj-v* =0, on eitherside of ¥,
Vuj-v=1j; on o0fd.

To find 11, 12,13 such that, for any ¥, the set

S = {x € Q\ £|detDU(x) = 0, (DUV detDU)(x) = 0}

has at most dimension 1.
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Stability with full boundary data.

Au=0,

in

—Vu-v* 4+~FuT =0, on either side of

Vu-v =1,

on

N)::w—>u|ag.

Q\x,
X,
9.
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The basic problem

Au=0, in Q\ L,
—Vu-v* +~Tu* =0, oneithersideof ¥,
Vu-v=n1, on oQ.

Nz : w — U|3Q .
Stability with
full boundary
dat

Theorem (A.-Sincich)
Under a-priori C' regularity assumption on ¥, the map

Nz—>z

is continuous with logarithmic modulus of continuity.



Method of singular solutions.
Uniqueness.

e |sakov '88. Inclusion problem div ((1 + xp)Vu) =0.

e Eller’96.
Stability.

e A.’90, A.-Gaburro ‘01,09, Salo 04, A.-Vessella '05,
Gaburro-Lionheart '09. Inverse conductivity problem
and variants.

e A.-Di Cristo ’05. Inclusion problem.

Di Cristo-Vessella '10. Time dependent inclusion
us — diV((1 + XD(I))VU) =0.
Di Cristo '09. Inverse scattering of a penetrable
obstacle.

Reconstruction.

e lkehata, probe method 98 ...,
Potthast, point source method '98 ....
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Gaburro-Lionheart '09. Inverse conductivity problem
and variants.

Singular solutions
An identity
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o e Isakov '88. Inclusion problem div ((1 4+ xp)Vu) =0 .
« Eller '96.
Stability.

e A.’90, A.-Gaburro '01,09, Salo ’04, A.-Vessella ‘05,
Gaburro-Lionheart '09. Inverse conductivity problem
and variants.

e A.-Di Cristo ’05. Inclusion problem.
R Di Cristo-Vessella '10. Time dependent inclusion
4 ur —div ((1 + XD(t))VU) =0.
Di Cristo ’'09. Inverse scattering of a penetrable
obstacle.
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obstacle.
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e lkehata, probe method 98 ...,
Potthast, point source method '98 . ...
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An identity.

Let ¥4, %5 be two cracks, uy, U be corresponding solutions
with data 11, ¢¥» and let Ny, N> be the associated
Neumann-Dirichlet maps.

<1, (N2 — Ny)ipp >=

= fz1\22 (U2[0, ur]1 — [U1]10,, U2) do+
+ Js,5, ([L2]20y,ur — 1[0y, Uz]2) do+
+ fLﬂZg ([U28V1 U1]1 — [U1 8,,2u2]2) do .

Here

[-]i = jump across ¥; w.r.t. the normal v; .
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Fix Q such that @ cc Q, forany y € Q \ ¥, consider R;(x, )

Varams solution to

ARi(-y)=—6(-—y), inQ\ %,
~VARi(,y) vt +7FRi(-,y)* =0, on either side of X,

VR(.y) v =75 on o9 .
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Fix Q such that @ cc Q, for any y € Q\ ¥; consider Rj(x, y)
solution to

ARi(-y)=—6(-—y), inQ\ %,
~VARi(,y) vt +7FRi(-,y)* =0, on either side of X,

VRi(-y) v= —‘E;fﬁ‘, on 99 .

For any y, w € Q\ Q we can choose
uy = Ri(+,y), u2 = Ro(-, w) and apply the identity.

< 8,,F1’1(-,y), (N2 — N1)(9VR2(~, W) >=

— Jyoz, (BoCo )0 By ) — 1B (o001, R W) ot
+ Jeps, ([Ro( W)I20u,Ri (-, y) — Ri(, )2 Re(-, w)l2) do+
+ Jz, 05, (11 = 72)Ri (- )R-, W)l do
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Forany y,w € Q\ (£4 U X,) consider

Fly,w)=

= Js 5, (Re(, W) Ri (- y)h - [R1(-,y)]181,1 Ra(:, w)) do+
+ [z, ([Re( W)200,Ri (- y) = Bi(, y)[v2Re(, w)lz) do+
+ Jz, oz, (11 =72)Ri (- y)Re(- W)l do
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Forany y,w € Q\ (£4 U X,) consider

Fly,w) =

= Js 5, (Re(, W) Ri (- y)h - [R1(-,y)]181,1 Ra(:, w)) do+
+ [z, ([Re( W)200,Ri (- y) = Bi(, y)[v2Re(, w)lz) do+
+ Jx,ns, (1 = 72)Ri (L y)Ra (- w)li do

ety e lfy,weQ \ Q (and away from 9Q) F(y, w) is
dominated by ||Ny — Nz||.
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Forany y,w € Q\ (£4 U X,) consider

Fly,w) =

= Js 5, (Re(, W) Ri (- y)h - [R1(-,y)]181,1 Ra(:, w)) do+
+ [z, ([Re( W)200,Ri (- y) = Bi(, y)[v2Re(, w)lz) do+
+ Jx,ns, (1 = 72)Ri (L y)Ra (- w)li do

ety e lfy,weQ \ Q (and away from 9Q) F(y, w) is
dominated by ||Ny — Nz||.

e F(-,w), F(y,-) are harmonic in Q\ (L1 U X).
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Forany y,w € Q\ (£4 U X,) consider

Fly,w) =

= Js 5, (Re(, W) Ri (- y)h - [R1('a}’)]13u1 Ra(:, w)) do+
+ [z, ([Re( W)200,Ri (- y) = Bi(, y)[v2Re(, w)lz) do+
+ Jx,ns, (1 = 72)Ri (L y)Ra (- w)li do

il o Ify,w e Q\Q (and away from 9Q) F(y, w) is
dominated by ||Ny — Nz||.

e F(-,w), F(y,-) are harmonic in Q\ (L1 U X).
e If x € X1\ X then F(y,w) blowsup as y,w — x.
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