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1. INTRODUCTION

In the last years there has been an increasing interest for the construction of finite—
dimensional dynamical systems from soliton equations, through the so—called meth-
ods of stationary flows and restricted flows (see [Dic|, [AW1] and references therein).
Indeed the discovery of suitable sets of coordinates has allowed one to write the re-
duced systems as physically interesting Hamiltonian systems. In the case of the KdV
hierarchy, the g—representation for stationary flows has given rise to the Henon—Heiles
system [For, Wo2] and the square eigenfunctions representation for restricted flows
has furnished the Neumann and the Garnier systems [Caol, AW1]. However the
relation between dynamical systems which are obtained through different reduction
techniques from the same soliton hierarchy is not clear; moreover a systematic way



ON THE INTEGRABILITY OF FINITE-DIMENSIONAL SYSTEMS ... 3

to find the second Hamiltonian formulation for stationary flows of any order, without
the use of a Miura map, is still lacking.

The aim of this paper is to give a contribution in these directions. The main results
are:

i) We derive in a systematic way a bi-Hamiltonian formulation for stationary
flows of the KAV hierarchy in a suitably extended phase space. As an example
the bi-Hamiltonian structure of Henon—Heiles—type systems with two and four
degrees of freedom is constructed.

ii) We obtain an explicit map between stationary and restricted flows of the
KdV hierarchy, based on the generating function of the Gelfand—Dickey (GD)
polynomials. As an application, a map between a generalized Henon—Heiles
system and the Garnier system with two degrees of freedom is constructed.

iii) We propose an integrability structure, which can be applied to both stationary
and restricted flows. It generalizes the structure introduced in [CRG] for
the particular case of the Henon—Heiles system. Though weaker than the
bi-Hamiltonian formulation, it does not require the extension of the phase
spaces.

The paper is organized as follows. In Subsect. 2.1-2.3 we construct both the KdV
hierarchy and the associated stationary flows through the kernel of the KdV Poisson
pencil. The difference between the two cases is given by the fact that the gradients
of the integrals of motion for the KdV hierarchy are the coefficients in a Laurent
series, whereas in the second case they are the coefficients of a polynomial. Thus,
using the generating function of GD polynomials, we give a bi-Lagrangian and a bi—
Hamiltonian formulation of the Lax—Novikov stationary equations of any order; as
applications, we exhibit a generalized Henon—Heiles system with two and four degrees
of freedom (Subsect.s 2.2 and 4.1).

In Subsect. 2.4 we formulate the method of restricted flows in terms of the kernels
of some Poisson structures extracted from the Poisson pencil and of the generating
function of the GD polynomials, without the explicit use of the spectral problem
as in [Caol, AW1]. This formulation allows us to connect, in a quite natural way,
restricted flows with stationary flows: this is obtained by means of an appropriate
extension of the corresponding phase spaces with some free parameters, as we show
in Subsect. 2.5. In the final subsection 2.7 we specialize the previous map to the
Henon-Heiles and the Garnier systems.

In Sect. 3 we show that it is not possible to reduce from the extended phase space
to the standard phase space the entire bi-Hamiltonian hierarchy of Henon—Heiles and
Garnier systems, i.e. both the Poisson structures and the associated vector fields.
For this reason, in Subsect. 3.2 we propose an integrability criterion holding for a
generic finite-dimensional Hamiltonian system. It generalizes the criterion introduced
in [CRG] for the particular case of the Henon—Heiles system. Though weaker than
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the bi-Hamiltonian scheme, it will be shown to assure Liouville-integrability of a
Hamiltonian system [Arn] in its standard phase space, i.e. without the introduction
of supplementary coordinates. In Subsect. 3.3 we apply this criterion to the Henon—
Heiles system and the Garnier system with two degrees of freedom and then to the
four-dimensional Henon-Heiles system in Subsect. 4.2.

Now we give some preliminaries to be used in the following: the aim is mainly to fix
notations and terminology. Let M be a n—dimensional manifold. At any point u € M,
the tangent and cotangent spaces are denoted by T,,M and T M, the pairing between
the two spaces by <, >: T.*M x T,,M — R. For each smooth function f € C*(M),
df denotes the differential of f. M is said to be a Poisson manifold if it is endowed
with a Poisson bracket {,} : C®(M) x C*(M) — C>°(M); the associated Poisson
tensor P is defined by {f, g}(u) :=< df (u), P, dg(u) >. So, at each point u, P, is a
linear map P, : T'M — T, M, skew—symmetric and with vanishing Schouten bracket
[LM]. A function h € C*°(M) with a non trivial differential df € KerP is called
a Casimir of P: P,df(u) = 0. A Poisson morphism is a differentiable map which
leaves invariant the Poisson bracket. Namely, ® : M — M is a Poisson morphism if
{f,g} 0® ={fod,god}, for each f, g € C°(M); ® leaves invariant the Poisson
tensor P: Py, = ®. P, ®*, where @, and ®* denote, respectively, the tangent and
the cotangent maps associated to . In particular, if the Poisson bracket is non
degenerate, i.e. P is invertible, and the Poisson morphism is a diffeomorphism, &
defines a symplectic (canonical) transformation. M is said to be a bi-Hamiltonian
manifold if it is endowed with two Poisson tensors P, and P; such that the associated
pencil P* := P, — AP, be itself a Poisson tensor for any A € C [Mal].

2. FINITE-DIMENSIONAL BI-HAMILTONIAN SYSTEMS FROM SOLITON EQUATIONS

In order to reduce a bi-Hamiltonian hierarchy of soliton equations on invariant
submanifolds we improve a method described in [Ton]|, where it was applied to sta-
tionary flows of the KdV hierarchy. This method adopts the unifying point of view
of searching for the kernel of:

i) a given Poisson pencil in the case of stationary flows;
ii) some Poisson tensors extracted from the Poisson pencil in the case of restricted

flows.

In this framework, a bi-Hamiltonian structure for the reduced vector fields can be
obtained algorithmically by a systematic use of the Gelfand—Dickey (GD) polyno-
mials. Furthermore, the use of the GD polynomials allows us to construct a map
between the stationary flows and the restricted flows.

2.1. Bi—Hamiltonian hierarchies and Gelfand—Dickey polynomials. In this
subsection we summarize the main facts about the bi-Hamiltonian theory, following
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[CMPJ; furthermore, we recall the GD polynomials and their realizations in the KdV
hierarchy [Dic], showing explicitly some of their properties to be used below.

Let M be a bi-Hamiltonian manifold: if the associated Poisson pencil P* := P, —\P,
admits as a Casimir a formal Laurent series h(\)

(2.1) h(X) =Y h; A7,

Jj=0

then hy is a Casimir of P and the coefficients h; (j > 1) are the Hamiltonian functions
of a hierarchy of vector fields X, which are Hamiltonian with respect to both F, and

Pli

(22) Xj = Pldhj = POdhj—H (] Z O) .

At any point v € M, the equations of the bi-Hamiltonian flows are given by du/dt; =
X;(u), t; being the evolution parameter of the jth flow. The vector fields (2.2) are
Hamiltonian also with respect to the Poisson pencil P*. In fact let us consider the
polynomials () := (Mh(N\)), = Si_ohr N7, where the index + means the
projection of a Laurent series onto the purely polynomial part. Then the recursion
relation (2.2) can be written as

(2.3) X; = PAdh9(\) .

Summarizing, the construction of a bi-Hamiltonian hierarchy with respect to a
given Poisson pencil amounts to search the elements of its kernel which are exact
1-forms.

Remark 2.1. In the framework of stationary flows we will also consider Casimirs fL()\)
of the Poisson pencil which are finite sums

(2.4) h(\) = znj N

If such Casimirs exist, one has a finite hierarchy starting from a Casimir hg of Py and
ending with a Casimir h,, of P;. [J

Now let M be the algebra of polynomials in u, ty, Uz, ... (v = u(z) is a C
function of x and the subscript  means the derivative with respect to z), and let
Py and P; be two compatible Poisson tensors in M. Consider the associated Poisson
pencil P* and look for the 1-forms
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(2.5) v(A) = Zvj A

Jj=0

which are solutions of the equation

(2.6) P v(\) =0

For the moment we do not require that v(\) be an exact 1-form.
The solutions of Eq. (2.6) can be obtained as follows. Owing to the skew—symmetry
of Py and P;, two bilinear functions By (w1, wq) and By (w, ws) exist such that

d
(27) %Bk(wl, ’LUQ) = W1 Pka + Wo Pkwl (]{7 = 0, 1 s ‘v’wl,wz) .

These equations define By and Biup to additive constants which will be taken to be
zero. The pencil of the two functions, denoted by B*:

(2.8) B* := B, — \B,

enjoys the relation

d
(29) %B’\(wl,wg) = W1 P)\U)Q + wo P’\wl (‘v’wl,wg) .

So Eq. (2.6) is equivalent to:

(2.10) B (v(A),v(X) = a(A)

where a(A) = ;5 1 a;A7 and ‘La(X) = 0. As it is known from the literature [CMP],
if the coefficients a; are chosen independent of u, then each solution v(A) of (2.10) is
an exact 1-form, v(\) = dh(\), h(X\) being a Casimir of the Poisson pencil. Moreover,
the coefficients v; are gradients of the Hamiltonians h; of the hierarchy, fulfilling the
bi-Hamiltonian relations (2.2). On account of this result, a; will be chosen to be
constant in the rest of the paper.

Remark 2.2. From the bilinearity of B* it follows that if #()) is a solution of (2.10)

for a(\) then v(A) = y/a(X)/a(A) v(A) is a solution of (2.10) for a(A). O

Eq. (2.10) can be solved developing the left hand side as a Laurent series:

(2.11) BMv(A),v(\) = > BpA ™",

k>—1
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so that
k k+1
(2.12) B_y = —By(vo,v0) , Br=>_Bi(vj,vk—;) — > Bo(vj, vgs1—5) ,
=0 =0
and
(213) Bk:ak ]{?:—1,0,... .

Remark 2.3. The only term depending on v, in each By is —2B¢(vg, vgy1). O
Now let us introduce the GD polynomials. For any Laurent series w(\) of type
(2.5), let us consider the functions B*()\) := B (w()\),w(k)(A)>, where w®()\) :=

()\kw()\))Jr; it can be proved by direct computation that these functions have the

form
k+1 A

(2.14) BON) =3 MB ;i + > Ny (j,k € Ny) .
j=1 3>0

If v(\) is a solution of Eq. (2.10), the coefficients p;, are called the GD poly-
nomials and B®()\) will be referred to as their generating functions. Indeed, if
Py and P; are differential operators in d/dx, with a polynomial dependence on
Uy U, Uy Uz, UY, ..., (as in the KAV case), then the pji are polynomials in u
and its x—derivatives.

The fundamental property of the GD polynomials, stemming from (2.14), (2.9) and
(2.3), is the following relation with the gradients v; and the bi-Hamiltonian vector
fields Xk :

d
(215) %pjk = Uij .

Some other properties are contained in the following

Proposition 2.1. For every j, k € Ny and w(\) of type (2.5), the functions p;, in
Eq.(2.14) enjoy the properties

ko 2%k+1
B* (w(’”(k), w(k)()\)) = Z N (2pr—jr — Bak—j) + Z N Boj—j
(2.16) i=0 okt

By, = por, — Bo(wo, wi+1) Bop = 2pgr — By (wg, wy) -
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Proof. The first and the second equation are recovered evaluating by means of (2.14)
the positive part, respectively, of B (w(k)(k) — Meaw(\), w®(\) — )\kw()\)) and of
B (w()\), w®(\) — )\kw()\)>. The last equation is obtained extracting from the first
one the coefficient of \°. [

Remark 2.4. If w(\) is a finite sum as in Eq. (2.4), i.e. w, = 0 for I > n, the
coeflicients p;,, in Eq. (2.14) are given by

in f ) < ,
(2.17) Pin = Pjnjw,=0 1>n 1 J s=n
0 it 7 > n.

Example: the KAV hierarchy. Let us apply the previous scheme to the KdV

hierarchy. As it is well known [Mal], it originates from the Poisson tensors

d
(2.18) Pyi=—, P = — +4u— +2u, ,
x

which give rise to the following bilinear function

(2.19) BA(wl, W) 1= W1peWy + W1 Wazy — W1pWae + duwiwy — Awyws .

We report some polynomials pj, to be used in the following:
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(2.20)
Poo = 4u —wy ,
2
Po1 = Suwy — wi — Wz + 2W1gy ,
2 2
Doz = 4duwi + 8uws — 2wiwe — wy — Wi, + 2W1W1ze + 2Wogs
2
Po3 = Suwiwa — Wy + Buws — 2WW3 — Wy — 2W1,Way + 2WaW1zy + 2W1 Wagy + 2W3ey
Pos = 4uw§ + Suwywsg — 2wows + Suws — 2w 1wy — ws +
2
— Wy, — 2W1W3e + 2W3W1ee + 2WoWope + 2W1 W3 + 2Wagy
2

P12 = Suwiwy — wy + 4uws — Wiwz — Wy + 2W1, W, + 2WoW14e + 2W1 Wy + Waee

o 2
P14 = Suwows — wi + Suwiwy — 2wewy + duws — wiws — We +

- 2w2mw3x - 2w1xw4$ + 2w4w1xm + 2w2w3xx + 2w3w2mx + 2w1w4acac + W5z

= duw; + 8 —2 +4 — + duwe — — wr +
P24 = duws UWo W4 W3Wy UWL W5 — WolWs UWg — W1 Wg — W7

2

— W3, — 2w2xw4x — W1z W5y + 2w4w2xa: + 2w3w3zx + 2w2w4:cx + W1 Wsyq; + Wz
P3g = Suwswy — wi + duwows — waws + duwwg — wowg + duwr; — wiwy — Wg — 2Ws3, Way +

— Wo,r W5y — W1 Wey + WeW1zx + WsWozx + 2w4w3a:a7 + 2w3w4zz + WorWszy + W1 Wegzy + Wrzx

2
Wiy

B

Remark 2.5. The polynomials py in the above list are computed using the last equa-
tion (2.16). They will have a relevant role in the construction of a second Hamiltonian
formulation both for stationary flows and for restricted flows. [J

Now we turn to the solution of Eq.(2.10), with B* given by (2.19). Since in this
case Bo(wy, we) = wyws, the second equation (2.16) can be written

(2:21) By, = pok — wowg+1 ,
and the system (2.13) becomes

(222) Ug = —a_1 , Dok — VoUk+1 = Gy, ke No .

On account of Rem. 2.3 this system can be solved recursively with respect to vj1;
for each k and for each a()), it furnishes the coefficients of the unique solution (up
to a sign) v(A). The solution corresponding to

(2.23) a(\) = —\

is the so—called basis solution ©(\); its first coefficients are:
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(2.24)
vo=1, v = 2u Uy = 2(Uge + 3u?) V3 = 2(u(4) + 5u2 + 10ugu + 10u?)

and so on, namely the gradients of the first KdV Hamiltonians. In the following we
shall consider also the 1-form v(\) = ¢(A\)o()), which is solution of (2.10) for

(2.25) a(\) = —=AZ()) co=1

(see Rem. (2.2)), where the coeflicient ¢; are free parameters. In this case the first
1—forms of the hierarchy are

(2.26)
v=1, vy=0+c, vVa=0Vs+cU1+cay, v3=703+ 102+ U1+ 3.

Finally we denote by pj; the GD polynomials corresponding to the fundamental
solution ©(\). They are essentially the polynomials defined in [Dic, Prop. 12.1.12].

2.2. The method of stationary flows. The method of stationary flows [Nov] was
developed in order to reduce the flows of the KdV hierarchy onto the set M,, defined,
for every integer n, by

(2.27) M, = {u | X,(u,uy, ... 7u(2n+1)) =0} .

This manifold, being the set of fixed points of the nth flow, is invariant with respect
to each flow of the hierarchy; so the corresponding vector fields can be restricted
to M,. It is implicitly given by the solutions of a non linear ordinary differential
equation (ODE) of order 2n + 1 and can be parametrized by the Cauchy initial data
u(zo), Uz (0), . .. ,u®(z0). As M, is odd-dimensional it cannot be a symplectic
manifold; nevertheless it will be shown to be a bi—-Hamiltonian manifold, and it will
be referred to as extended phase space. Moreover, M, is naturally foliated, on account
of (2.2) and (2.18), by a one-parameter family of 2n—dimensional submanifolds S,
given by

(228) Sn = {U | UTL+1<U7U$7 R 7u(2n)) = C}

(¢ being a constant parameter), which are again invariant manifolds with respect to
each vector field of the KdV hierarchy, due to the invariance of the 1-forms vg. So M,
can be naturally parametrized by the gradients of the Hamiltonians vy, ... , v, and
by their x—derivatives v, ... , vn:. We shall use these coordinates in the following.
The original reduction of stationary flows consists in the restriction of the vector
fields X of the hierarchy to a fixed leaf S,,, by a variational formulation and using the
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so—called Ostrogradski coordinates [BN]. In this way finite-dimensional integrable
Hamiltonian systems, with x as evolution parameter, are obtained, the integrals of
motion being just the GD polynomials pj;, (j = 1,...,n) restricted to S,. The
last property follows from the fundamental property (2.15) of the GD polynomials.
However these Hamiltonian systems are not natural in the Ostrogradski coordinates,
so that they do not appear physically interesting.

Here we perform two different stationary reductions of the KdV flows by improving
the procedure introduced in [Ton]. On one side, we choose as reduction submanifold
SO just the leaf S, of the foliation (2.28), corresponding to ¢ = 0. Owing to Eq.
(2.22), it is a level set of the GD polynomial pg,. On account of Eq. (2.15), also
the GD polynomials pj,, restricted to M,,, are invariant with respect to each flow of
the hierarchy; thus we can choose as a second reduction submanifold SV a level set
of pnn. The one—parameter family of the level sets of p,, forms another foliation of
the manifold M,. In steps i)-iii), to be described below, we reduce the KdV flows
onto the manifold S and SV respectively; furthermore, in step iv) we construct
the bi-Hamiltonian structure of the reduced flows in the extended phase space M,,.

From the computational point of view, the previous geometric reduction can be
performed as follows. Due to (2.3), the manifold M,, is defined by the solutions u of
the equation

(2.29) PM™M(\) =0,

where 9(\) = 37 0;,A7, 2™(\) = (A\"0(N))y = A"d()\).Taking into account (2.9)
and that 0()\) is a finite sum, this equation is equivalent to:

(2.30) BMi(A), o™ (N)) = \"a(\)

where a(A) = 33" a;A™/, ( from now on we choose a_; = —1 for convenience).

Remark 2.6. In particular if a(\) = —Ac*()), as in (2.25), M, is given by

(2.31) M, = {uy Xo+> Xy = 0} :

j=1
i.e. by the solutions of the Lax—Novikov equations [Lax|. O

Equating in Eq. (2.30) the coefficients of the same powers of A and taking into
account (2.14), (2.21) and Rem. 2.4 we get the following system
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2 =1
(2.32) Pok — Volpr1 =ar,  (k=0,...,n—1),
ﬁjn:an+j (]ZO, ,n).

Remark 27 Smce 2™ s a ﬁnlte sum, (2.30) is equivalent to the equation
BA< (A ) A?"G (), used by Alber [Alb]. Due to (2.16), taking the coef-
=0.

ficients of )\9 (j : ) in thls equation one obtains

(233) 2]3]” - Bn-l—j = Qp+j (] = 0, ce ,n) .
Comparing Eq. (2.33) with the last n 4+ 1 equations (2.32) one has

(2.34) Busj=pm (j=0,...,n).0

In order to obtain the dynamical equations corresponding to the reduction of the
first vector field of the KAV hierarchy on the submanifolds S(*) and S, we make
the following steps:

i) The choice of the system of (n + 1) equations in the variables (u, 01, 0s,... ,0y)
given by
(2.35) Pok — Upr1 =a (k=0,... ,n—1); Don = Ay,

It is equivalent to the first n + 2 equations (2.32) putting 99 = 1. The remaining
equations will furnish a set of integrals of motion, whose independence has been
proved in [Dic]. As it will be shown later on, this system furnish the first Poisson
structure of the reduced system and will be referred to as Py—system. In order to
obtain a second Poisson structure, we consider the following system (P;—system)

(2.36) Pok —Vky1=ar (E=0,... ,n—1); DPrn = Aoy

which differs from the previous one only for the last equation; p,, is computed from
the list (2.20) taking into account (2.34).

ii) The previous systems are decoupled by using the first equation to eliminate wu:
u = 01/2 + ag/4. This procedure gives rise to the reduced systems of second order
ODE’s in the n variables v; (j =1,... ,n):

(237) ﬁOk_@k+1:ak (kzl, ,n—l) ; ﬁOn:ang
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(238) Pok — Uky1 = Qg (If: L...,n— 1) ) Prn = A2n -

iii) The system (2.37) can be written in Lagrangian form. To this purpose, we use
the so-called Newton or r—representation introduced in [Wo2]. Namely, we choose as

new coordinates in S{¥ the first n coefficients r; of the formal series r()\) := /9()\),
ie.,
(2.39) e = A_g(/o(N) (k=1,...,n),

where Aj, means the coefficient of A\* in a Laurent series. Taking into account
Eq.(2.30), with the substitution 9™ (\) = 7%(\)™ and observing that 2r,.; =
— 251 TiTnj+1, Egs. (2.37) are equivalent to

n ago - A a .
(2.40) ()\ (rm + (r1 + 1 )r— 4—7£)>+ =0.

This system is Lagrangian, with Lagrangian function

n

(2.41) LY = Ay (L5 (V)

where E()\; w()\)) is given, for each Laurent series w(\), by

. L 1 2 1 ap — A 2 (AI()\)
(2.42) LO;w(N) = §(wm()\)) — S+ =) - o 5
The Lagrangian gradients % = é% — d% 82% of L) are
5L$LO) n ag — A a
(243) (57’k :Ak,1 ()\ (—TZI—(Tl—F 1 )T"‘R))-F (/C:L ,n) .

Our new result is that it is possible to put also the P;—system (2.38) in Lagrangian
form with the following choice of coordinates in SV

(2.44) qk:A_k< @(A)) (k=1...,n—1); G = —/Tn .

In other words we take ¢y = 7 (k = 1,... ,n — 1) and ¢, = /—v,. The choice
of the last variable g, is motivated by the form (2.20) of p,, (see also Rem. 2.5 ).
Indeed, putting v, = —¢2, we can write the equation p,, = as, as a Newton equation
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without g,,. Furthermore, defining ¢(\) := {/0()), we observe that the system (2.38)
is equivalent to

_ ag — A a 1
NN Gae + (@1 + =)0 —735) | +52=0,
4 Aq 2
(2.45) +
Qo Aon
nrT — )4n — T — 0
Gnze + (@1 + 1 )q i

This is a Lagrangian system with Lagrangian

1 1 Ao,
(2.46) LY = A (LOaaN) + i — 5o+ )6 — o5 -

Indeed it can be verified that the Lagrangian gradients of L(} are

(2.47)
5;(]%1) — A (A”_l( e (0 + T gt 4iq3,>>+ - i
5;(]2) = Ay (A"l(—qm —(+ = Mg+ 4iq3))+ (F=2....n=1)
5;]%) = —Gnaw — (@1 + %)% + Z—;g

The two Lagrangian systems can be put in Hamiltonian form. For the Fy-system
the canonical momenta are

(2.48) Sntl—k = Tk (k=1,...,n)

and the Hamiltonian function

(2.49) HY = Aoy (HO (V) 5(0))
where H(A; w(A), z(N)) is given by
1

(250)  H\w(A), z2(N) = %ZQO) + 5(’“’1 + A: A)wm + 8?1)(2)(\;) ’

and s(\) = 37_, s;A77. For the P;-system the canonical momenta are
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(2'51) Pn = Qnz Prn—k = Qkz (k? = 1, A ,n) ,

and the Hamiltonian function is

1 1 a a
(1) — . L2 - Aoy o  Q2n
(252)  HP = A (RO a0, O) + 7+ 50+ P+

n

with p(A) = X5, pA 7.

The two Hamiltonian functions depend on the two sets of coordinates and momenta
(7, Sk), (qk, px) respectively and on the two sets of free parameters (ag, ... ,@p_1,ap)
and (ag, ... ,ap_1,02,).

iv) Now let us consider the manifold M, (2.27), which can be parametrized by
(7, Sk, an), or by (qx,pk, ao,), with the parameters a, and as, regarded as addi-
tional dynamical variables in M,,. On this manifold one can extend trivially the
canonical Poisson structures, the Hamiltonians and the vector fields associated with
each one of the two systems, following a method introduced in [AFW]. In partic-
ular the vector fields can be extended in such a way that they are tangent to the
foliations S{” and S{!). We denote by a tilda the extended tensor fields. Taking
into account, on one side, the relation between the two sets of coordinates through
the original variables (vg,vg;), on the other side the relation between the two in-
tegrals of motion a, and as, through the GD polynomials pgy, and p,,, a map
d . M, — M,,(ry, sk a,) — (qx, Pk, as,) can be systematically constructed. Tt
relates the Hamiltonians and the vector fields of one system with the corresponding
ones of the other system. Since this map is not a Poisson morphism, the extended
canonical Poisson structures associated with one chart is mapped into a Poisson
structure different from the extended canonical structure associated with the other
chart. If this second Poisson tensor is compatible with the extended canonical one,
a bi-Hamiltonian formulation of the two system is obtained.

In conclusion the previous steps can be summarized as follows:

Proposition 2.2. The systems (2.37) and (2.38), written respectively in the coordi-
nates (2.39) and (2.44), are natural Lagrangian systems. The corresponding canonical
Hamiltonian systems

OH©) OH©)
2.53 .= n_ = — n_
( ) "k 8Sk ok 0rk
OHW OHW
2.54 = n = — n
( ) qk . Pk B

have n integrals of motion given by
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(2.55)
1 1

Moreover, the map ® : M,, — M, in the extended phase space generates a second
Poisson structure.

Remark 2.8. The symbols |Y and |X in (2.55) mean that, in the GD polynomials
Pjk, the coordinates (vy, vy,) must be replaced by the canonical coordinates (ry, s)
and (qg, px) respectively and that the first order xz—derivatives of momenta must be
eliminated by means of the Hamiltonian dynamical equations (2.53), (2.54). O

In the next Subsection we shall give some applications of the results stated in this
proposition.

2.3. Example I: the bi-Hamiltonian structure of a Henon—Heiles system.
Here we present the bi—-Hamiltonian structure of a generalized Henon—Heiles system
with two degrees of freedom. Its Hamiltonian is

Ly 2 3,1 aq ap [ 5 1, ay
(256)  Ho=g (p?+03) +ai + st gaty (ql + ZQ2> — 7

where q1, q2, p1, po are the canonical coordinates and momenta and ag, a1, a4 are free
constant parameters.

Remark 2.9. The previous Hamiltonian encompasses the two cases ay = a4 = 0 and
ap = a; = 0 introduced in [BW]. Moreover Hy is related with the Hamiltonian

_Llia s 1 2 2 i3 Ly, 0
(2.57) HH_§(p1+p2)+§(Aq1 +BQQ)+Q1 +§Q1QQ +@ )
through the map
(2.58)
A
Q1:qi+§_2B, @ =d, ag = —2A+12B , ay = —A® + 16AB — 48B* .

Hy is the Hamiltonian of the classical integrable Henon—Heiles system [Tab] with the
additional term a4/8¢;. O

The Hamiltonian (2.56) can be recovered, together with a second independent
integral of motion by applying the method discussed in Subsect. 2.2. On account of
Rem. 2.6 it corresponds to the reduction of the first vector field of the KdV hierarchy
on the stationary manifold
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(2.59)
M, = {u|u(5) 4 100Uggatt + 20Ugptly + 30Upt? + ¢ (Uggy + BUuz) + Cotly = O} ,
where ¢; = —ag/2, co = —a1/2 + a2 /4.
One proceeds as follows:

i) The Py—system and the P—system of ODE’s corresponding to Eqs. (2.35) and
(2.36) become respectively

Qo

(2 60) 2u — 17 = ? s Suty — QA}% + 2014, — 200 = a4 )
4U’l§% + 8U’ZA12 — 2’01"&2 — @%x + 27}1'&190:0 + 2{129090 = a2 ,
N Qo N ~2 - -
(2 61) 2u — v = E s 8UU1 — U + 2U1mm - 2U2 =a,

~ ~ ~9 ~92
2094209 — Uy, + 4ut; = ay .

ii) The reduced systems corresponding to (2.37) and (2.38) are obtained by eliminat-
ing u by means of the first equation, so that

~ 3A2 ~ ~ 3]

Mex = —51)1 + Vg — QgU1 + ?
2.62
( ) N . ~3 U i 1A2 ag .o N ai . a9

Vore = 51]1 — 2UV1V2 -+ §U1x + ?Ul — QgUy — 51)1 + 5 5

. 3.5 . . A 03, .. . Gy ag.
(2.63) D1y = — 507 + 02 — agln + -, Uogg = 5o — U1U2 + — — U2 .
2 2 2’U2 21)2 2

iii) Introduce in (2.62) the coordinates (2.39) r1 = 0,/2,ry = 9/2—0%/4 and in (2.63)
the coordinates (2.44) q¢; = 01/2,q2 = \/—09; the two systems take the Lagrangian
form

Maz = —5M + 7y —aor + 1
(2.64)
5 3 9 3 as
Togy = =T — Or1Te + —aor] — —air — Qor2 + — ,
2 2 4 4
1 a Q4 Qo
2.65 a:a::_32_—2_ 5 zx — T v 3 s
(2.65) @ ¢i — 5% — Ao+ %@ NG + g 1®

with Lagrangian functions
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(2.66) LY =rire, — VIO,

5 1 a 3 as a
VQ(O) = —érf + 57”%7”2 - 57”3 207? + 8a1r1 + apriry — Zrl 41 Ty,
(2.67)
m_Llro o (1) (1) _ 1 Ao 5 Qo o 1
Ly —§(Q1x+ﬂbx)_v2 W Q1+2CI1QQ+—82+5(11+8 L=y

These system can be put in Hamiltonian form, taking s; = ro,, So = 11, and p; = q14,
P2 = @2, as canonical momenta (see (2.48) and (2.51)). The integrals of motion which
are obtained by the reduction of the GD polynomials are

o 1 N (05}

(2.68) Ky = —gPozy = —5
L. 0
(2.69) K, = —gPiy = s152 + Vo,
1. 1 1 3
(2.70) Ky = —gpQQIY = —537"2 + 518971 + 532 — 57‘{’ + 27’17“% — gaor‘f +
) a a a a a
+ erif 207’%7’2 + 2 7‘17“2 + 20 r2 grf — erg ,
and
1. 1/, 9 (1)
(2.71) Hy = —ghox =5 (p1 "‘Pg) +V,
_ 1 2 L oo 1y aqn a o a1,

(2.72) Hy = TP TR0 T P22 T 50 T gt + 4_q§ - N + 3%

. 1 N ay
(2.73) Hy = —ghx T T

The corresponding Hamiltonian vector fields will be respectively denoted by Y, :=
PydK; and X, := PydH; (j = 0,1,2); By and P, are represented in the corre-
sponding coordinates by the canonical Poisson matrix £ = ( 0 1), where 0 and 1
are 2 x 2 zero and identity matrices respectively.

iv) Let M, be the 5—-dimensional extended phase space parametrized by (71, 72, 51, S2; a2)
or (q1, g2, p1, P2; as). 1t is convenient to make use of block notations. So, for example,
we denote with m = (r,s;a) the 5-tuple (11,79, 51, S2;a), with X = [X", X*; X7
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the generic vector field and with dK = [0K /Or, 0K /0s; 0K /da]” the generic gradient
of a function K (the superscript 7" means transposmon) In this notation a vector
field X = P dK with Hamiltonian function K with respect to a Poisson tensor P will
be written

AXA:T PT’T’ PT’S PTa %_[,;i
(2.74) Xs|=| propeopuel | K|
~ ]
Xa por  pas  paa %_K
where P = —(P"%)" etc. ..., for the skew symmetry of P. From the definition

of r1,7 and ¢, g2 in terms of v; and vy, and from (2.73) and (2.70) one obtains the
following map ® : My — My, (r, s;a2) — (q, p; as)

g1 =", G = (—2ry—r )1/2

S1 + 1189
2.75 = = = 8K
( ) P1= 52, P2 ( Uy — 1 )1/2 ) Qg 2

with K given by Eq. (2.70). In these two charts let us consider the extended
Hamiltonians Hj, Kj, the vector fields X, with components X7 = X7, X7 = X7,
X’f =0 and f@, with components ffj” =Y/, f/js =Y/, ffj“ = 0, and the extension of

~ 0°10 .
the canonical Poisson structure, F := (701 0 8)' The following proposition holds

Proposition 2.3. The action of the map ® : My — M, defined by (2.75) on the
Hamiltonians H the vector fields Y and the Poisson tensor P, := E is given by

(2.76) *(H;) = K ®,.(Y;) = X;
) i 0 A —8X{
(2.77) Py :=®,P®* = —AT B —8X%
8(X39)" 8(X)T 0,
where
0 L 0o -
(2.78) A= [ Y ﬁ} , B= 0q2
@ q2 a5

So, the map ® is not a Poisson morphism.
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_ Thus we have recovered in the extended phase space M, a second Poisson tensor
Fy. We can check that Fy is compatible with P, = E. Furthermore Py and P; give
rise to the following bi-Hamiltonian hierarchy

(279) Xj—i-l = Pld];[j :Podﬁj+1 (j:O,]_> y
the Hamiltonians Hy and H, being Casimirs of Py and P, respectively.

2.4. The method of restricted flows. The method of restricted flows was intro-
duced in [Mos] as a non linearization of the KdV spectral problem and was generalized
in [Caol, AW1]. Our formulation of this method puts the emphasis on the role played
by the GD polynomials and their generating function; by their use, a map connecting
restricted and stationary flows will be algorithmically constructed in the next subsec-
tion. In this subsection, we apply the method to the KdV hierarchy and we recover
the Garnier system.
Let us consider the following system

(2.80)  Poo — 01 = ap, PO(@l—Zﬁj)zo, PMB,=0 (k=1,...,n)
j=1

where: Aj,..., )\, are distinct fixed parameters, P := P, — A\, Py (Py and P, being
the two KdV Poisson tensors (2.18)). This is a system of (n + 2) equations in
u, U1, 41, .. ,0,. The second equation will be referred to as the Py—restriction of
the first KdV flow Xy = Py 0, = 01,, and the last n equations define the kernel of n
Poisson tensors extracted from the Poisson pencil. Written in terms of

(2.81) Ve = \/Br

the last n equations are called square eigenfunction relations (SER) and the 1 are
referred to as Bargmann coordinates. On account of (2.20), (2.18) and (2.9), the
previous system is equivalent to the following one

~

0 a R n

(2.82) u:51+zo, =) Bj+c, B (B, Br) = fi »
=1

where B is the bilinear function (2.19), ¢ and fj are free parameters. This system is

interesting for it has a close relationship with the GD polynomials, B (f)()\), @(k)()\))

being just their generating functions (2.14).
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By using the first two equations in order to eliminate u and ¥y from the last n
equations, one gets a system of n ODE’s of second order for 3y,..., 0, .

(2.83) 2BheaBr — Biy + 25,3(2% Bi+d) —MBr=fi (k=1,...,n),
j=1

where d := ¢+ ap/2. On account of (2.81) this system takes the Lagrangian form

1sz

(2.84) T ——wk (Z 1/12) 1O = 2000 + 4 0

with Lagrangian function

n n 2 n n .
(2.85)  L£O = % >, — % [(Z @D?) =Dy = 2d)5 + ) %] :
=1 j=1 i=1%s

k=1

The corresponding Hamiltonian is

(ZW) ;A—2d¢2+z ]

where x; = 1;, are canonical momenta. The Hamiltonian vector field Vo = &€ dKq

1 n
(2.86) Ko =5 Zl 2+
]:

(where &£ := (-01"n é:), 0, and 1,, being the n X n zero and identity matrices respec-
tively) gives the Garnier system with n degrees of freedom [AW1]

K 0K

2.5. A map between stationary flows and restricted flows. Now we shall
construct a map between the nth stationary flow and the previous restricted flow
of the KdV hierarchy. To this end we extend the corresponding phase spaces, re-
garding some free parameters in the Hamiltonian functions as additional dynamical
variables. Let us consider the P—formulation of the stationary flow (2.54) and let
us extend its phase space to a (3n + 1)-dimensional space, M, with coordinates
(Qr> Pr; @05 - - -, An—1, G2p). Analogously let us consider the Py—formulation of the first
restricted flow (2.87) in the extended space M, with coordinates (¢x, xx; f1,-- - , fn, d).

Let us recall that if gx, pr are solutions of the dynamical equations (2.54) then the
pair (u, 9™ ()\)) given by

(2.87) Vjo =

(2.88) u=+ . ) =2 ()" —a,



22 G. TONDO

with g(A) =1+ X7, qjA~7, satisfies (2.30) and consequently the following equation

(2.89) BMo™M (), 0™ () = A"a(\)

(see Rem. 2.7). So, for each n-tuple of distinct complex parameters \;, any solution
(u, 5™ (X)) of Eq. (2.89) fulfills the following system

(2.90) = % + % B (0 (0), 0 () = Xa(h) (k=1,...,n)

where 5™ ()\;,) = @(”)()\)| x—y,- In order to have a solution of this system satisfying
also a constraint condition as the second equation (2.82), the so—called Lagrange

interpolation formula can be used [Alb, CW]. It allows us to represent the polynomial
o™ (\) b
v Yy

L p(A)

(2.91) () = top(\) + Y By s
j=1 A=A
where p(A) = [T}—; (A — A;), and
B 2™ () B
(2.92) b= o (k=1,...,n),

( p'(M\) means the derivative of p(\) with respect to A). Obviously the n functions gy
(2.92) and u are solutions of the following system

Mgt a(A)

(' (Ax))?

Furthermore, developing both sides of (2.91) in power of A, it follows that [ satisfy
the so—called Bargmann constraint

D a
(2.93) u = 51 + ZO B (B, Bi) =

(2.94) by =

So, by eliminating u by means of the first equation (2.93) one gets

(2.95)
2 2/ agp - 2 A%H&O‘k) o
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Then at each point of M,, the functions G5 defined by Eq. (2.92) are solutions of
the system (2.83), provided that

AFa(Ar) _ G0N~y
(2.96) fr = YO == SN

Taking into account Eq. (2.81), (2.92), (2.96) and (2.55), we obtain the following

Proposition 2.4. Let U : M, — M, (q,p;ao, ... ,an_1,02,) — (¥, X: f1, - fn,d)
be the map:

(2.97)
v = ( =0 Si—o @1 Ny — qz)m = Yy GmtPr—t N — Gnn
P'(Ax) ’ /(A n—ly~ o2\
P () G=0 21=0 D11 Mg 4,
1 2n+1 ao n
fr =y (A0 — 8 Hoj M, + Ao , od=—==3"\
o S e S M) A= F o3

(k=1,...,n), where H; are the Hamiltonian functions (2.55). If (qx,px) are solu-
tions of the stationary flows (2.54), then (1, xx) are solutions of the Garnier system
(2.87) for fi and d given by (2.97).

The function B* is also a generating function of integrals of motion for the Garnier
system. Indeed evaluating the function B* by means of (2.81), (2.91) and eliminating
the second z—derivatives of ¢, by means of the Newton equations (2.84), one gets

n ]j n )\211&()\)
(2.98) 4;1 Y +]Zl ) +2d—\= POV
where I; are given by
(2.99)
J J ’ 1 1 J ; f 1/}2'
]_Xﬂrz @D)f\k]_@ﬁ\lzx) +5 ¢(2d )\+Z¢k) %2 Z)\j_)\k(fw?ngr Z%J>
k;ﬁ] k#j

Taking the residues at A = ); it follows that the functions /; are integrals of motion
along the flow (2.87). Its Hamiltonian function K¢ (2.86) is dependent on I; because
Ko = 1/2%%_, I;. The integrals I; were obtained in [Wo2] by means of a Lax
representation. Another family of n integrals of motion (dependent on I;) can be
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obtained by multiplying both members of (2.98) by p(\)? and equating the coefficients
of the powers of \. A few ones are

(2.100)
’COE—OZ_(d+Z/\J>7 ’Clz—lzKG__(ZAJ)__<Z)‘J)2’
1 8 2 =1 8 =1
j= 7= =
Aon, d 2 1 & 2 1 - -
/CnE?ZZH/\]Jrngj [T ) -5 (1IN 20 M|
j=1 =1 \k#j =t Jast \k#

where K¢ is the Hamiltonian (2.86).

2.6. Example II: the bi-Hamiltonian structure of the Garnier system. In
the previous section we have recovered a map between the nth stationary flow and
the Garnier system with n degrees of freedom. Now we shall use implicitly this map
in order to construct a second Hamiltonian formulation for the Garnier vector field
Ye. Let us consider the system

(2.101)

n
Pnn = G2n , Pl(’Uo—Z
Jj=1

@

J
J

>

)_O, B)\k(/@k,ﬁk):fk (kzl,,n)

and let us compare it with the first Hamiltonian formulation (2.80). The first con-
straint equation has this motivation: it can be shown, by means of the map (2.97),
that the solutions of the system (2.80) comes from solutions of Eq. (2.89). Just this
equation implies the first constraint (2.101). The second equation (2.101) is due to
the bi-Hamiltonian property (2.2) of the KdV hierarchy and will be referred to as
the Pi—formulation of the first restricted flow. The first equation can be solved with
respect to wu:

@nl‘x 7}2 + a2
2.102 = — nT -
(2.102) YT T e

and the second equation is solved by

(2.103) @O—Z%:uﬁn peER,
j=1"

on account of (2.89). Thus we can eliminate v in the last n equations (2.101), which
become (for 99 = 1)
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n ﬁjxm ( n ﬁjmz)2 azn

=1 J=1 ) A2N2

ms o 2(-T )

(2.104) 2Bk B — By + 25}3(1 ) — ey = [

for k =1,... ,n. This system, with the substitution 3, = 17, becomes the Lagrangian
system

(2.105)

(U, A1) + (0, A ) | (AT g

fi N
L= A7) (1- @A)

A
¢k$z - kak - 4—,4&]% +¢k(

with Lagrangian function

(2.106)
1 — <1/)7A_1¢x>2 1 Q2p, 1 _ _ _
Ea a a:aA ! x o ) - — —(F 1:A ! ! 9
2<¢ w>+2(1—<¢,/\—1¢>)+8<w V) 8)\%/\%(1—@,/\_1@) 8< (0 Y
where we have used the vector notation ¥ = [¢y,... ,¥,|7, v = Wit ... 01T,

A = diag(\, ..., \), F = diag(fi,..., fn) and ($,¥) = 37_, ¢;¢;. The corre-

sponding Hamiltonian is

(2.107)
1

1 1 a 1
= — 0 AQ _— = 0 2 — = 2n _ F -1 A—l -1
He = 5(0,A0) — 5{0.9) 8<w’¢>+8)\§>\§(1—(w,/\1w>) +g(FYTL AT

where the canonical momenta 6, are given by

- djkz 2/}]6 <¢7A_1wx> .
(2.108) O = " + N T— (0 A1)

the corresponding Hamiltonian vector field is Xg = £ dHg. As well as for the first
Hamiltonian formulation we can use the function B* as a generating function of the
integrals of motion for the vector field X;. For the sake of simplicity we report here
only one of these

1 n
(2.109) Ho="C=Ha+ (D \)
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Now let us consider in the extended phase space M,, with coordinates (i, 0x; a),
0, 1,0
the extended Hamiltonian H, the vector field Xz, the Poisson structure & = ( ~1n 0, 0 )

and in the coordinates (¢, xx; d) the extended Hamiltonian K¢ (see (2.86)) and the
vector field Vg = £ dKg. By inverting (2.108) and comparing (2.109) with the first
Eq. (2.100) it is easy to prove the following result

Proposition 2.5. Let & : M,, — M, (¥y, Ox; as,) — (Yg, xXx; d) be the map:

(2110) Xk = )\kﬁk - ¢k Z ijj > d= 4HG 5
j=1

where He is as in (2.107). Its action on the vector field Xg and on the Poisson
tensor P; := & is given by

(2.111) D, (Xe) = Vo
0 A—ypey AV
—A—vo)" x@-—vox 4V§

2.112 P, =0, P o* = C j
( ) 1 1 —4(yGw)T _4(yGX)T 0

where ® denotes the tensor product.

Since the Poisson tensor 771 is mapped into a Poisson structure P, which can be
verified to be compatible with P, := &, P; and P, endow the manifold M,, with a bi—
Hamiltonian structure. It coincides Wlth the one obtained in [AW3] for the particular
case fr = 0(k =1,...,n). Let us specialize the previous results for n = 2. In this
case the Hamiltonian (2.86) becomes

(2.113)
fi | [

1 1
Ko =500 +23) + g1 +92)° — O = 2400 — (o — 2y + 5 + 51

and the corresponding Hamiltonian vector field Vg = £ dKq is

(2.114)

Yo = bt xa, =50 + ¥ + (0~ 2d)on + o,
In the five-dimensional extended phase space My with coordinates (¢1, 2, X1, X2; d)
let us consider the extended Hamiltonian g, the vector field Vs and the Poisson

f2

- (@/11 + Y3)s + — (>\2 —2d) + 107

ywei
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tensors Py and P; (2.112). In this space, combining the integrals of motion I; (2.99),

one can construct a bi-Hamiltonian chain, starting and ending with a Casimir of P
and Pi:

Proposition 2.6. The Garnier vector field Yo = Y1 belongs to the following bi-
Hamiltonian hierarchy

(2.115) 5)]'+1 =P de =P dg~j+1 (=01,

where the Hamiltonians C;j are given by

- d ~ d 1
gU:Z ) glz—(M—F)\z)Z-i-E(h—i-Iz)
(2.116) i )
Gy = )\1/\21 — 5()\1 + X)) ([ + L) + 5()\1]1 + Xols)

Go and G, being Casimirs of Py and Py respectively, and I, I, being the integrals of
motion (2.99).

As in the case of the Henon—Heiles system, a bi-Hamiltonian structure for the
Garnier system seems to naturally exist only in its extended phase space. Nevertheless
in Subsect. 3.3 a realization of the integrability structure introduced in Prop. 3.1
will be constructed in the original four dimensional phase space.

2.7. Example III: a map between the Henon—Heiles and the Garnier sys-
tem. Now we specialize the map of Subsect. 2.5 to the Henon—Heiles system and the
Garnier system with two degrees of freedom: we obtain the surprising result that the
Henon-Heiles vector field is mapped into the Garnier vector field. Let us consider
the seven—dimensional phase space of the Henon—Heiles system M, with coordinates
(q,p; ap, ay, aq). Similarly, for the Garnier system let us select the parameters fi, fo,d
(whereas A;,A; have to be considered fixed) and we enlarge the phase space to a
seven—dimensional phase space May, with coordinates (v, x; f1, fa,d). It is easy to
prove

Proposition 2.7. Let us consider the map U : My — Mo, (¢, p; ag, a1, as) — (¥, x; f1, fa, d)
defined by
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(2.117)
Wy = ()\% +2Mq1 — 93)1/2 Wy = (—)\% —2Xoq1 + q§)1/2
(A1 = A2) 7 (A1 = A2) 7
B (AMp1 — @2p2) B (A2p1 — @q2p2)
X1 = ) ) 1/2 X2 = ) ) 1/2
(= 22) (M +2001 — 63)) (A= A2) (=23 = 2%q1 + 3))
f . (—/\‘i’ + a()/\ziL + al)\‘i’ - 8H0/\% — 8H1)\1 + CL4)
1 — ()\1 _ )\2)2 ’
(_Ag + a())\%L + al)\g — 8H0/\§ — 8H1>\2 + CL4) ap
- d="2" " (A +0) .
. (= Ao)? AT T A

The tangent map . maps the extended Henon-Heiles vector fields X1, X, (2.79) into
the extended Garnier vector fields Y1, Ys (2.115):

(2.118) O (X)) =0 0. (Xz) =D
Moreover the pull-backs of the Garnier integrals of motion Gy and Gy are

%o
8
2\ e Ho + (M + o) Hy + 2Hz) +

1 a
(G) = —g (AT +X9) + L+ da) + 5

(2.119) ®%(G2) = m(

At

A e B AT BT N AT B A
* T (D = F08 29 = G0+ 0a))

2

i.e. they are integrals of motion for the Henon—Heiles system. The action of the map
® on the Poisson tensor E of the Henon—Heiles system, furnishes a Poisson tensor
which is not equal to the Poisson tensor £ of the Garnier system (it is not reported
here for the sake of brevity). Moreover the action of ® on the Poisson tensor Py is
given by

) ) 0 A0
(2.120) O*Pyd, = -AT B 0| ,
ROV RN
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where
[ A=A+ i+y3) _ @y3)
A . wj (¢1¢2)
- _ (WI+93) (“MHAe+3492) | 0
(2 121) L (11h2) V3
) r 0 (xzw1—><1wz)(2¢f+¢§)
_ (Y1v2)
B= _ Oevi—xave) (i +v3) 102
L (Y11h2)?

So the map @ is not a Poisson morphism. However, according to Eq. (2.118), the
orbits of the Henon—Heiles system are mapped into the orbits of the Garnier system.

3. A NEW INTEGRABILITY STRUCTURE

3.1. The reduced structures of Henon—Heiles and Garnier systems. In order
to have a bi-Hamiltonian hierarchy also in the original (not extended) phase space
for the Henon—Heiles system, one can try to perform a geometrical reduction of this
structure following the reduction techniques known from the literature [LM, MR]. In
particular, two methods can be followed: a restriction to the standard phase space
or a projection onto it.

In the first case, if the restriction submanifold is chosen to be a leaf S((li) of the
second natural foliation in M, the Hamiltonians H ;, the vector fields X ; and the
Poisson structure P; can be trivially restricted respectively to H;, X; and E; but it
turns out that P, cannot be restricted. So on S é}l) one gets two integrable Hamiltonian
vector fields but not a bi-Hamiltonian hierarchy:.

In the second case, if II : My — Ss,(q1, G2, p1,P2;a2n) — (q1, G2, p1,p2) is the
projection map, the two Poisson tensors can be projected onto Poisson structures
without Casimirs (symplectic structures), but the Hamiltonians H ; and the vector
fields X ; cannot be projected onto S;, because they depend in an essential way on
the fiber coordinate. Namely the Poisson tensors Py and P; are projected onto:

D TT* 0 A D TT*
(3.1) Py =11, BRIl = [ AT B] ) E=T11.PIT"
with A, B given by (2.78). Because these operators are compatible and invertible
they give rise to the following Nijenhuis tensor (hereditary operator) [Ma2, FF]

(3.2) Ny = PyEl — [A 01

B AT

together with the hierarchy of Poisson tensors
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(3.3) P, = Nk Py keZ.

However these tensors are not invariant along the flow of the Henon—Heiles vector
field X, := EdH, (with H, given by (2.71))

1
(3.4) X1 = [p1.p2, =341 — 5(1% — apq1 + % 4%5, - %QQ]T'
In other words X is neither a symmetry of Py nor of P;, so that they cannot generate
a bi—-Hamiltonian hierarchy starting with Xj.

Asin the case of the Henon—Heiles system, one can try to reduce the bi-Hamiltonian
structure of the Garnier system with n degrees of freedom and one gets similar re-
sults. We report here only the results obtained by the projection of the structures on
the quotient manifold Sr(ll); IfII: M,, — S (g, x; d) — (g, xx) is the projection
map, the Poisson tensor Py and P; are projected onto:

y —q192 +

(3.5)
) ) 0 A= @1
LA = €, Pe =LA = | —(A—¢@9)T x@1U—9®y

These are compatible and invertible operators and give rise to the following Nijenhuis
tensor

_pel_| A=veY 0
(3.6) Ne :=PsE " = YOV A—p@p|

together with the hierarchy of Poisson tensor fields

(3.7) Pp = NEE keZ.

However these tensor fields are not invariant along the flow of the Garnier vector
field Vo = £ dHg, so they cannot be used to construct a bi-Hamiltonian hierarchy
starting with YVg.

3.2. A new integrability criterion. In Subsect. 2.3 we have constructed a bi-
Hamiltonian structure for a Henon—Heiles system with two degrees of freedom in a
suitably extended phase space; in the previous subsection we have put into evidence
some problems arising when one look for a geometrical reduction of this structure
onto the original phase space. Now we introduce a new integrability scheme, weaker
than the bi-Hamiltonian one, but living in the standard phase space. We shall define
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this new structure for a generic Hamiltonian system with n degrees of freedom; for
n = 2 it coincides with the one introduced in [CRG] for the Henon—Heiles system
with the Hamiltonian (2.57) and a4 = 0. In the following two new examples of this
integrability structure will be exhibited: the Garnier system with two degrees of
freedom and a Henon—Heiles system with four degrees of freedom.

Proposition 3.1. Let M be a 2n-dimensional Poisson manifold equipped with a
Poisson tensor @y, and let Zy be Hamiltonian vector field with Hamiltonian hg:
Zy = Qodhg. Let there exist a tensor N : TM — TM and a skew-symmetric
tensor Q1 : T*M — TM such that

(3.8) Q1 =NQ .
Denote by Z; the vector fields obtained by the iterated action of the tensor N on Z

(3.9) Zi = N"Z, (i=1,...,n—1),

and by o; the 1-forms obtained by the iterated action of the adjoint N* : T*M — T*M
on ag = dhy

(3.10) a; = N*ay (i=1,....,n—1).

Let there ezist n—1 independent functions h; (i =1,... ,n—1) and (n(n+1)/2—1)
functions p;; (i =1,... ,n—1,0 < j <) with poo =1 and p;; #0 (i =1,... ,n—1),
such that the 1-forms «; can be written as

(3.11) ;= i dh; (i=1,...,n—1).
7=0

Under the previous assumptions the following results hold:
i) the vector fields Z; satisfy the recursion relations

(312) Zi+1 = Qoai+1 = ngi (Z = 0, e, = 2)

ii) the functions h; are in involution with respect to the Poisson bracket defined by
Qo and they are constants of motion for the fields Z,

(313) {hz, hj}Qo - O y ‘CZk(hz) - O 5

where Lz, denotes the Lie derivative with respect to the vector field Zy.
t11) the Hamiltonian system corresponding to the vector field Zy is Liouville—integrable.
In addition if Q1 is a Poisson tensor field, then also Zy is an integrable Hamiltonian
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vector field and the functions h; are in involution also with respect to the Poisson
bracket defined by Q1.

Proof.
i) From Eq. (3.8) and the skew—symmetry of Qg and @) it follows that QuN* = N Qo
and QN* = N Q1. Then

(314) Zl — Q()Ozl = Zl — QON*O{O = Zl — NQoao =0

and the first relation (3.12) is proved by induction since it is

(3.15) Zi1 — Qois1 = NZ; — QuN* o, = N(Z; — Qo)

The second relation (3.12) follows from

(316) Zi—l—l — Qlai = NZI — Qlai = N(Zl — Q()Oéi) .

ii) By (3.11), the gradients dhy can be expressed for any k in terms of dhg

k .
(3.17) dhy = (O vN*)dhy |
=0

where v; are the elements of the matrix a=!, a being the lower triangular matrix

defined by Aij = [hij (Z > j), Qij = O(Z < j), (Z,j =0,...,n— 1) Thus

{hi, hjta, : = (dhi, Qodhy)
i
(3.18) = 3" 3 viaVn(N" dho, QoN" dho)
' a=0 b=0

i J
= Z Z Vianb<dh07 Na+bQodho>

a=0b=0

and the first relation (4.5) follows from the skew—symmetry of the tensor NQq for
any m. Furthermore
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EZk (hz) = <dhz’7 QoOék—1)

k
= (dh;, Qo Y _ pukdhy;)

Jj=0

i {his hjta,

(3.19)

Il
Mw

=0

I
<

iii) Since Z, is a Hamiltonian vector field, it is Liouville-integrable on account of the
previous result. Moreover, since it is

{hi, hi}a, @ = (dhi, Q1dhy)

] J
= 33" viavp (N dho, QN dhg)
(3.20) =0 bjo
=33 viavjp(dho, N Q1 dhy)
a=0 b=0
=0.

it follows that if (); is also a Poisson tensor, {, }o, is a Poisson bracket, Z; is a
Hamiltonian vector field and then it is Liouville-integrable. [J

Remark 3.1. The recursion scheme and the integrability of the vector field Z; do not
require that the skew—symmetric tensor (); be a Poisson tensor; so M is a Poisson
manifold, not a bi-Hamiltonian one. [J

In view of the next applications, it may be worthwhile to remark that the results
of Prop. 3.1 hold true if the role of )y and () are interchanged; to be more precise,
one can prove (just as for Prop. 3.1)

Proposition 3.2. The integrability scheme of Prop. 3.1 is still valid if Qg is skew—
symmetric, ()1 is a Poisson tensor and the role of Zy is now played by Z; = Q1dhy.
The involution relations (3.13) become {h;, hj}qo, = 0.

3.3. The integrability structure of Henon—Heiles and Garnier systems. In
Subsect. 3.1 we have recovered by projection onto the quotient manifold Sy the
Nijenhuis tensor (3.2) and a hierarchy of compatible Poisson tensors (3.3); however,
it is not possible to associate to these tensors and to the Henon—Heiles vector field
X; (3.4) a bi-Hamiltonian hierarchy of vector fields. Nevertheless it is possible to
use these elements to construct an example of the integrability structure introduced
in Prop. 3.2. In fact if one takes
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i) Q1 = E, the vector field 7Z; := X; (3.4) with Hamiltonian hq := Hy (2.71);
i) the tensor field N := Ny (3.2) and Qq := P_y = Nj*Py, with Py as in (3.1);
iii) the function hy := H; (2.72) and the functions u;; as o = 0, p11 = 1/¢3;
then the conditions of Prop. 3.2 are satisfied. Moreover the vector field Z, :=
Qo dhg = P_5dH, is a new integrable vector field:

—2p1q1 — P2qo
—P192

al

—p5 + 64 +2q1g> — X 2a047 + 045
3
DiP2 + %2 +3¢7q2 — Lq2 + a0q1q2

(3.21) Zo =

This integrability structure is related to the one introduced in [CRG], for the Hamil-
tonian (2.57) with a4 = 0, through the map (2.58).

For the Garnier system with two degrees of freedom one can construct an example
of the integrability structures of Prop. 3.1. Indeed if one uses the elements of Subsect.
3.1 and makes the following choices:

i) Qo :=E&, ho =G (2.116), Zy := Vg (2.114);
i) N := N, with N given by (3.6), Q; := P_; = N 'E;
iii) the functions hy := Gy (2.116), p1o = 0, 111 = ——242

PR
vy

AL A2
then the conditions of Prop. 3.1 are satisfied. Moreover the vector field Z; := p11)»
is a new integrable vector field ( Yy is the restriction to the submanifold of Mo,
d = cost, of the vector field ) (2.115)).
Now we compute the action, on the recursion operators of the previous integrability
structures, of the map between the standard phase spaces of the Henon—Heiles and
of the Garnier system, induced by the map (2.117).

Proposition 3.3. Let us consider the map ® : (q1, g2, p1,p2) — (V¥1, %2, X1, X2)*

(3.22)
= (

A%+2)\1Q1—Q§)1/2 Wy = <—A3—2A2Q1+Q§)1/2
(A1 = A2) ’ ? (A1 = A2) ’
(/\1]71 - Q2p2) (/\2p1 - Q2P2)

X1 = 172 ° X2 = 1/2
(=) M3 +20a1 — ) (= X0) (=23 — 22001 + 3))

The map @ relates the recursion operators of the Henon—Heiles and of the Garnier
systems:

(3.23) O, Ny = N5, .
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4. A HENON-HEILES SYSTEM WITH FOUR DECREES OF FREEDOM

In order to show the effectiveness of the reduction method presented in Subsect.
2.2, we present a new integrable Hamiltonian system with four degrees of freedom
and an indefinite kinetic energy; it can be obtained as a stationary reduction of the
ninth-order KdV equation as well as the Henon-Heiles system has been obtained
as a reduction of the fifth-order KdV equation. For this reason, the new system
will be referred to as a Henon-Heiles system with four degrees of freedom. In the
next subsection its bi-Hamiltonian structure in the extended phase space will be
constructed and in Subsect. 4.2 its integrability structure will be exhibited as a
realization of the criterion introduced in Subsect. 3.1.

Obviously enough, a Henon—Heiles system with n degrees of freedom and an indef-
inite kinetic energy can be obtained as a stationary reduction of the (2n + 1)—order
KdV equation.

4.1. The bi-Hamiltonian structure. We apply to the case n = 4 the general
procedure illustrated in Subsect. 2.2. We make the choice

(4.1) a(\) = =X+ a At +agh

which, on account of Rem. 2.6, corresponds to the stationary manifold

(4.2)

rxrxr

d

My = {u | - (u<8> + 18u%u + 54u®uy + 114uP g, + 1260 u? 4 69u?
X

+ 504Uyttt + 378uimu + 462umu§ + 4200, u® + 630u§u2 + 126u5) = O} :

i) The system of ODE’s corresponding to Eq. (2.35) becomes

(43) Pok — Vg+1 = 0 (k - 07 ]-7 27 3) ) Posa = G4 ,
and the one corresponding to Eq. (2.36) differs for the fifth equation, which is
(4.4) P4q = as .

ii) The reduced systems corresponding to (2.37) is
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2 1 4 1,
Vige = _5'01 + V2, Voga = +§'U1 — 2010 + évlz + vs
1 3 1 1
V3ge = ——Uf + —U%Uz — —fovl + V1pV2s — —vg — 2U1v3 + 14
(4. 1 1 1 3
Vige = _U? - 2U£1))'U2 + _U% 'U% — —'U% Vg + —V1V14V2, + —1)1’[)% —+
2 2" 2 2
2 2 ayq
+ VU3 ~ Vil1aVz + +v5, + ViU3; + —U2v3 — 20104 + )

and the one corresponding to (2.38) differs for the fourth equation which is replaced
by

V2 as
4.6 oy = —Z — —
( ) U4 21}4 U1t + 2’04

iii) In order to put Eq.s (4.5) in Lagrangian form, let us introduce in (4.5) the coor-
dinates r; (j = 1,2,3,4) given by: r1 = v1/2,19 = v3/2 — v? /8,13 = v3/2 — viva/4 +
v3 /16,14 = v4/2 — viv3/4 — v3/8 + 3vivy/16 — 3v]/128. As for the system contain-
ing (4.6) we introduce the coordinates ¢; (j = 1,2,3,4) given by: ¢1 = v1/2,¢2 =
v2/2 — v}/8,q3 = v3/2 — vive/4 + v3/16,q4 = /—vs. The two previous systems
become

5
Plex = —57“% + Ty, Togy = 57"‘;’ —drirg + 13
15 15 3
(4'7) T3zx = —ZT% + 57“%7“2 - 57“% —4Arirs+ 1y
21
Tigw = Zr? — 15737y + ?1"17"; + ?T%Tg —4rors — 5rirs + % ,
5 9 5 4
Qaoz = —§Q1 +q2 Q2uz = 5@1 —4q192 + g3
(4.8) L A5 1B 1, - L as
q3za = 1 41 9 4142 qs 4143 2614 sy Qaze = —(q144 4q§’ )

with Lagrangian functions
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L4(10) = T4z + 722732 — ‘/4(0) ’

7 15 15 5 1 5
(4.9) Vi = _gr? + Zr‘frg — ZT%@ — 57”?7”3 - 57’% + 4ryrors + 57”%7*4 +
1 2 ay
B UE R ER I
ny 1 L
(4.10) 5 5 . .
V(l):_B__S 202 4 2o Loy &
4 1t T ohe +2q195 + 51143 + 5110 — Q243 + 3

The integrals of motion which are obtained by reduction of the GD polynomials
are K; = —%ﬁjkly and H; = —%ﬁjk‘x, (j=0,...,4):

(4.11)
a
Koz—f, Ky = 8154+ 283 + VO
2 Lo 37 95
Ky = —5)14 — 535473 — S284T2 + 515471 + 2828371 + 5153 + 3%~ " + 7 +

5 3 5
— Zr%rg — 57“17";’ — 27“%7’27"3 + mg + 3rirers + +§r§r3 —

2 2
K3 = 83793 — 83847173 — S284T172 + S2837] — 525473 +

a47’2 rar a47”
N — I'3T4 — — 712
g ! 4 27

2 2
— 2535474 + 515479 — S3T3 + S25372 + 15371 + S571 + S152 +

3 45 1 9 5 3 1
6 4,2 5 2.3 3 4 4 2
— —1rTo 4+ — 1Ty — —Tirg — Zr{ry — rirers + —riry + —ry + —riryrs +
51 g 12—y A 1 41 g2 T M
3 1 1 a a
2.2 2 2 2 2 4 4
— =T{T5 — T{rera — =1y + 2rory 4+ 3rirry + —ryry — — 11y — — 73,
2 2 2 4 4
1 1
2.2 2 2 2.2
Ky = 5347’3 + 83547913 — S284T1T'3 — 525475 — S37'1T'3 + S28371T'y + 5827’1 +
2 2 1 2 3 5,.2 3 6
— 8374 — 2898474 + S18473 + $15372 + S18211 + 581 — 17’17’2 — 57“17“3 +
5) 3 3 9
3,.3 4 5 4 2.2 3,.2 3
+ 57"17"2 + 5rirars — 57“17“4 + —57“17”2 - 57“17“27“3 — 3ryry + drirary +
a a
3 2 2 2 2 4 2 4
+ 1573 4 2rrars — 2r1r5ra — TIT3Ts + 27r9rary 4 217 — §r2 — Zrlrg ,

and
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1
Hy = 5 (pg + 2p1p3 ‘Hﬁ) + V4(1) ,

2 2 2 5 6
Hy = pip2 + poq1 + p1p3q1 + piqy — P2p3q2 — P393 — P3Paqs + Sq7 +

8
5 4 2 2 3 1, asq
+ 1L + 4165 + G5 + 3q192q3 — 50 + g
H_122 122 122 122_
2 = 2]9291 + 2p4(h + 2173(]2 + pap3qiq2 + 2P3Q4 D3P4q1q4 +

1
+ 2pap3qs + Pigz + P1P3qa + Pipaqi — Papada + DT +

(4.12) 2

5 1 5 1
+ Zqi’qQ —3¢}q3 + §qi”qi + Z(ﬁ% + 1G5 — 419203 — §q1qzqi +

1 as
+ 5613612 + +q5q3 + 2q145 + S—QQ(Q% + 2agq9)
4
Hj3 = —papsqiqa — P3Pa@aqs + P2P3ds + Diq1qa + P1gs — P1pads +
5 3 1 1 ag
— gqi‘(ﬁ + 5Qf(12qi — 5@13%3 + —q143q] — gqif + @(QIQQ +q3) ,
a
Hy=—=2

where s1 = T4y, S3 = T34, S3 = Toz, S4 = T1p and P1 = @3z, P2 = @22, P3 = iz,
P4 = Q4. are canonical momenta. The corresponding Hamiltonian vector fields will
be respectively denoted by Y; := Py dK; and X1 :== PidH; (j = 0,1,...,4), where
Py and P, are represented in the corresponding coordinates by the canonical Poisson
matrix F = (_01 (1,), 0 and 1 being the 4 x 4 zero and identity matrices respectively.
iv) From the definition of 71,79, 73,74 and q1, ¢2, ¢3, ¢4 in terms of vy and vy, given in
step iii), and from Hy (4.12), K, (4.11), the map ® : My — My, (r, s;a4) — (g, p; as)
in the 9-dimensional extended phase space can be easily obtained:

(4-13) g1 = T1, G2 ="T2, (q3 =73, ({4 = (—7“3 —2rir3 — 27“4)1/2 )
S1 + 1S9 + T9S3 + 384
P1 = 8o, P2 = 83, P3 =S4, P4 = — (—r% ~ Orirs — 27“4)1/2 )
ag = —8K4 .

In these two charts let us consider the extended Hamiltonians ﬁj, f(j, the vector

fields Xj, f/j and the Poisson structure E := (—21 %1]) §>. The following proposition
holds
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Proposition 4.1. The action of the map ® : My — My defined by (4.13) on the

Hamiltonians Hj, on the vector fields Y; and on the Poisson structure Py := E is
given by
(4.14) () = K; | 2.(7)) = X,
i i 0 A —8X{
(4.15) Py :=®,P®*" = —AT B —-8X7¥| ,
8(XDT 8(XDT 0
where
0 0 0 L
q1
-1 0 0 Z_i
A==109 -1 0 2
a4
2 o 1 _ 2(¢getes)
“u @ a2 ’
(4.16) 0 0 0 _(p4q2—2p2q4)
5 0 0 0 _(p4qlz—;;p3q4)
N 0 0 0 —%
(pag2—p2qs)  (Paq1—P3qa) pa 0 ‘
4 a3 a

So the map ® is not a Poisson morphism.

Thus the Poisson tensor ]56 is mapped into a non canonical Poisson structure B,
which can be verified to be compatible with P, = E. Both of them give rise to the
following bi—-Hamiltonian hierarchy

(417) Xj_,_l:pldﬁj:ﬁodﬁ[j_'_l: (j:0,1,2,3) 5
the Hamiltonians Hy and Hy being Casimirs of Py and P, respectively.

4.2. The integrability structure. In this subsection we construct the integrability
structure of the Henon-Heiles system with four degrees of freedom in its eighth—
dimensional phase space as an example of the model presented in Prop. 3.2. The
first step consists in projecting the two compatible Poisson tensors in the extended
phase space via the canonical projection II : My — Sy, (¢,p;as) — (q,p). The
projected tensors are given by

0 A

(4.18) Py = H*pOH* = [ ~AT B

], E =1L.PII",
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where A and B are the matrices (4.16). Since these operators are invertible, they
give rise to the following Nijenhuis tensor

_ A 0
(4.19) Ny = PyE™ ' = lB _AT] ,

together with the hierarchy of Poisson tensors

(4.20) P, = NE Py keZ.

As a matter of fact, one can use Ny to construct an integrability scheme as in Prop.
3.2 Indeed, if one takes

i) Q1 = E, the vector field Z; := X; with Hamiltonian hg := Hy(4.12);

ii) the tensor field N := Ny, i.e. the Nijenhuis tensor (4.19), and Qo := P_o;
iii) the function hy := Hs, hy := Hs, hs := H; (4.12);
iv) p1o = poo = pzo = 0 and

1
M1l = f22 = 33 = —
q;
2 +
(4.21) ot = oy — 212 )
44
2 2 2 2
22+ q1 | Meig + 2019203 + G5)
H31 = 4 + 6 )
44 44

then the conditions of Prop. 3.2 are satisfied. Moreover the vector field Z, :=
Qodho = P,dHy is a new integrable vector field:

(4.22)
[ P2 — p3q1 1
P1 — P3q2
—P1q1 — P2q2 — 2P3q3 — Paqa
7 —DP344
O7 | =P —pips — pi+ 247 — 106702 + 60165 + 10q7gs — 30203 + 50107 — 1
pops — 241 +10¢3q2 — 343 — 5quqs — 343
p3+ 561%5— 9¢192 + q3
i Pspa + 2G50 — G24a |
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5. CONCLUDING REMARKS

In this paper we have derived a bi-Hamiltonian formulation for stationary flows
(Prop. 2.2), and for the first restricted flows of the KdV hierarchy (Prop. 2.6). The
reduction procedure amounts, respectively, to searching the kernel of the Poisson
pencil and of n—Poisson structures extracted from the Poisson pencil of the KdV
hierarchy. In this approach the generating function of the GD polynomials plays a
relevant role. Moreover it allows us to construct a map between stationary flows
and restricted flows; in the case of the fifth-order stationary KdV equation, this map
relates solutions of the Henon—Heiles system with solutions of the Garnier system.

However, to obtain these results, one must extend the phase space of the reduced
flows by means of some free parameters naturally contained in the corresponding
Hamiltonian functions. This difficulty can be bypassed, at least if one analyzes com-
plete integrability of a Hamiltonian system without requiring an explicit knowledge
of a bi-Hamiltonian structure. To this purpose, we have introduced a new integra-
bility scheme in the standard phase space, which implies Liouville integrability of the
reduced Hamiltonian systems.

Acknowledgments. I wish to thank F. Magri, who pointed out the role of the
GD polynomials in the bi-Hamiltonian formulation of the KdV hierarchy and C.
Morosi for many valuable discussions and suggestions.
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