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1. The problems to be solved

We consider systems of DDEs{
y′(t) = f(t, y(t), y(t− τ)), t0 ≤ t ≤ tf ,

y(t) = φ(t), t ≤ t0,
(1.1)

where f : [t0, tf ]× Rd × Rd −→ Rd, and systems of NDDEs{
y′(t) = f(t, y(t), y(t− τ), y′(t− σ)), t0 ≤ t ≤ tf ,

y(t) = φ(t), t ≤ t0,
(1.2)

where f : [t0, tf ]× Rd × Rd × Rd −→ Rd.
Since for some t ≥ t0 it can be that t − τ < t0, an initial

function φ(t) is needed for the wellposedness of the problems
rather than a simple initial value y0, as happens for ODEs.

We report some results on existence and uniqueness of so-
lutions and fix our attention on the nature and location of
derivative jump discontinuities, if any, and their propagation
along the integration interval under different hypotheses on
the delays τ and σ.

The delays τ and σ, which always are non-negative, may
be just constants (the constant delay case), or functions of t,
τ = τ(t) and σ = σ(t) (the variable or time dependent delay
case), or even functions of t and y itself, τ = τ(t, y(t)) and
σ = σ(t, y(t)) (the state dependent delay case).

Whereas for constant and time dependent delays these prob-
lems have been widely investigated, a complete and satisfac-
tory analysis for the most general case of state dependent delay
and, in particular, for NDDEs is not available yet.
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2. Existence and uniqueness of solutions

As with ordinary differential equations, existence and unique-
ness theorems for the IVPs (1.1) and (1.2) are essentially based
on the continuity of the functions f(t, u, v) and f(t, u, v, w)
with respect to t and Lipschitz continuity with respect to u,
v and w.

In particular, for the equation{
y′(t) = f

(
t, y(t), y

(
t− τ(t, y(t))

)
, y′
(
t− σ(t, y(t))

))
,

y(t) = φ(t), t ≤ t0,
(2.1)

the local existence and uniqueness analysis is almost trivial
whenever

inf
[t0,tf ]×Rd

τ(t, x) = τ0 > 0

and
inf

[t0,tf ]×Rd
σ(t, x) = σ0 > 0.

In fact, in the interval [t0, t0 +H], H = min{τ0, σ0}, the equa-
tion to solve reduces to the ODE{

y′(t) = f
(
t, y(t), φ

(
t− τ(t, y(t))

)
, φ′
(
t− σ(t, y(t))

))
,

y(t0) = φ(t0),

for which well-known standard results may be used to prove
existence and uniqueness of the solution. In particular, the
continuity of f(t, u, v, w) with respect to t and Lipschitz con-
tinuity with respect to u, v and w, along with the Lipschitz
continuity of φ, φ′, τ and σ, guarantee the local existence and
uniqueness of the solution in [t0, t0 + δ] for some δ > 0.
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For the existence of the solution in a finite interval [t0, tf ]
we may proceed by successive integrations on the intervals
[t0 + iH, t0 + (i + 1)H], i = 0, 1, . . . , where the equations to
be solved are still ordinary, the solution being known up to
[t0+iH]. This method is known in the literature as the method
of steps and is one of the basic methods for the theoretical
analysis as well as numerical integration of DDEs and NDDEs.

When the delays τ or σ vanish at some point t∗, the method
of steps does not apply in a neighborhood of t∗ and results on
existence and uniqueness become more difficult to prove.

Some known results for equations (1.1) under more general
conditions on the delays follow.

*****************************************************

Theorem 2.1 (Local existence) Consider the equation{
y′(t) = f

(
t, y(t), y

(
t− τ(t)

))
, t0 ≤ t < tf ,

y(t0) = y0,
(2.2)

and assume that the function f(t, u, v) is continuous on A ⊆
[t0, tf)×Rd×Rd and locally Lipschitz continuous with respect
to u and v. Moreover, assume that the delay function τ(t) ≥
0 is continuous in [t0, tf), τ(t0) = 0 and, for some ξ > 0,
t−τ(t) > t0 in the interval (t0, t0 +ξ]. Then the problem (2.2)
has a unique solution in [t0, t0 + δ) for some δ > 0 and this
solution depends continuously on the initial data.

*****************************************************
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It can be shown that, under the same hypotheses, the solu-
tion can be continued until a maximal solution defined in the
interval [t0, b), with t0 < b ≤ tf . This allows us to prove the
following global existence theorem.

*****************************************************

Theorem 2.2 (Global existence) If, under the hypothe-
ses of Theorem 2.1, the unique maximal solution of (2.2) is
bounded, then it exists on the entire interval [t0, tf).

*****************************************************

In order to apply the global existence theorem, we need an
a priori bound for the solution. This is given in the following
corollary.

*****************************************************

Corollary 2.1 Besides the hypotheses of Theorem 2.1, as-
sume that the function f(t, u, v) satisfies the condition

‖f(t, u, v)‖ ≤ M(t) + N(t)(‖u‖+ ‖v‖)

in [t0, tf) × Rd × Rd, where M(t) and N(t) are continuous
positive functions on [t0, tf). Then the solution of (2.2) exists
and is unique on the entire interval [t0, tf).

*****************************************************
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The following result extends the existence result of Theo-
rem 2.1 to the more general case of state dependent delays.

*****************************************************

Theorem 2.3 (Local existence) Consider the equation{
y′(t) = f

(
t, y(t), y

(
t− τ(t, y(t))

))
, t ≥ t0,

y(t) = φ(t), t ≤ t0.
(2.3)

Let U ⊆ Rd and V ⊆ Rd be neighborhoods of φ(t0) and φ(t0 −
τ(t0, φ(t0))), respectively, and assume that the function f(t, u, v)
is continuous with respect to t and Lipschitz continuous with
respect to u and v in [t0, t0 + h] × U × V for some h > 0.
Moreover, assume that the initial function φ(t) is Lipschitz
continuous for t ≤ t0 and that the delay function τ(t, y) ≥ 0
is continuous with respect to t and Lipschitz continuous with
respect to y in [t0, t0 + h] × U . Then the problem (2.3) has a
unique solution in [t0, t0 + δ) for some δ > 0 and this solution
depends continuously on the initial data.

*****************************************************



Home Page

Title Page

Contents

JJ II

J I

Page 11 of 211

Go Back

Full Screen

Close

Quit

As for NDDEs of the type (2.1), things are slightly different
and additional conditions must be imposed on the function
f(t, u, v, w). For example, observe that, if τ(t0) = σ(t0) =
0, then equation (2.1) yields y′(t0) = f

(
t0, y(t0), y(t0), y

′(t0)
)
.

Therefore, if the initial value y(t0) is such that the equation

z = f
(
t0, y(t0), y(t0), z

)
(2.4)

has no solutions for z, then the IVP (2.1) has no solutions
through the point (t0, y(t0)). The following theorem holds for
the case of vanishing delay.

*****************************************************

Theorem 2.4 (Local existence) Consider the NDDE
y′(t) = f

(
t, y(t), y

(
t− τ(t)

)
, y′
(
t− τ(t)

))
, t ≥ t0,

y(t0) = y0,

y′(t0) = y′0,
(2.5)

where τ(t0) = 0 and, for some ξ > 0, t−τ(t) > t0 in the inter-
val (t0, t0 + ξ]. Assume y′(t0) to be a real solution of (2.4) and
let µξ = inf [t0,t0+ξ] τ

′(t) > 0. Moreover, assume the function
f(t, u, v, w) to be continuous with respect to t and Lipschitz
continuous with respect to u, v and w in a neighborhood of the
point (t0, y(t0), y(t0), y

′(t0)). If L, the Lipschitz constant with
respect to w, satisfies

L(1− µξ) < 1,

then a unique continuously differentiable solution of (2.5) ex-
ists in [t0, t0 + δ) for some δ > 0.

*****************************************************
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3. Location of discontinuities and smooth-

ing of the solution

The presence of deviated arguments in y, or y′, can cause the
appearance of jump discontinuities in y′ or in higher deriva-
tives of y at subsequent points.

It is known that every step by step numerical method for
the initial value problems achieves its own accuracy order pro-
vided that the solution is sufficiently smooth at each step in-
terval [tn, tn+1]. More precisely, for a method to be of order p,
we usually ask the solution to be at least Cp+1-continuous on
[tn, tn+1].

Therefore, it is important to analyze how the discontinu-
ity points propagate through the integration interval [t0, tf ]
and how smoothness possibly increases at any discontinuity
point with respect to its ancestor, the discontinuity point it
originates from.

The number and location of discontinuity points essentially
depends on the behavior of the so-called deviated arguments

α(t) = t− τ
(
t, y(t)

)
and

β(t) = t− σ
(
t, y(t)

)
,

viewed as functions of t either for constant or variable or even
state dependent delays τ and σ.

We shall assume α(t) ≤ t and β(t) ≤ t because the delays
are always non-negative.

In particular, if α(t) ≥ t0 and β(t) ≥ t0 for all t ≥ t0,
then no values of y are needed in (1.1) and (1.2) behind t0
and, therefore, no discontinuities propagate from t0. Thus
the solution is regular according to the regularity of f, α and
β. This is the case, for example, in the following equation,
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sometimes called generalized pantograph equation or equation
with proportional delay:{

y′(t) = f
(
t, y(t), y(qt), y′(pt)

)
, t ≥ 0,

y(0) = y0,
(3.1)

where 0 < q < 1 and 0 < p < 1.
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3.1. Primary and secondary discontinuities

Consider the scalar instance of equation (1.1) (i.e. m = 1)
and assume that for the deviated argument α(t) = t− τ it is
α(t) < t0 for some points t ∈ [t0, tf ]. Moreover, assume that
the solution y(t) does not link smoothly to the initial function
φ(t) at t0, i.e.

φ′(t0)
− 6= y′(t0)

+ = f
(
t0, φ(t0), φ(α(t0))

)
.

If the functions f , φ and α are continuous, then it is obvious
that y′(t) is also continuous for any t > t0. On the other
hand, if f , φ and α are differentiable, then y′′(t) exists for any
t except for the points ξ1,i(> t0) such that

α(ξ1,i) = t0

and
α′(ξ1,i) 6= 0,

i.e. for the simple roots, if any, of the equation

α(t) = t0.

In fact, for any smooth function f(t, y, x) we can formally
write

y′′(t)± =
∂f

∂t

(
t, y(t), y

(
α(t)

))
+

∂f

∂y

(
t, y(t), y

(
α(t)

))
y′(t)

+
∂f

∂x

(
t, y(t), y

(
α(t)

))
y′
(
α(t)

)±
α′(t), (3.2)

and hence

y′′(ξ1,i)
+ =

∂f

∂t

(
ξ1,i, y(ξ1,i), y(t0)

)
+

∂f

∂y

(
ξ1,i, y(ξ1,i), y(t0)

)
y′(ξ1,i)

+
∂f

∂x

(
ξ1,i, y(ξ1,i), y(t0)

)
y′(t0)

+α′(ξ1,i) (3.3)
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and

y′′(ξ1,i)
− =

∂f

∂t

(
ξ1,i, y(ξ1,i), y(t0)

)
+

∂f

∂y

(
ξ1,i, y(ξ1,i), y(t0)

)
y′(ξ1,i)

+
∂f

∂x

(
ξ1,i, y(ξ1,i), y(t0)

)
φ′(t0)

−α′(ξ1,i). (3.4)

Since α′(ξ1,i) 6= 0 and φ′(t0)
− is assumed to be different from

y′(t0)
+, y′′ does not exist at ξ1,i and its prolongation by y′′(ξ1,i) =

y′′(ξ1,i)
+ has a jump discontinuity.

These jump discontinuities in y′′ are called 1-level primary
discontinuities. By differentiating (3.2), one easily checks that
each 1-level primary discontinuity point ξ1,i gives rise in turn
to 2-level primary discontinuities in y′′′ at any point ξ2,j(> ξ1,i)
which is a simple root of

α(t) = ξ1,i for some i.

In general, any k-level primary discontinuity point ξk,i gives
rise to (k + 1)-level primary discontinuities in y(k+2) at sub-
sequent points ξk+1,j, where the solution of (1.1) becomes
smoother and smoother as the primary discontinuity level in-
creases. This increase in the regularity of y(t) will be referred
to as smoothing of the solution.
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Example 3.1 Consider the equation{
y′(t) = −y(t− 1), t ≥ 0,
y(t) = 1, t ≤ 0,

(3.5)

whose solution is depicted in Figure 1. Since y′(0)− = 0 and
y′(0)+ = −y(−1) = −1, the derivative function y′(t) has a
jump at t = 0. The second derivative y′′(t) is given by

y′′(t) = −y′(t− 1),

and therefore it has a jump at t = 1. The third derivative
y′′′(t) is given by

y′′′(t) = −y′′(t− 1) = y′(t− 2),

and hence it has a jump at t = 2, and so forth at multiples of
the delay t = 3, 4, . . . ♦

On the contrary, the same argument applied to (1.2) reveals
that for NDDEs smoothing does not occur and, in general, the
solution remains C0-continuous at any primary discontinuity
point.

Example 3.2 Consider the equation{
y′(t) = −y′(t− 1), t ≥ 0,
y(t) = t, t ≤ 0,

(3.6)

whose solution is depicted in Figure 2.
Since y′(0)− = 1 and y′(0)+ = −y′(−1) = −1, the deriva-

tive y′(t) has a jump discontinuity at t = 0. Moreover, since
y′(t) = −y′(t − 1) for every t ≥ 0, the derivative y′(t) is dis-
continuous at t = 1 and at all its multiples t = 2, 3, . . . as
well. ♦
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−1 0 1 2 3
−1

0

1
C0 

C1 

C2 

Figure 1: Solutions of (3.5).
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−1

−0.5

0

0.5

Figure 2: Solutions of (3.6).
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In the particular case that a discontinuity point is a root
of

α(t) = ξj,i (3.7)

for some j, i with odd multiplicity z ≥ 3, smoothing of the
solution is faster than for z = 1 and possibly applies to neutral
equations too. In fact, by (3.3) and (3.4) it is evident that for
α′(ξ1,i) = 0 the solution y is at least of class C2 at ξ1,i. This
phenomenon, called generalized smoothing, is specified in the
following theorem.

*****************************************************

Theorem 3.1 (For DDEs) If ξj,i is a primary discontinuity
point where the function y(t) has continuous derivatives up to
the order ω − 1, then y(t) is continuously differentiable at the
propagated point ξj+1,k at least to the order z ·ω, provided ξj+1,k

is a root of (3.7) with odd multiplicity z.

*****************************************************
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We have already observed that, in general, for NDDEs
smoothing of the solution does not occur. More precisely,
the solution y(t) preserves, at any propagated point, the same
regularity as its ancestor and hence as the initial point t0.
Nevertheless, for τ = σ, generalized smoothing may actually
occur, according to the following theorem, provided that the
splicing condition

φ′(t0)
− = y′(t0)

+ = f
(
t0, φ(t0), φ(α(t0), φ

′(α(t0)
)

holds.

*****************************************************

Theorem 3.2 (For NDDEs) If ξj,i is a primary disconti-
nuity point where the function y(t) has continuous derivatives
up to the order ω − 1, then y(t) is continuously differentiable
at the propagated point ξj+1,k at least to the order z · (ω − 1),
provided that ξj+1,k is a root of (3.7) with odd multiplicity z.

*****************************************************
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Other discontinuities can appear if the functions f , τ and
φ in (1.1) and (1.2) have some discontinuities with respect to t

in some of their derivatives. Then such discontinuities are also
propagated by the deviated arguments α(t) and β(t) according
to the primary discontinuity propagation rule and are called
secondary discontinuities. As with the primary discontinuities,
to preserve the accuracy order of a numerical method they
must also be included in the mesh.

Henceforth, primary and secondary discontinuities will of-
ten be referred to as discontinuities . However, for the sake of
simplicity, we assume that all the functions in (1.1) and (1.2)
are C∞-continuous. Therefore, in the interior of each interval
between consecutive primary discontinuity points the solution
y(t) is C∞-continuous as well, and no secondary discontinu-
ities are present.

Definition 3.1 A discontinuity point ξ is said to be of order k

if y(s)(ξ) exists for s = 0, . . . , k and y(k) is Lipschitz continuous
at ξ.

Of course, for DDEs, any p-level primary discontinuity point
has order k ≥ p.

Apart from the trivial case of constant delay, where the
discontinuity points are given by t0 + kτ , k = 1, 2, . . . , the be-
havior of the deviated arguments α(t) and β(t) may be more
complicated and even unpredictable for equations with state
dependent delay. By speculating on the properties of the de-
viated argument, one might build up equations with disconti-
nuities that propagate in an arbitrarily wild manner on [t0, tf ],
where possibly tf = +∞.
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3.2. Vanishing and non-vanishing delays

First let us investigate, for (1.1) and for (1.2) with τ = σ, how
the primary discontinuities are located near the points where
the delay τ(t) vanishes. In this case, called the vanishing delay
case, a point ξ > t0 is assumed to exist such that α(ξ) = ξ.
Owing to the continuity of α(t), it is evident that, for any
k-level discontinuity point ξk,i < ξ such that α(ξk,i) < ξk,i, a
(k + 1)-level discontinuity point, say ξk+1,j, exists such that
α(ξk+1,j) < ξk+1,j and ξk,i < ξk+1,j < ξ. In other words, there
are infinitely many discontinuity points in any left neighbor-
hood of ξ (see Figure 3).

On the other hand, for DDEs smoothing of the solution
takes place, and then a left neighborhood of ξ exists which
includes only discontinuity points of arbitrarily large order,
that is where the solution is as smooth as needed. This is not
the case for NDDEs, where smoothing of the solution does not
take place.

In order to avoid the clustering of discontinuities due to
vanishing delays, the following hypothesis will often be as-
sumed to be satisfied:

(H1) There exists a constant τ0 > 0 such that τ = t−α(t) ≥ τ0

for all t ∈ [t0, tf ].

It is obvious that, under hypothesis (H1), the distance between
a discontinuity point and its ancestor is at least τ0. Therefore,
in any bounded interval [t0, tf ] the number of discontinuity
points is finite.
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ξk+1,i ξ ξξ

α (t)

ξξk,i k+2,i k+3,i ...

Figure 3: Accumulation of discontinuity points in a left neighborhood of
a vanishing delay point ξ.
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3.3. Bounded and unbounded delays

Here we investigate how the primary discontinuities propagate
according to the general rule

α(ξk,j) = ξk−1,i for some i, (3.8)

where, for k > 0 and any j, ξk,j is a k-level primary discon-
tinuity point and ξ0,1 = t0 is the only 0-level primary discon-
tinuity point. In particular, when the integration interval is
unbounded, i.e. tf = +∞, it is worth distinguishing between
models with a bounded or an unbounded after-effect , that is
with a bounded or an unbounded delay function τ . We shall
consider the following hypotheses:

(H2) limt→+∞ α(t) = +∞.

(H3) There exists a constant τ1 > 0 such that τ = t−α(t) ≤ τ1

for all t ∈ [t0, tf ].

With respect to the propagation of discontinuities, (H2)
means that the solution is smoothed out indefinitely and, as k

increases, the discontinuity points ξk,i must either coalesce to
a vanishing delay point (see Figure 3) or diverge to +∞ (see
Figure 4). In both cases, any k-level primary discontinuity
point is met after a sufficiently large t.

As for the boundedness hypothesis (H3), it evidently im-
plies (H2) but not vice versa. For instance, in the pantograph
equation y′(t) = f

(
t, y(t), y(qt)

)
, t ≥ 0, we have

α(t) = qt, 0 < q < 1,

and
τ(t) = (1− q)t,
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α (t)

ξ0,1 ξ1,1 ξ2,1 ξ3,1
t

τ
1

Figure 4: Divergent sequence of discontinuity points.

which are both unbounded.
In particular, when (H3) holds, the model is said to have

fading memory . This means that for any t, after a sufficiently
long but uniformly bounded elapsed time interval, the solution
value y(t) will not influence the right-hand side of (1.1) or
(1.2). In other words, to integrate the DDE it is sufficient to
store a finite segment of the last past history.

On the contrary, for unbounded delays τ(t) the deviated
argument α(t) = t− τ(t) may be bounded or not. When both
τ(t) and α(t) are unbounded, as with the pantograph equation,
the solution y(t) eventually depends on an arbitrarily large
segment of the past history which must be stored for numerical
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α (t)
M

ξ ξ ξξk,1 k,2 k,3 k,4
...ξk-1,1

M

Figure 5: Discontinuity points of the same level generated by a bounded
deviated argument.

integration.
If the deviated argument is instead bounded, say α(t) ≤ M ,

then infinitely many primary discontinuities might lie to the
right of M, but none of them, if any, can increase its level
in [M, +∞) (see Figure 5). This prevents smoothing of the
solution beyond a certain class of regularity. Moreover, the
solution y(t) definitively depends on the history up to M .
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α (t)

ξ ξ ξ ξ ξ ξξ
k-1,i k,3k,2 k+1,3k+1,2k+1,1k,1

Figure 6: Interlacing of different level discontinuity points.

In many applications the following hypothesis is satisfied:

(H4) The deviated argument α(t) is a strictly increasing func-
tion for all t ∈ [t0, tf ].

This is the case, for instance, for all models with constant
delay τ . In general, if (H4) holds and α(t0) < t0, then the
primary discontinuity points form an increasing sequence ξ1 <

ξ2 < · · · < ξj < · · · , where, for any j, ξj = ξj,1 is the sole j-
level discontinuity point. That is, as time passes the solution
becomes smoother and smoother. On the contrary, oscillating
deviated arguments can cause the interlacing of different level
discontinuities, as shown in Figure 6.
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However, in many cases it is sufficient to locate the principal
discontinuity points defined as follows.

Definition 3.2 The one-index subset of primary discontinu-
ity points ξ̄i defined inductively by ξ̄0 = t0 and, for i ≥ 0, by
the minimum root ξ̄i+1 of

α(t) = ξ̄i

with odd multiplicity, is called the set of principal discontinuity
points.

The principal discontinuity points are of interest because,
for any i,

α(t) ≤ ξ̄i ∀t ∈ [ξ̄i, ξ̄i+1].

Note that ξ̄i is nothing but minj ξi,j. In particular, if (H4)
holds, then all the primary discontinuity points are principal.
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3.4. State dependent delays

We briefly consider the difficulties related to the case when the
delay has the form τ(t, y(t)). First of all, note that hypothesis
(H1), which aims to avoid vanishing delays, is now modified
to

(H∗
1) There exists a constant τ0 > 0 such that τ(t, z) ≥ τ0 for

all t ∈ [t0, tf ] and z ∈ Rd.

Of course, the monotonicity hypothesis (H4) cannot be con-
sidered.

In order to locate the discontinuities, in principle one should
apply the general propagation rule (3.8) which, for the case of
state dependent delay, is

ξk,j − τ
(
ξk,j, y(ξk,j)

)
= ξk−1,i for some i, (3.9)

and solve it for ξk,j. Because the delay is dependent of y(t),
this cannot be done a priori without knowledge of the solution.
Moreover, it is evident that even assuming some approxima-
tion of y(t) is available, we must be satisfied with an approx-
imation of the discontinuity point ξk,j. However, finding the
multiple roots is an inherently ill-conditioned problem. In con-
clusion, the impossibility of locating the discontinuity points
a priori makes the implementation and convergence analysis
of numerical methods for (1.1) and (1.2) a rather complicated
task.
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3.5. Multiple delays

Sometimes in applications we find DDEs or NDDEs where the
right-hand side depends on more than one retarded argument,
that is equations such as{

y′(t) = f
(
t, y(t), y

(
α1(t)

)
, . . . , y

(
αr(t)

))
, t ≥ t0,

y(t) = φ(t), t ≤ t0,

or 
y′(t) = f

(
t, y(t), y

(
α1(t)

)
, . . . , y

(
αr(t)

)
,

y′
(
β1(t)

)
, . . . , y′

(
βr(t)

))
, t ≥ t0,

y(t) = φ(t), t ≤ t0,

respectively.
In principle, the presence of many delays does not introduce

any particular additional difficulties over those in the one-
delay case. The main complication lies in the possibly more
chaotic proliferation of the discontinuity points. For example,
even if all the deviated arguments are strictly increasing, each
discontinuity point generates, in turn, another r such points.
Thus, if ξk−1,j is a discontinuity point of level k − 1, then
we find the corresponding discontinuity points of level k by
solving the r equations

αi(ξk,(j−1)r+i) = ξk−1,j, i = 1, . . . , r.

It may happen that two or more discontinuity points, pos-
sibly of different levels, coincide. Similar chaotic proliferation
occurs for the principal discontinuities. However, in most cases
the difference with respect to the one-delay case is technical
rather than conceptual.
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3.6. Propagation of discontinuities in systems

Consider equations (1.1) and (1.2) with d > 1 and a unique
delay τ = σ.

If we assume that each component y′i depends on all compo-
nents of the delayed solution y(t− τ), the propagation of dis-
continuities, as well as the smoothing and generalized smooth-
ing of the solution, takes place according to the results of the
previous subsections.

On the contrary, if some components are not coupled to all
delayed components, the way the discontinuities propagate is
different and some higher order smoothing of solutions might
actually occur.
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4. Some of the main differences

We want to stress some of the main differences in the be-
haviour of the solutions of DDEs such as{

y′(t) = f
(
t, y(t), y(t− τ)

)
, t ≥ t0,

y(t) = φ(t), t ≤ t0,
(4.1)

with respect to those of ODEs such as{
y′(t) = g

(
t, y(t)

)
, t ≥ t0,

y(t0) = y0.
(4.2)

As already mentioned in Lecture 1, since for some t ≥ t0
it can be that t− τ < t0, a first difference between equations
(4.2) and (4.1) is that the solution of the former is usually
determined by an initial function φ(t) rather than by a simple
initial value y0, as happens for the latter.

Moreover, in general, the right-hand derivative y′(t0)
+, that

is f(t0, φ(t0), φ(t0 − τ)), does not equal the left-hand deriva-
tive φ′(t0)

− and hence the solution y is not smoothly linked
to the initial function φ(t) at the point t0, where only C0-
continuity can be assured. Moreover, such a derivative jump
discontinuity propagates from the initial point t0 along the
integration interval and gives rise to subsequent discontinuity
points where the solution is smoothed out more and more.
As a consequence, even if the functions f(t, y, x), τ(t, y) and
φ(t) in (4.1) are C∞-continuous, in general the solution y(t)
is simply C1-continuous in [t0, tf ].

The presence of an initial function in the problem (4.1) has
various other unexpected consequences on the solutions. Some
of them are illustrated by the following examples.
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Example 4.1 Unlike the ordinary equations, there is no longer
injectivity between the set of initial data and the set of solu-
tions y(t), t ≥ t0. In fact, the equation

y′(t) = y(t− 1)
(
y(t)− 1

)
, t ≥ 0,

has the constant solution y(t) = 1 in [0, +∞) for any initial
function φ(t) defined in [−1, 0] such that φ(0) = 1. ♦

The next three examples show that, in the state dependent
delay case, the lack of regularity of the initial function φ(t)
may cause the non-uniqueness of the solution of (4.1) or its
termination after some bounded interval. Moreover, in the
latter case also strange behaviors of the numerical methods
may be observed, as the raise of ghost solutions.

Example 4.2 (non-uniqueness) As an example of non-
uniqueness, consider the equation{

y′(t) = y
(
t− |y(t)| − 1

)
+ 1

2 , t ≥ 0,
y(t) = φ(t), t ≤ 0,

(4.3)

where

φ(t) =

{
1, t < −1,
0, −1 ≤ t ≤ 0.

(4.4)

It is easy to see that in [0, 2] both functions

y(t) = 3
2t

and
y(t) = 1

2t

are solutions of (4.3). ♦
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Example 4.3 (termination) As an example of termination
of the solution, consider the equation{

y′(t) = −y
(
t− 2− y(t)2

)
+ 5, t ≥ 0,

y(t) = φ(t), t ≤ 0,
(4.5)

where

φ(t) =


9
2 , t < −1,

−1
2 , −1 ≤ t ≤ 0.

(4.6)

The solution in [0, 125
121 ] is given by

y(t) =


1
2(t− 1), 0 ≤ t ≤ 1,

11
2 (t− 1), 1 ≤ t ≤ 125

121 .

(4.7)

It is not difficult to see that the solution cannot be continued
beyond the point t = 125

121. In fact, at t = 125
121 the deviated

argument t− 2− y(t)2 is equal to −1 and therefore, in a right
neighborhood of such a point, y(t− 2− y(t)2) is given by one
of the two values of φ(t). Thus the solutions of (4.5) should
take the form

y(t) = c
(
t− 125

121

)
+ 2

11 ,

with
c = 1

2 if t− 2− y(t)2 < −1

and
c = 11

2 if t− 2− y(t)2 ≥ −1.

Now, each choice of c leads to a solution y(t) that contradicts
the assumption made on t − 2 − y(t)2 and hence the solution
does not exist for t > 125

121. ♦
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Example 4.4 (ghost solutions) From a numerical point of
view, termination of the solution is a very delicate issue. In
fact, it may result in surprising and misleading behavior in the
implementation of the numerical method. For instance, with
reference to the previous Example 4.3, in a right neighborhood
of the termination point tN = 125

121, where yN ≈ 2
11, the forward

Euler method reads

yn+1 = yn + hn+1(−9
2 + 5) if tn − 2− y2

n < −1

and

yn+1 = yn + hn+1(
1
2 + 5) if tn − 2− y2

n ≥ −1,

and for no reason it stops integrating at any n ≥ N . The
resulting approximation is plotted in Figure 7 where, for t ≥
125
121, a ghost solution appears that approximates the function√

t− 1. Such a function is not a solution of (4.5) but fulfills
the equation t−2−y(t)2 = −1. In fact, the numerical solution
is forced to attain values yn such that the delayed arguments
tn − 2− y2

n oscillate around the equilibrium value −1.
On the other hand, the backward Euler method reads

yn+1 = yn + hn+1(−9
2 + 5) if tn+1 − 2− y2

n+1 < −1

and

yn+1 = yn + hn+1(
1
2 + 5) if tn+1 − 2− y2

n+1 ≥ −1.

It is not difficult to see that, for small values of hn+1, no so-
lution yn+1 exists. This agrees perfectly with the theory, but
may result in a very large number of rejected steps in the root-
finding mechanism before the overall procedure stops. ♦
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Figure 7: Solutions (solid) and ghost solution (dashed) of (4.5).
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As we have seen in Lecture 1, for equations (4.1), where
the delay does not depend on y(t), the theory of existence and
uniqueness of solutions does not present substantial additional
difficulties with respect to the ordinary case (4.2) as long as
the deviated argument t − τ(t) is uniformly strictly positive.
Nevertheless, even in the case of constant delay, DDEs pos-
sess a dynamical structure that is richer than ODEs. In fact,
whereas bounded solutions of autonomous ODEs may oscil-
late only if the system has at least two components and may
behave chaotically only if there are at least three components
(Poincaré–Bendixon theorem), DDEs may already exhibit os-
cillatory and even chaotic behavior in the scalar case.

Example 4.5 Consider the following delay logistic equation:

y′(t) = ay(t)
(
1− y(t− 1)

)
, (4.8)

which models the dynamics of populations. It improves the
Verhulst–Pearl model y′(t) = ay(t)

(
1− y(t)

)
in that the grow-

ing factor 1− y(t) does not act instantaneously but after some
time lag.

Whereas the solutions of the Verhulst–Pearl equation are
monotonic, the positive solutions of (4.8) are monotonic for
a ∈ (0, 1/e), oscillate for a ∈ [1/e, π/2) and approach periodic
orbits for a > π/2 (Figures 8 and 9). ♦
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Figure 8: Solutions of (4.8) with y(t) = 0.1, t ≤ 0, for a = 1.4 and 0.3.
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Figure 9: Solution of (4.8) for a = 1.7 in the phase plane.
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Figure 10: Solutions of equation (4.9) for t ≤ 1000 in the (t, y)-plane (left)
and in the phase plane (right).

Example 4.6 Consider the following equation, connected with
the release of mature cells into the blood stream:

y′(t) =
by(t− τ)

1 + [y(t− τ)]n
− ay(t). (4.9)

For certain values of the parameters and of the delay, the so-
lution is oscillatory, and sometimes it even oscillates chaoti-
cally. This is the case in patients with leukemia. In particular,
for a = 0.1, b = 0.2, n = 10 and τ = 20, the model behaves
chaotically, as shown in Figure 10. ♦
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Finally, observe that the presence of a delayed term may
drastically change the qualitative behavior of the solution by
acting as a stabilizer or a destabilizer of models governed by
ODEs.

Example 4.7 Consider the linear scalar equation{
y′(t) = λy(t) + µy(t− 1), t ≥ 0,
y(t) = −t + 1, t ≤ 0,

(4.10)

with real constant coefficients λ and µ. It is known that, for
µ = 0, the solution of equation (4.10), which reads{

y′(t) = λy(t), t ≥ 0,
y(0) = 1,

(4.11)

vanishes asymptotically for any negative λ, whereas it blows up
for any positive λ. Moreover, in the former case it remains
bounded by the initial value 1. On the other hand, for µ 6= 0
the delayed term µy(t−1) in (4.10) acts as a forcing term and
the above-mentioned properties of the solution might not hold.
In particular, for any µ > 0 there exists λ < 0 for which the
solution does not vanish asymptotically, and another λ < 0
for which the solution does, but is not bounded by the initial
value y(0) = 1. Figure 11 illustrates such situations for µ = 4
and for λ = −3.5 and −5. Also, for λ = 0.5 and µ = −1
the delayed term −y(t − 1) acts as a stabilizer of the model
whose solution behaves stably despite the positivity of λ (see
Figure 12). ♦



Home Page

Title Page

Contents

JJ II

J I

Page 43 of 211

Go Back

Full Screen

Close

Quit

−1 0 1 2 3 4 5 6 7 8 9
0

1

2

3

4

λ=−3.5
µ=4 

−1 0 1 2 3 4 5 6 7 8 9
0

1

2

3

4

λ=−5
µ=4 

Figure 11: Stable and unstable solutions of (4.10) for λ < 0.
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Figure 12: Stable solution of (4.10) for λ > 0.
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Example 4.8 An example showing that small delays can pro-
duce a large effect is given by the NDDE

y′(t) = −1.5y′(t− τ) + λy(t), λ < 0,

the solution of which is asymptotically stable for τ = 0 and
unstable for any τ > 0. In this case the delayed term acts as
a destabilizer. ♦
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5. Numerical ODE theory is not enough for

DDEs

In order to illustrate some basic features of numerical methods
for DDEs and the differences they exhibit with respect to ODE
methods, consider the constant delay differential equation{

y′(t) = f
(
t, y(t), y(t− 1)

)
, t ≥ 0,

y(t) = φ(t), t ≤ 0.
(5.1)

The most natural, but not unique, approach for solving (5.1)
numerically is to assign integration steps less than or equal
to the delay τ = 1 and to integrate step by step the ODEs
obtained from (5.1) by substituting the delayed term y(t− 1)
by a function η(t−1) given, according to the value of t, either
by the initial function φ(t−1) or by a continuous extension of
the approximate solution previously computed by the method
itself. Thus, at the (n+1)st step the equation to be solved is{

w′
n+1(t) = f

(
t, wn+1(t), x(t− 1)

)
, tn ≤ t ≤ tn+1,

wn+1(tn) = yn,
(5.2)

where

x(s) =

{
φ(s) for s ≤ 0,
η(s) for 0 ≤ s ≤ tn.

The integration formula provides the value yn+1 and the
approximate solution η of (5.1) is then continued in [tn, tn+1]
in such a way that η(tn+1) = yn+1.
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A peculiarity of this approach is that, whereas the numeri-
cal ODE method furnishes approximate values of the solution
at nodal points only, implementation of the numerical method
for the solution of (5.2) may require knowledge of the approxi-
mate solution η(t) at some points t−1 possibly other than the
nodal points. Therefore, in general, the DDE methods will be
based on continuous extensions of numerical ODE schemes.
This can be done either by a posteriori interpolation of the
values yn given by the underlying discrete ODE method or,
preferably, by continuous ODE methods, that is methods
that provide step by step a continuous approximation of the
solution (see Figure 13). As we shall see, the success of the
resulting DDE method, in terms of accuracy and stability, de-
pends on the particular choice of the discrete method and of
the continuous extension as well.

We have already pointed out that the presence of a delayed
term can drastically modify some boundedness or stability
properties and, in general, the dynamics of the simpler ODE
model. Now we want to illustrate, by means of some examples,
that also in the implementation of numerical schemes some
desirable accuracy and stability properties of the underlying
ODE method can be destroyed when the method is applied to
a DDE.
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Figure 13: Approximate solution of (5.1) by the continuous ODE method.
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5.1. On the order of the methods

In order to illustrate the possible loss of accuracy, consider the
class of constant coefficient linear equations{

y′(t) = ay(t)− π
2eay(t− 1), t ≥ 0,

y(t) = φ(t) = eat sin(π
2 t), t ≤ 0,

(5.3)

whose solutions, y(t) = eat sin(π
2 t), are of class C∞ in [−1, +∞).

According to (5.2), for n = 0, 1, . . . , we shall solve the ODE

{
w′

n+1(t) = awn+1(t)− π
2eax(t− 1), tn ≤ t ≤ tn+1,

wn+1(tn) = yn,
(5.4)

where

x(s) =

{
φ(s) = eas sin(π

2s) for s ≤ 0,
η(s) for 0 ≤ s ≤ tn.

A good class of methods for integrating (5.4) is given by col-
location at ν Gaussian points, which can be viewed as ν-stage
Runge–Kutta methods of order 2ν. Since they are projection
methods based on piecewise polynomial approximations of de-
gree ν, they also furnish a continuous extension η(t) of uniform
accuracy order ν +1. Therefore, Gaussian collocation appears
to be an attractive class of continuous methods for integrating
DDEs such as (5.3).



Home Page

Title Page

Contents

JJ II

J I

Page 49 of 211

Go Back

Full Screen

Close

Quit

For ν = 1 the method is known as the midpoint rule, and
for the general equation (5.2) it takes the form

yn+1 = yn + hf

(
tn +

h

2
,
yn + yn+1

2
, x
(
tn +

h

2
− 1
))

. (5.5)

Application of (5.5) to (5.4) with constant integration step-
size h = 1/(m− δ), m ≥ 2, m integer, and 0 ≤ δ < 1, yields

yn+1 =

 yn + h
(
ayn+yn+1

2 − ea π
2φ(tn + h

2 − 1)
)
, tn + h

2 − 1 ≤ 0,

yn + h
(
ayn+yn+1

2 − ea π
2η(tn + h

2 − 1)
)
, tn + h

2 − 1 > 0,

where η
(
tn + h

2 − 1
)

is given by linear interpolation, that is

η
(
tn +

h

2
− 1
)

= η
(
tn +

h

2
− (m− δ)h

)
=

{
(1

2 − δ)yn−m + (δ + 1
2)yn−m+1, 0 ≤ δ ≤ 1

2 ,

(3
2 − δ)yn−m+1 + (δ − 1

2)yn−m+2,
1
2 < δ < 1.

Summing up, the midpoint rule for (5.3) takes the form

yn+1 =
(1 + 1

2ha)yn − π
2hea(n+ 1

2 )h sin
(
π/2((n + 1

2)h− 1)
)

1− 1
2ha

(5.6)
for n ≤ m− δ − 1

2 and

yn+1 =


(1 + 1

2
ha)yn − π

2
eah
(
(1

2
− δ)yn−m + (δ + 1

2
)yn−m+1

)
1− 1

2
ha

, 0 ≤ δ ≤ 1
2
,

(1 + 1
2
ha)yn − π

2
eah
(
(3

2
− δ)yn−m+1 + (δ − 1

2
)yn−m+2

)
1− 1

2
ha

, 1
2

< δ < 1,

(5.7)

for n > m− δ − 1
2 .
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For ν > 1 the method takes a more complicated form in-
volving the solution of a linear system in Rν and the use of
a polynomial of degree ν at each integration step. Let us re-
strict ourselves to the investigation of ν = 1 and ν = 2 and
recall that, whereas the uniform and discrete accuracy orders
of the midpoint rule (ν = 1) for ODEs are both equal to 2, the
two-stage Gaussian collocation (ν = 2) has nodal order equal
to 4 and uniform order equal to 3 (see Section 7.1).

In order to check the nodal accuracy order p of the re-
sulting DDE methods, consider the solution of (5.3) in the
interval [0, 10] and remember that the solution is of class C∞.
Therefore, no discontinuities are present which can spoil the
accuracy order of the method. Let us denote by eh the max-
imum absolute error at the nodal points for the integration
stepsize h = 1/(m − δ). By halving the stepsize, the asymp-
totic value of the ratio rh = eh/eh

2
is expected to be a power

of 2, where the exponent is the order p.
The behavior of rh is shown in Figure 14 for integer (δ = 0)

and non-integer (δ > 0) values of m − δ, corresponding to
integration stepsizes h which are and which are not submul-
tiples of the delay τ = 1. In both cases the midpoint rule
turns out to preserve the expected nodal order 2. On the
contrary, the two-stage Gaussian collocation method exhibits
nodal order 4 or 3 according to whether or not m−δ is integer,
while the uniform approximation is accurate to order 3. More
generally, we shall see that for arbitrary stepsizes the DDE
method based on ν-stage Gaussian collocation exhibits nodal
and uniform accuracy orders equal to the uniform order ν + 1
of the continuous ODE method whereas, for a constant step-
size h = 1/m, with m integer, it preserves the nodal accuracy
order 2ν.
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Figure 14: Logarithmic plots of ratios rh, h = 1/(m− δ), m− δ = 2i ∗ k,
as a function of i, for the numerical solutions of equation (5.3) with a = 1
obtained by collocation at ν = 1 and ν = 2 Gaussian points. The values
of m− δ are determined by k = 1 (solid) and k = 5/3 (dotted).

5.2. On the stability properties of the methods

As for the stability analysis of DDE methods, consider the
class of constant coefficient linear test equations{

y′(t) = λy(t)− 4
5λy(t− 1), t ≥ 0,

y(t) = 1, t ≤ 0,
(5.8)

whose solutions, depicted in Figure 15 for some values of λ,
are asymptotically stable for any λ < 0.
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Figure 15: Solutions of (5.8) for some λ < 0.
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The midpoint rule (5.5), extended by linear interpolation,
for equation (5.8) takes the form

yn+1 =
(1 + 1

2hλ)yn − 4
5hλ

1− 1
2hλ

for n ≤ m− δ − 1
2 and

yn+1 =


(1 + 1

2
hλ)yn − 4

5
hλ
(
(1

2
− δ)yn−m + (δ + 1

2
)yn−m+1

)
1− 1

2
hλ

, 0 ≤ δ ≤ 1
2
,

(1 + 1
2
hλ)yn − 4

5
hλ
(
(3

2
− δ)yn−m+1 + (δ − 1

2
)yn−m+2

)
1− 1

2
hλ

, 1
2

< δ < 1,

(5.9)

for n > m− δ − 1
2 .

It is well known that the midpoint rule is A-stable, that
is for all equations y′ = λy, <(λ) < 0, it provides numerical
solutions that vanish asymptotically for any integration step-
size h > 0. Since the solutions of (5.8) are asymptotically
stable for any λ < 0, one expects the same behavior for the
numerical solution given by the midpoint rule independently
of the stepsize h. On the contrary, whereas application of (5.9)
provides stable numerical solutions of (5.8) whenever m − δ

is integer (δ = 0), somewhat surprisingly, non-integer values
of m− δ may produce numerical instability. Figure 16 shows
the numerical solutions of (5.8) with λ = −50, given by (5.9)
for m − δ = 10 and m − δ = 12.5. Despite the latter being
obtained by a smaller integration stepsize, it behaves unstably.



Home Page

Title Page

Contents

JJ II

J I

Page 54 of 211

Go Back

Full Screen

Close

Quit

0 5 10 15
0

0.2

0.4

0.6

0.8

1

1.2

m− δ=10 

−20 2 4 6 8 10
−4

−3

−2

−1

0

1

2

3

4

m− δ=12.5 

Figure 16: Numerical solutions of equation (5.8) with λ = −50 by the
midpoint rule with h = 1/(m− δ) for integer and non-integer m− δ.

Now consider another very popular A-stable method, namely
the trapezoidal rule, which, for the general equation (5.2), is

yn+1 = yn +
h

2

(
f(tn, yn, x(tn− 1)) + f(tn+1, yn+1, x(tn+1− 1))

)
.

(5.10)
Application of (5.10) to (5.8) with constant stepsize h =

1/(m − δ), m integer, m ≥ 2, and 0 ≤ δ < 1, and linear
interpolation between nodal points yields

yn+1 =
(1 + 1

2hλ)yn − 4
5hλ

1− 1
2hλ

for n ≤ m− 2,

yn+1 =
(1 + 1

2hλ)yn − 1
2h

4
5λ(2− δ + δy1)

1− 1
2hλ

for n = m− 1 and

yn+1 =
(1 + 1

2hλ)yn − 1
2h

4
5λ
(
(1− δ)yn−m + yn−m−1 + δyn−m+2

)
1− 1

2hλ
(5.11)

for n ≥ m.
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Figure 17: Numerical solution of equation (5.8) with λ = −50 by the
trapezoidal rule with m− δ = 12.5.

Unlike the midpoint rule, the trapezoidal rule also provides
stable solutions for integration stepsizes that are not submul-
tiples of the delay. Figure 17 illustrates the solution behavior
of (5.11) for λ = −50 and m − δ = 12.5, where the midpoint
rule failed.

Although the trapezoidal rule appears to be more robust
than the midpoint rule for constant coefficient linear DDEs,
they may both be inadequate for the larger class of variable
coefficient linear DDEs, even for integer values of m− δ.
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In order to illustrate this further discrepancy between the
methods as applied to ODEs and DDEs, consider the equation{

y′(t) = λ(t)y(t)− 4
5λ(t)y(t− 1), t ≥ 0,

y(t) = t + 1, t ≤ 0,
(5.12)

where λ(t) = −50 sin2(2π
3 (t − 1

4)), whose solution, plotted in
Figure 18, is asymptotically stable.

Now, for the variable coefficient linear equation y′(t) =
λ(t)y(t), y(0) = y0, it is known that the solutions go to zero for
any real function λ(t) ≤ 0 such that

∫ t

0 λ(s)ds → −∞ as t →
+∞. It is also known that the midpoint rule is algebraically
stable and, consequently, the numerical solution is bounded by
the initial value |y0| for any constant stepsize h > 0. Unlike
the case of constant coefficients, now the midpoint rule gives
rise to unstable solutions even for some constant integration
stepsizes that are submultiples of the delay. Results for h =
0.5, corresponding to m−δ = 2, are plotted in Figure 19 (left).

As the final negative result in this section, we show that
the trapezoidal rule may also behave unstably for equations
such as (5.12). To this end, consider equation (5.12) with
the slightly different coefficient λ(t) = −50 sin2(2π

3 t), whose
solution is plotted in Figure 18 (right). The result, for the
same integration stepsize h = 0.5, is plotted in Figure 19
(right).
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Figure 18: Solutions of equation (5.12) with some λ(t) ≤ 0.
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Figure 19: Numerical solutions of equation (5.12) with some λ(t) ≤ 0
obtained by the midpoint rule (left) and the trapezoidal rule (right) with
integer m− δ = 2.
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Figure 20: Numerical solutions of equation (5.12) with some λ(t) ≤ 0
obtained by the midpoint rule (left) and the trapezoidal rule (right) with
m− δ = 1.98.

It is worth pointing out that the last two examples, de-
signed to spoil the algebraic stability properties of the ODE
methods as applied to DDEs, are pathological for the methods
we considered. A slight modification of either the coefficient
λ(t) in (5.12) or the stepsize may lead to models for which the
midpoint rule and the trapezoidal rule become stable. Nu-
merical results given by the midpoint rule and the trapezoidal
rule for the last two examples with stepsize h = 0.505, corre-
sponding to m − δ = 1.98, are depicted in Figure 20 where,
after some spurious oscillations, they appear asymptotically
stable.
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5.3. A good method for DDEs

In order to get a second-order approximation for a class of sta-
ble problems including (5.12) which is stable for any stepsize,
we may choose the two-stage Lobatto IIIC method with linear
interpolation between nodal points.

For equation (5.12) with constant integration stepsize h =
1/(m−δ), m integer, m ≥ 2, and 0 ≤ δ < 1, the method reads

Y n
1 = yn + 1

2
h
(
λ(tn)Y n

1 − λ(tn+1)Y
n
2 − 4

5
λ(tn)η(tn − 1) + 4

5
λ(tn+1)η(tn+1 − 1)

)
,

Y n
2 = yn + 1

2
h
(
λ(tn)Y n

1 + λ(tn+1)Y
n
2 − 4

5
λ(tn)η(tn − 1)− 4

5
λ(tn+1)η(tn+1 − 1)

)
,

yn+1 = Y n
2 ,

where

η(tn − 1) = tn

η(tn+1 − 1) = tn+1

}
for n ≤ m− 2,

η(tn − 1) = tn

η(tn+1 − 1) = 1− δ + δy1

}
for n = m− 1,

η(tn − 1) = (1− δ)yn−m + δyn−m+1

η(tn+1 − 1) = (1− δ)yn−m+1 + δyn−m+2

}
for n ≥ m.

For λ(t) = −50 sin2(2π
3 (t − 1

4)), it yields stable solutions for
any stepsize. In particular, for h = 0.5, where the midpoint
rule failed, the solution remains stable (see Figure 21).

The superiority of the Lobatto IIIC method also with re-
spect to the trapezoidal rule is illustrated in Figure 22, where
the solution of equation (5.8) with λ = −50 is plotted with
the same stepsize as in Figure 17. The spurious oscillations
exibited by the trapezoidal rule near the corners have disap-
peared.

On the basis of the previous examples showing the failure of
accurate and stable methods as applied to the simplest class
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Figure 21: Numerical solution obtained by the two-stage Lobatto IIIC
method for equation (5.12) with λ(t) = −50sin2(2π

3
(t− 1

4
)) and with m−

δ = 2.

of scalar linear equations with constant delay, we conclude
this section by stressing that integration of DDEs cannot be
based on the mere adaptation of some standard ODE code to
the presence of delayed terms. Integration of DDEs actually
requires the use of specifically designed methods, according to
the nature of the equation and the behavior of the solution.
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Figure 22: Numerical solution of equation (5.8) with λ = −50 by the
two-stage Lobatto IIIC method with m− δ = 12.5.
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6. Continuous extensions of RK methods

We consider only one-step methods and, in particular, Runge–
Kutta (RK) methods.

Given a mesh ∆ = {t0, t1, . . . , tn, . . . , tN = tf}, a ν-stage
RK method for the numerical solution of the ODE{

y′(t) = g
(
t, y(t)

)
, t0 ≤ t ≤ tf ,

y(t0) = y0,
(6.1)

has the form (in the so-called Y notation)

Y i
n+1 = yn + hn+1

ν∑
j=1

aijg(tjn+1, Y
j
n+1), i = 1, . . . , ν, (6.2)

yn+1 = yn + hn+1

ν∑
i=1

big(tin+1, Y
i
n+1), (6.3)

where tin+1 = tn + cihn+1, ci =
∑ν

j=1 aij, i = 1, . . . , ν, hn+1 =
tn+1 − tn and ν is referred to as the number of stages. The
bi’s are called weights of the quadrature formula (6.3) and the
ci’s are called abscissae and, for most of common methods,
they belong to [0, 1]. Since the RK method (6.2), (6.3) is
characterized by the weights bi and the matrix coefficients A =
[aij]

ν
i,j=1, it will be denoted by (A, b). It is worth observing that

in many papers and books the RK formulae are written in an
equivalent different form, the so-called K notation. So the RK
method (6.2), (6.3) takes the form

Ki
n+1 = g

(
tin+1, yn + hn+1

ν∑
j=1

aijK
j
n+1

)
, i = 1, . . . , ν,

yn+1 = yn + hn+1

ν∑
i=1

biK
i
n+1.
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Note that the K notation is obtained from formulae (6.2),
(6.3) by setting

Ki
n+1 = g(tin+1, Y

i
n+1), i = 1, . . . , ν.

Although in developing and implementing RK methods for
ODEs the two notations are basically equivalent, in the appli-
cation of RK methods to DDEs it will often be preferable to
adopt the K notation.

The computational complexity of the method is mainly de-
termined by the number of stages and by the form of the
coefficient matrix A. It is well known that when the matrix
A is lower triangular with zero diagonal elements, the method
is called explicit and the computational cost is lower, whereas
when the matrix A is full, the method is called implicit and
the computational cost is higher.

The one-step interpolants of the RK method (6.2), (6.3) are
constructed step by step by making use of information from
the underlying mesh interval [tn, tn+1] only, possibly by includ-
ing some additional stages, that is by some extra evaluations
of the right-hand-side function g(t, y) in (6.1).
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Interpolants constructed using no extra stages are called
interpolants of the first class and the resulting continuous ex-
tension η(t) is defined, in each subinterval of the mesh ∆, by
a one-step continuous quadrature rule of the form

η(tn + θhn+1) = yn + hn+1

ν∑
i=1

bi(θ)g(tin+1, Y
i
n+1), 0 ≤ θ ≤ 1,

(6.4)
or, in the K notation,

η(tn + θhn+1) = yn + hn+1

ν∑
i=1

bi(θ)K
i
n+1, 0 ≤ θ ≤ 1,

where the bi(θ)’s are polynomials of suitable degree ≤ δ satis-
fying

bi(0) = 0 and bi(1) = bi, i = 1, . . . , ν, (6.5)

so as to define a continuous piecewise polynomial function.
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Interpolants constructed by means of additional stages are
called interpolants of the second class and the continuous ex-
tension is given by

η(tn + θhn+1) = yn + hn+1

s∑
i=1

bi(θ)g(tin+1, Y
i
n+1), 0 ≤ θ ≤ 1,

(6.6)
or, in the K notation, by

η(tn + θhn+1) = yn + hn+1

s∑
i=1

bi(θ)K
i
n+1, 0 ≤ θ ≤ 1, (6.7)

where the bi(θ)’s are again polynomials of suitable degree ≤ δ

satisfying the continuity conditions

bi(0) = 0, i = 1, . . . , s;

bi(1) = bi, i = 1, . . . , ν; bi(1) = 0, i = ν+1, . . . , s. (6.8)

The additional s− ν stages are given by

Y i
n+1 = yn +hn+1

s∑
j=1

aijg(tjn+1, Y
j
n+1), i = ν +1, . . . , s, (6.9)

or, in the K notation, by

Ki
n+1 = g

(
tin+1, yn + hn+1

s∑
j=1

aijK
j
n+1

)
, i = ν + 1, . . . , s,

so that the original coefficient matrix A = [aij]
ν
i,j=1 is embed-

ded into the block lower triangular matrix

A′ =

[
A 0

[aij]
s,ν
i=ν+1,j=1 [aij]

s
i,j=ν+1

]
. (6.10)
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The overall continuous Runge–Kutta (CRK) methods (6.2),
(6.3), (6.4) and (6.2), (6.3), (6.9), (6.6), denoted by

(
A, b(θ)

)
and

(
A′, b(θ)

)
, respectively, are the continuous extensions of

the RK method (A, b) and δ will be referred to as the degree of
the interpolant. In contrast, the method (A, b) will be called
the underlying (discrete) RK method.

It is worth remarking that, in general, η(tn+cihn+1) 6= Y i
n+1.

Nevertheless, equality holds for every right-hand side g(t, y)
whenever bi(cj) = aji, as appears evident by comparing (6.6)
and (6.9). So we have

{η(tn + cihn+1) = Y i
n+1 ∀i} ⇐⇒ {bi(cj) = aji ∀i, j}. (6.11)

An interpolant, either of the first or second class, deter-
mines a matrix B, whose elements are bij = bj(ci).

Definition 6.1 A CRK method is called natural if A = B

(A′ = B).

Now consider the increment functions Φ and Ψ of the dis-
crete and continuous RK methods, that are defined by

Φ(tn, yn, hn+1; g) =
ν∑

i=1

big(tin+1, Y
i
n+1)

and

Ψ(tn, yn, hn+1, θ; g) =
s∑

i=1

bi(θ)g(tin+1, Y
i
n+1), (6.12)

respectively.
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*****************************************************

Proposition 6.1 For each Lipschitz continuous right-hand-
side g(t, y) in (6.1) there exist a stepsize hg > 0 and a constant
Qg > 0, depending only on the Lipschitz constant Lg, such that
the increment function Ψ (and thus also Φ) of an RK method
(6.2), (6.3) and its interpolants (6.4) and (6.6) satisfies the
Lipschitz condition

‖Ψ(tn, yn, hn+1, θ; g)−Ψ(tn, ỹn, hn+1, θ; g)‖ ≤ Qg‖yn − ỹn‖

for all tn ∈ [t0, tf ], θ ∈ [0, 1], hn+1 ≤ hg and yn, ỹn ∈ Rd.

*****************************************************

*****************************************************

Proposition 6.2 For each Lipschitz continuous right-hand-
side g(t, y) in (6.1) there exist a stepsize hg > 0 and a constant
δg > 0, depending only on the Lipschitz constant Lg, such that
the increment function Ψ (and thus also Φ) of an RK method
(6.2), (6.3) and its interpolants (6.4) and (6.6) satisfies the
continuity condition

‖Ψ(tn, yn, hn+1, θ; g̃)−Ψ(tn, yn, hn+1, θ; g)‖
≤ δg sup

tn≤t≤tn+1, y∈Rd

‖g̃(t, y)− g(t, y)‖

for all tn ∈ [t0, tf ], θ ∈ [0, 1] and hn+1 ≤ hg and for any other
right-hand-side function g̃.

*****************************************************
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We have the following definition for the class of RK meth-
ods and their interpolants.

Definition 6.2 We say that the RK method (6.2), (6.3) is
consistent of order (or, equivalently, has order) p if p ≥ 1 is
the largest integer such that, for all Cp-continuous right-hand-
side functions g(t, y) in (6.1) and for all mesh points, we have
that

‖zn+1(tn+1)− yn+1‖ = O(hp+1
n+1),

uniformly with respect to y∗n in any bounded subset of Rd and
to n = 0, . . . , N − 1, where zn+1(t) is the local solution to the
local problem{

z′n+1(t) = g
(
t, zn+1(t)

)
, tn ≤ t ≤ tn+1,

zn+1(tn) = y∗n.
(6.13)

We say that the interpolant (6.4) or (6.6) is consistent of
uniform order (or, equivalently, has uniform order) q if q ≥ 1
is the largest integer such that, for all Cq-continuous right-
hand side functions g(t, y) and for all mesh points, we have
that

max
tn≤t≤tn+1

‖zn+1(t)− η(t)‖ = O(hq+1
n+1).
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The convergence results are summarized by the following
theorem.

*****************************************************

Theorem 6.1 Let the RK method (6.2), (6.3) be consistent
of order p and let the right-hand-side function g(t, y) in (6.1)
be Cp-continuous. Then the method is convergent of order
(or, equivalently, has global order) p on any bounded interval
[t0, tf ], that is

max
1≤n≤N

‖y(tn)− yn‖ = O(hp), (6.14)

where h = max1≤n≤N hn.
If the interpolant (6.4) or (6.6) has uniform order q, then

the CRK method (6.2), (6.3), (6.4) or (6.2), (6.3), (6.9), (6.6)
is uniformly convergent of order (or, equivalently, has uniform
global order) q′ = min{p, q + 1}; that is

max
t0≤t≤tf

‖y(t)− η(t)‖ = O(hq′). (6.15)

*****************************************************

We shall often refer to the order of consistency and to the
order of convergence of the RK method (6.2), (6.3) as the
discrete order and the discrete global order of the CRK method
(6.2), (6.3), (6.4) or (6.2), (6.3), (6.9), (6.6).
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The following theorem provides additional results on the
derivatives of the continuous extension.

*****************************************************

Theorem 6.2 If, in addition to the hypotheses of Theorem 6.1,
the interpolant is a piecewise polynomial of degree δ ≥ q and
the right-hand-side function g(t, y) in (6.1) is Cmax{δ,p}-continuous,
then the following convergence, boundedness and unbounded-
ness estimates hold for the derivatives of the global error func-
tion:

max
t0≤t≤tf

‖y(j)(t)− η(j)(t)‖ = O(hq+1−j), j = 1, . . . , δ, (6.16)

where the derivatives of η(t) at the mesh points are meant in
the left/right sense.

*****************************************************

The estimates (6.15) and (6.16) show that the first deriva-
tive retains the global uniform order of the interpolant if and
only if the interpolant has the maximum attainable uniform
order p. It is also evident that, in order to get the uniform
order q, the interpolant must be of degree δ ≥ q. On the other
hand, polynomials of degree δ > q are unnecessary, as shown
by the following theorem.
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*****************************************************

Theorem 6.3 Assume that the RK method (6.2), (6.3) has a
continuous extension η(t) of order q and degree d > q. Then
there exists another continuous extension η̃(t) of order q whose
degree is also q.

*****************************************************

Remark 6.1 By Theorems 6.2 and 6.3 we may observe that,
not only is the employment of interpolants of degree higher
than q unnecessary, but interpolants of degree δ > q + 1 are
even dangerous in that the derivatives of order k, with q +2 ≤
k ≤ δ, may diverge as h → 0. For these reasons we shall
assume that continuous extensions of order q will be always
made by interpolants of degree δ = q.

It is important to give an answer to the following two ques-
tions.

Question 1 What is the maximum uniform order an RK method
of order p can achieve by means of an interpolant of the
first class?

Question 2 What is the (mininum) number of stages neces-
sary to construct a CRK method of uniform order p− 1
or even p?
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We shall consider both of them in the forthcoming sections.
So far, we can give the following upper bound to the uniform
order of an interpolant (for both classes).

*****************************************************

Theorem 6.4 Assume that the RK method (6.2), (6.3) has
a continuous extension η(t) given by (6.6). Then its uniform
order q cannot exceed s∗, the number of distinct abscissae of
the extended RK method represented by (6.10).

*****************************************************

The above result is obvious after observing that formula
(6.6) is a continuous quadrature rule based exactly on s∗ dis-
tinct abscissae.

Since the construction of interpolants of the second class
is a quite technical matter, in this lecture we shall confine
ourselves to analyze in some detail only the interpolants of
the first class. However, we shall briefly consider the direct
construction of continuous RK methods, without passing nec-
essarily through interpolants of the second class of a given
discrete RK formula.
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Table 1: Order conditions for continuous RK methods.

Order Conditions

1
∑ν

i=1 bi(θ) = θ

2
∑ν

i=1 bi(θ)ci = 1
2
θ2

3
∑ν

i=1 bi(θ)c
2
i = 1

3
θ3

∑ν
i,j=1 bi(θ)aijcj = 1

6
θ3

4
∑ν

i=1 bi(θ)c
3
i = 1

4
θ4

∑ν
i,j=1 bi(θ)ciaijcj = 1

8
θ4

∑ν
i,j=1 bi(θ)aijc

2
j = 1

12
θ4

∑ν
i,j,k=1 bi(θ)aijajkck = 1

24
θ4

7. Interpolants of the first class

A general analysis of the uniform order for the continuous
extension (6.4) is based on the property that, for any 0 <

θ ≤ 1, it can be viewed as the discrete method (A
θ , b(θ)

θ ) with
stepsize θhn+1. So, we immediately get the uniform order
conditions for the polynomials bi(θ) from the well-known order
conditions of the RK methods. The conditions up to order
p = 4 are shown in Table 1.
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In order to answer Question 1, each method has to be an-
alyzed individually by checking the order conditions. In gen-
eral, we can give only a partial answer by means of the follow-
ing theorem, the proof of which does not directly involve the
order conditions.

*****************************************************

Theorem 7.1 Every RK method (6.2), (6.3) of order p ≥ 1
has a continuous extension η(t) of order (and degree) q =
1, . . . , bp+1

2 c.

*****************************************************

*****************************************************

Theorem 7.2 If an RK method (6.2), (6.3) has a continuous
extension η(t) of order (and degree) q ≥ 2, then it also has
another continuous extension η̃(t) of order (and degree) q̃ for
each q̃ ≤ q − 1.

*****************************************************
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In conclusion, we can answer Question 1 by saying that,
in general, only interpolants up to order bp+1

2 c are assured to
exist. On the other hand, it might well be that the maximum
uniform order reachable by means of interpolants of the first
class is actually > bp+1

2 c and, possibly, even = p.

Definition 7.1 We say that an RK method (6.2), (6.3) of
discrete order p is superconvergent if the maximum uniform
order q reachable by means of interpolants of the first class is
≤ p− 1.

In other words, superconvergence is attained at the end-
point of the step-interval with respect to the maximum uni-
form accuracy order q. Of course, it might well be that the
interpolant attains a higher order p′ > q, not necessarily equal
to the discrete order p, also at some additional points inside
the step-interval. They will be called inner superconvergence
points.
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7.1. Collocation methods

A particular class of continuous RK methods that has been
studied extensively are the one-step collocation methods. How-
ever, the interest in piecewise collocation is mostly due to the
simplicity in determining the order of convergence and super-
convergence via the non-linear variation-of-constants formula
and to the optimal stability properties as discrete methods,
rather than to its intrinsically continuous nature.

The one-step collocation method can be defined as follows.
Chose ν distinct abscissae c1, . . . , cν ∈ [0, 1] and, in each mesh
interval [tn, tn+1], compute the polynomial η(t) of degree ≤ ν

satisfying

η′(tin+1) = g
(
tin+1, η(tin+1)

)
, i = 1, . . . , ν, η(tn) = yn.

It is easy to check that such methods can be rewritten as a
continuous implicit RK method (6.2), (6.4), where

aij =

∫ ci

0
`j(ξ)dξ, i, j = 1, . . . , ν,

bi(θ) =

∫ θ

0
`i(ξ)dξ, i = 1, . . . , ν,

`i(ξ) being the Lagrange polynomial coefficient
∏ν

k=1,k 6=i
ξ−ck

ci−ck
.

In particular, we have bi(cj) = aji and, therefore, any col-
location method is a natural CRK method.

For any choice of the abscissae c1, . . . , cν ∈ [0, 1], the col-
location method has order p ≥ ν and the uniform order of
the interpolant (6.4) is q = ν. Consequently, by Theorem 6.1,
the collocation method is a continuous RK method of global
uniform order q′ = ν (if p = ν) or q′ = ν + 1 (if p > ν). In
this sense the collocation method is optimal in that it achieves
the maximum attainable uniform order for the given number
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of stages. In particular, if the abscissae are the shifted roots
of the Legendre orthogonal polynomial of degree ν, then the
method has order p = 2ν. This is the most famous example
of superconvergence.

The following are some examples of superconvergent collo-
cation methods.

• Gaussian methods: discrete order p = 2ν, uniform order
q = ν, global uniform order q′ = min{p, q + 1};

ν = 1 (midpoint rule): p = 2, q = 1, q′ = 2;

1
2

1
2 b1(θ) = θ;

1

ν = 2 (Hammer–Hollingsworth method): p = 4, q = 2,
q′ = 3;

1
2 −

√
3

6
1
4

1
4 −

√
3

6 b1(θ) = −
√

3
2 θ(θ − 1−

√
3

3 ),

1
2 +

√
3

6
1
4 +

√
3

6
1
4 b2(θ) =

√
3

2 θ(θ − 1 +
√

3
3 ).

1
2

1
2
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• Radau IIA methods: discrete order p = 2ν − 1, uniform
order q = ν, global uniform order q′ = min{p, q + 1};

ν = 1 (backward Euler method): p = 1, q = 1, q′ = 1;

1 1 b1(θ) = θ;
1

ν = 2 (Ehle method): p = 3, q = 2, q′ = 3;

1
3

5
12 − 1

12 b1(θ) = −3
4θ(θ − 2),

1 3
4

1
4 b2(θ) = 3

4θ(θ −
2
3).

3
4

1
4
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• Lobatto IIIA methods: discrete order p = 2ν−2, uniform
order q = ν, global uniform order q′ = min{p, q + 1};

ν = 2 (trapezoidal rule): p = 2, q = 2, q′ = 2;

0 0 0 b1(θ) = −1
2θ(θ − 2),

1 1
2

1
2 b2(θ) = 1

2θ
2;

1
2

1
2

ν = 3 (Ehle method): p = 4, q = 3, q′ = 4;

0 0 0 0 b1(θ) = 2θ(1
3θ

2 − 3
4θ + 1

2),

1
2

5
24

1
3 − 1

24 b2(θ) = −4θ2(1
3θ −

1
2),

1 1
6

2
3

1
6 b3(θ) = 2θ2(1

3θ −
1
4).

1
6

2
3

1
6
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7.2. Natural continuous extensions

They are characterized by an additional asymptotic orthogo-
nality condition, which allows preservation of the supercon-
vergence of RK methods as applied to particular functional
differential equations including DDEs and NDDEs.

Definition 7.2 We say that the interpolant η(t) in (6.4) of
order (and degree) q is a natural continuous extension (NCE)
of the RK method (6.2), (6.3) of order p if the polynomials
bi(θ), i = 1, . . . , ν, are such that η(t) satisfies the additional
asymptotic orthogonality condition∥∥∥∫ tn+1

tn

G(t)[z′n+1(t)− η′(t)]dt
∥∥∥ = O(hp+1

n+1) (7.1)

for every sufficiently smooth matrix-valued function G, uni-
formly with respect to n = 0, . . . , N − 1, where zn+1(t) is the
solution to the local problem (6.13).

It is easy to see that the NCEs necessarily also satisfy∥∥∥∫ tn+1

tn

G(t)[zn+1(t)− η(t)]dt
∥∥∥ = O(hp+1

n+1) (7.2)

for every sufficiently smooth matrix-valued function G.
Moreover, by (7.1) and (7.2), we easily get

max
0≤n≤N−1

∥∥∥∫ tn+1

tn

G(x)[y(j)(x)−η(j)(x)]dx
∥∥∥ = O(hp+1), j = 0, 1,

(7.3)
for every sufficiently smooth matrix-valued function G, where
h = max1≤n≤N hn.
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With respect to the results of Theorems 6.1 and 6.2, con-
dition (7.3) states the additional global convergence property
of NCEs. It is worth remarking that, for any one-step colloca-
tion method, the collocation polynomial is an NCE of degree
q = ν.

With regard to the existence of NCEs and their attainable
uniform order, the following theorems hold.

*****************************************************

Theorem 7.3 If the interpolant η(t) in (6.4) of order (and
degree) q is an NCE of the RK method (6.2), (6.3) of order
p, then q ≥ bp+1

2 c.

*****************************************************

*****************************************************

Theorem 7.4 For every RK method (6.2), (6.3) of order p,
there exists an NCE η(t) of minimal order (and degree) q =
bp+1

2 c.

*****************************************************

Note that the NCE of an RK method is not unique. In
general, for the construction of an NCE, one can use the order
conditions of Table 1 along with the orthogonality condition
(7.1).
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Here are the NCEs of some explicit RK (ERK) methods.

• One-stage ERK method of order p = 1 (Euler method):

∗ q = bp+1
2 c = ν = p = 1

b1(θ) = θ.

• Two-stage ERK methods of order p = 2:

∗ q = bp+1
2 c = 1

bi(θ) = biθ, i = 1, 2;

∗ q = ν = p = 2

b1(θ) = (b1 − 1)θ2 + θ,

b2(θ) = b2θ
2.
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• Three-stage ERK methods of order p = 3 (with c2, c3 6=
0):

∗ q = bp+1
2 c = 2

bi(θ) = wiθ
2 + (bi − wi)θ, i = 1, 2, 3,

where
w1 = − 1

2c3
− (c3 − c2)λ,

w2 = c3λ,

w3 = 1
2c3
− c2λ,

and λ ∈ R. Here we have a one-parameter family of
NCEs, that is an example of non-uniqueness of NCEs
of minimal order q. In particular, we mention

bi(θ) = 3(2ci − 1)biθ
2 + 2(2− 3ci)biθ, i = 1, 2, 3,

which corresponds to the value λ = 3(2c2−1)
c3

b2;

∗ q = ν = p = 3
there are no NCEs of order q = 3.

• Four-stage ERK methods of order p = 4:

∗ q = bp+1
2 c = 2

bi(θ) = 3(2ci − 1)biθ
2 + 2(2− 3ci)biθ, i = 1, 2, 3, 4;

∗ q = 3

b1(θ) = 2(1− 4b1)θ
3 + 3(3b1 − 1)θ2 + θ,

bi(θ) = 4(3ci − 2)biθ
3 + 3(3− 4ci)biθ

2, i = 2, 3, 4;

∗ q = ν = p = 4
there are no NCEs of order q = 4.
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Example 7.1 Consider the test equation{
y′(t) = −y(t), t ≥ t0,

y(0) = 1,
(7.4)

and compute the approximate solution in the interval [0, h] us-
ing the following well-known ERK method of order p = 4 (the
classical four-stage RK method), interpolated by its unique
NCE of order q = 2:

0 b1(θ) = (−1
2θ + 2

3)θ,

1
2

1
2 b2(θ) = 1

3θ,

1
2 0 1

2 b3(θ) = 1
3θ,

1 0 0 1 b4(θ) = (1
2θ −

1
3)θ.

1
6

1
3

1
3

1
6

Since the integration is made on the interval [0, h], the ex-
pected nodal error |y1 − y(h)| is O(h5) and the uniform error
max0≤θ≤1 |η(θh)− y(θh)| is O(h3). This means that the order
conditions of Table 1 are fulfilled up to order 4 at θ = 1, and
up to order 2 for all θ ∈ [0, 1]. On the other hand, it is easy to
verify that, for θ = 1

2, the conditions of order 3 are fulfilled as
well, and this is the sole inner superconvergence point, where
the error is O(h4). Table 2 illustrates these occurrences.

For the NCE of order q = 3 given by

b1(θ) = (2
3θ

2 − 3
2θ + 1)θ,

b2(θ) = (−2
3θ + 1)θ2,

b3(θ) = (−2
3θ + 1)θ2,

b4(θ) = (2
3θ −

1
2)θ

2,
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Table 2: Numerical results for the NCE of order q = 2 of the ERK method
of order p = 4 applied to equation (7.4).

h |y1 − y(h)| max0≤θ≤1 |η(θh)− y(θh)| |η(1
2
h)− y(1

2
h)|

1 9.95 · 10−3 2.12 · 10−2 1.33 · 10−2

0.1 8.47 · 10−8 9.25 · 10−6 1.30 · 10−6

0.01 8.35 · 10−13 8.14 · 10−9 1.30 · 10−10

Table 3: Numerical results for the NCE of order q = 3 of the ERK method
of order p = 4 applied to equation (7.4).

h |y1 − y(h)| max0≤θ≤1 |η(θh)− y(θh)|

1 9.95 · 10−3 1.57 · 10−2

0.1 8.47 · 10−8 1.46 · 10−6

0.01 8.35 · 10−13 1.45 · 10−10

the uniform error is O(h4) and no inner superconvergence
points exist. In fact, the first of the conditions of order 4
in Table 1 reads θ2(θ2 − 2θ + 1) = 0, which is satisfied only
for θ = 0 and θ = 1. Numerical experiments are shown in
Table 3.

The continuous errors for q = 2 and q = 3 are plotted in
Figure 23. ♦
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0 0.05 0.1
−1

−0.5

0

0.5

1x 10
−5

q=2 

0 0.05 0.1
−1.5

−1

−0.5

0x 10
−6

q=3 

Figure 23: Continuous errors of the NCEs of order q = 2, 3 of the ERK
method of order p = 4 applied to equation (7.4) in the interval [0, 0.1].

Here are the NCEs of general ν-stage RK methods (also
implicit) of order p ≥ ν up to ν = 3 with distinct abscissae
c1, . . . , cν.

• One-stage RK methods of order p = 1, 2:
the discrete weight is

b1 = 1;

∗ q = bp+1
2 c = ν = 1

b1(θ) = θ.
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• Two-stage RK methods of order p = 2, 3, 4:
the discrete weights are

b1 = 2c2−1
2(c2−c1)

,

b2 = 1−2c1

2(c2−c1)
;

∗ q = bp+1
2 c = 1 (only for p = 2)

b1(θ) = b1θ,

b2(θ) = b2θ;

∗ q = ν = 2

b1(θ) = − 1
2(c2−c1)

θ2 + c2

c2−c1
θ,

b2(θ) = 1
2(c2−c1)

θ2 − c1

c2−c1
θ.

• Three-stage RK methods of order p = 3, 4, 5, 6:
the discrete weights are

b1 = 6c2c3−3(c2+c3)+2
6(c2−c1)(c3−c1)

,

b2 = −6c1c3+3(c1+c3)−2
6(c2−c1)(c3−c2)

,

b3 = 6c1c2−3(c1+c2)+2
6(c3−c1)(c3−c2)

;
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∗ q = bp+1
2 c = 2 (only for p = 3)

bi(θ) = wiθ
2 + (bi − wi)θ, i = 1, 2, 3,

where
w1 = − 1

2(c3−c1)
− (c3 − c2)λ,

w2 = (c3 − c1)λ,

w3 = 1
2(c3−c1)

− (c2 − c1)λ,

and λ ∈ R. Here we have a one-parameter family of
NCEs.

For p = 4 there exists a unique NCE of order q = 2,
that is

bi(θ) = 3(2ci − 1)biθ
2 + 2(2− 3ci)biθ, i = 1, 2, 3,

which corresponds to the value λ = (6c1c3−3(c1+c3)+2)(1−2c2)
2(c3−c1)(c2−c1)(c3−c2)

;

∗ q = ν = 3

b1(θ) = 1
3(c2−c1)(c3−c1)

θ3 − c2+c3

2(c2−c1)(c3−c1)
θ2 + c2c3

(c2−c1)(c3−c1)
θ,

b2(θ) = − 1
3(c2−c1)(c3−c2)

θ3 + c1+c3

2(c2−c1)(c3−c2)
θ2 − c1c3

(c2−c1)(c3−c2)
θ,

b3(θ) = 1
3(c3−c1)(c3−c2)

θ3 − c1+c2

2(c2−c1)(c3−c1)
θ2 + c1c2

(c3−c1)(c3−c2)
θ;

it exists if and only if the RK method satisfies the
simplifying assumptions

3∑
j=1

aijcj =
1

2
c2
i , i = 1, 2, 3,

which always hold for p = 5, 6.
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7.3. An application of the NCEs

Consider an interval [a, b] and an integer q, bp+1
2 c ≤ q ≤ p, and

assume that, to any mesh ∆ = {t0 = a, t1, . . . , tn, . . . , tN = b},
two piecewise Cp+1-continuous functions u∆(t) and v∆(t) are
associated which fulfill the following properties:

max
0≤n≤N

‖u∆(tn)− v∆(tn)‖ = O(hp),

max
a≤t≤b

‖u∆(t)− v∆(t)‖ = O(hq′), (7.5)

where q′ = min{q + 1, p},

max
a≤t≤b

‖u(j)
∆ (t)− v

(j)
∆ (t)‖ = O(hq−j+1), j = 1, . . . , q, (7.6)

max
0≤n≤N−1

∥∥∥∫ tn+1

tn

G(t)[u
(j)
∆ (t)−v

(j)
∆ (t)]dt

∥∥∥ = O(hp+1), j = 0, 1,

(7.7)
for every sufficiently smooth matrix-valued function G.

Moreover, assume that all the derivatives of u∆(t) and v∆(t)
are uniformly bounded as h → 0.

Then consider another interval [ã, b̃] and, for any mesh ∆
in [a, b], consider the following two IVPs for ODEs with the
same initial condition but with the right-hand side depending
on u∆(t) and v∆(t), respectively:{

z′(x) = f
(
x, z(x), u∆

(
α(x)

)
, u′∆

(
α(x)

))
, ã ≤ x ≤ b̃,

z(ã) = za,
(7.8)

{
w′(x) = f

(
x, w(x), v∆

(
α(x)

)
, v′∆
(
α(x)

))
, ã ≤ x ≤ b̃,

w(ã) = za,
(7.9)
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where α(x) is one-to-one between the intervals [ã, b̃] and [a =
α(ã), b = α(b̃)]. Moreover, denote by β(t) the inverse of α(x)
and assume that the functions f(x, z, y, w), α(x) and β(t) are
sufficiently smooth. Finally, let ∆̃ = {x0 = ã, x1, . . . , xn, . . . , xN =
b̃} be the corresponding mesh of [ã, b̃] such that xn = β(tn),
n = 0, 1, . . . , N .

Then we have the following result.

*****************************************************

Theorem 7.5 The solutions z(x) and w(x) of the ODEs (7.8)
and (7.9) satisfy, in the interval [ã, b̃] and with respect to the
mesh ∆̃, the same properties satisfied by u∆(t) and v∆(t) in
the interval [a, b] with respect to the mesh ∆, that is:

max
0≤n≤N

‖z(xn)− w(xn)‖ = O(hp), (7.10)

max
ã≤x≤b̃

‖z(x)− w(x)‖ = O(hq′), (7.11)

where q′ = min{q + 1, p},

max
ã≤x≤b̃

‖z(j)(x)− w(j)(x)‖ = O(hq−j+1), j = 1, . . . , q, (7.12)

max
0≤n≤N−1

∥∥∥∫ xn+1

xn

G(x)[z(j)(x)−w(j)(x)]dx
∥∥∥ = O(hp+1), j = 0, 1,

(7.13)
for every sufficiently smooth matrix-valued function G.

Moreover, all the derivatives of z(x) and w(x) are uni-
formly bounded as h → 0.

*****************************************************
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Besides the forthcoming application to DDEs and NDDEs,
Theorem 7.5 may be applied directly to the numerical solution
of the ODE{

z′(x) = f
(
x, z(x), y

(
α(x)

)
, y′
(
α(x)

))
, x0 ≤ x ≤ xf ,

z(x0) = z0,
(7.14)

where y(t) is the solution of the driving equation{
y′(t) = g

(
t, y(t)

)
, t0 ≤ t ≤ tf ,

y(t0) = y0.
(7.15)

In order to solve (7.14) numerically, we first solve (7.15)
on a given mesh ∆ = {t0, t1, . . . , tn, . . . , tN = tf} by an RK
method of order p with an NCE η(t) of order q. Then we solve
the perturbed ODE{

w′(x) = f
(
x, w(x), η

(
α(x)

)
, η′
(
α(x)

))
, x0 ≤ x ≤ xf ,

w(x0) = z0.
(7.16)

Since the NCE η(t) satisfies conditions (6.15), (6.16) and
(7.3), Theorem 7.5 applies with [a, b] = [t0, tf ], [ã, b̃] = [x0, xf ],
u∆(t) = y(t) and v∆(t) = η(t). In particular, (7.10) holds for
the points of the corresponding mesh ∆̃. Therefore, for the
numerical solution of (7.16), any discrete RK method of order
p across the mesh ∆̃ preserves the nodal order p, despite the
possibly lower uniform accuracy order q of the employed NCE
η(t).
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8. Direct construction of continuous RK meth-

ods

So far we have considered continuous extensions of a pri-
ori given discrete RK methods. In this section we present
the other philosophy of constructing directly a CRK method,
without necessarily starting from a given discrete formula.

As pointed out in Section 7, a general analysis of the uni-
form order for the continuous extensions (6.4) is based on the
property that, for any 0 < θ ≤ 1, it can be viewed as a discrete
method (A

θ , b(θ)
θ ) with scaled stepsize θhn+1. So we immediately

get the uniform order conditions for the parameters ci and aij

and for the polynomials bi(θ) from the well-known order con-
ditions of the RK methods. The conditions up to order p = 4
have already been given in Table 1.

Let N(p) and CN(q) be the minimum number of stages for
which there exist RK methods of (discrete) order p and CRK
methods of uniform order q, respectively. Similarly, let EN(p)
and CEN(q) be the same quantities restricted to the class of
ERK methods and continuous ERK (CERK) methods.

In the general case, it is well known that

N(p) =
⌊p + 1

2

⌋
and CN(q) = q

and that these optimal bounds are attained, for instance, by
collocation methods (see Section 7.1).

For ERK and CERK methods the results are often obtained
by making somewhat sophisticated analyses of the continuous
order conditions.

All the order barriers for explicit methods are summarized
in Tables 4 and 5.
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Table 4: The minimum number of stages necessary for an ERK method
to attain the discrete order p.

p EN(p)

1 1
2 2
3 3
4 4
5 6
6 7
7 9
8 11

r ≥ 9 ≥ r + 3

Now we concentrate on CERK methods with a minimum
number of stages CEN(q). It easily turns out that, for given
q ≥ 2, a whole family of such methods exists, which depends
on a certain number of parameters. So the parameters can
be selected in order to guarantee some nice properties of the
method, such as minimization of a suitable estimate of the
local error constant and maximization of the absolute stability
region of the underlying discrete method.

Another nice characteristic of some CERK methods is the
FSAL (first same as last) property. The FSAL property means
that the last stage can be reused as the first stage K1

n+1 =
g(tn+1, yn+1) of the next step. This implies that the actual
cost of the method is reduced by one function evaluation per
step. Of course, because the method is explicit, the reusable
stage can be involved only for computation of the interpolant
η(tn + θhn+1) for θ 6= 1 and not for computation of yn+1 =
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Table 5: The minimum number of stages necessary for a CERK method
to attain the uniform order q.

q CEN(q)

1 1
2 2
3 4
4 6
5 8
6 11

r ≥ 7 ≥ 2r − 2

η(tn+1).
In Tables 6, 7 and 8 we report three examples of CERK

methods with a minimum number of stages CEN(q) for uni-
form orders q = 3, 4 and 5, respectively. Such methods satisfy
the FSAL property and minimize a suitable measure of the
local error constant.
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Table 6: Butcher’s tableau and continuous weights of a CERK method of
order 3 with four stages.

0

12
23

12
23

4
5

− 68
375

368
375

1 31
144

529
1152

125
384

b1(θ) b2(θ) b3(θ) b4(θ)

b1(θ) = 41
72

θ3 − 65
48

θ2 + θ,
b2(θ) = −529

576
θ3 + 529

384
θ2,

b3(θ) = −125
192

θ3 + 125
128

θ2,

b4(θ) = θ3 − θ2.

Table 7: Butcher’s tableau and continuous weights of a CERK method of
order 4 with six stages.

0

1
6

1
6

11
37

44
1369

363
1369

11
17

3388
4913

-8349
4913

8140
4913

13
15

− 36764
408375

767
1125

− 32708
136125

210392
408375

1 1697
18876

0 50653
116160

299693
1626240

3375
11648

b1(θ) b2(θ) b3(θ) b4(θ) b5(θ) b6(θ)

b1(θ) = −866577
824252

θ4 + 1806901
618189

θ3 − 104217
37466

θ2 + θ,
b2(θ) = 0,

b3(θ) = 12308679
5072320

θ4 − 2178079
380424

θ3 + 861101
230560

θ2,

b4(θ) = − 7816583
10144640

θ4 + 6244423
5325936

θ3 − 63869
293440

θ2,

b5(θ) = −624375
217984

θ4 + 982125
190736

θ3 − 1522125
762944

θ2,

b6(θ) = 296
131

θ4 − 461
131

θ3 + 165
131

θ2.
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Table 8: Butcher’s tableau and continuous weights of a CERK method of
order 5 with eight stages.

0

1
6

1
6

1
4

1
16

3
16

1
2

1
4

-3
4

1

1
2

−3
4

15
4

−3 1
2

9
14

369
1372

−243
343

297
343

1485
9604

297
4802

7
8

− 133
4512

1113
6016

7945
16544

−12845
24064

− 315
24064

156065
198528

1 83
945

0 248
825

41
180

1
36

2401
38610

6016
20475

b1(θ) b2(θ) b3(θ) b4(θ) b5(θ) b6(θ) b7(θ) b8(θ)

b1(θ) = 596
315

θ5 − 4969
819

θ4 + 17893
2457

θ3 − 3292
819

θ2 + θ,
b2(θ) = 0,

b3(θ) = −1984
275

θ5 + 1344
65

θ4 − 43568
2145

θ3 + 5112
715

θ2,

b4(θ) = 118
15

θ5 − 1465
78

θ4 + 3161
234

θ3 − 123
52

θ2,

b5(θ) = 2θ5 − 413
78

θ4 + 1061
234

θ3 − 63
52

θ2,

b6(θ) = −9604
6435

θ5 + 2401
1521

θ4 + 60025
50193

θ3 − 40817
33462

θ2,

b7(θ) = −48128
6825

θ5 + 96256
5915

θ4 − 637696
53235

θ3 + 18048
5915

θ2,

b8(θ) = 4θ5 − 109
13

θ4 + 75
13

θ3 − 18
13

θ2.
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9. The standard approach in the general de-

lay case

We define and develop the standard approach based on the
class of CRK methods discussed in Lecture 3.

The standard approach for solving the DDE{
y′(t) = f

(
t, y(t), y

(
t− τ(t, y(t))

))
, t0 ≤ t ≤ tf ,

y(t) = φ(t), t ≤ t0,
(9.1)

consists in solving step by step the local problems{
w′

n+1(t) = f
(
t, wn+1(t), x

(
t− τ(t, wn+1(t))

))
, tn ≤ t ≤ tn+1,

wn+1(tn) = yn,
(9.2)

where

x(s) =


φ(s) for s ≤ t0,

η(s) for t0 ≤ s ≤ tn,

wn+1(s) for tn ≤ s ≤ tn+1,

and η(s) is the continuous approximate solution computed
by the method itself up to tn. The continuous RK method(
A, b(θ)

)
being given by (6.2) and (6.4) or, for interpolants

based on extra stages, by (6.2), (6.6) and (6.9), the overall
method for DDEs turns out to be

Y i
n+1 = yn+hn+1

s∑
j=1

aijf
(
tjn+1, Y

j
n+1, η

(
tjn+1−τ(tjn+1, Y

j
n+1)

))
, i = 1, . . . , s,

(9.3)

η(tn + θhn+1) = yn + hn+1

s∑
i=1

bi(θ)f
(
tin+1, Y

i
n+1, η

(
tin+1 − τ(tin+1, Y

i
n+1)

))
,

0 ≤ θ ≤ 1. (9.4)
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This method will be called the RK method for DDEs or, in
short, the DDE method. Moreover, we shall say that

(
A, b

)
is

the underlying discrete RK method, whereas
(
A, b(θ)

)
is the

underlying interpolant. The pair formed by the underlying dis-
crete RK method and by the underlying interpolant is called
the underlying continuous RK method.

For simplicity, we have put both formula (6.2) for the stages
of the discrete RK method and formula (6.9) for the possible
additional stages of the interpolant together in (9.3).

Note that the use of RK methods with an abscissa ci > 1
could lead to an advanced deviated argument tin+1−τ(tin+1, Y

i
n+1) >

tn+1, where the continuous extension x(s) should be computed
in some subsequent step. Therefore, in order to avoid such a
disappointing situation, we make the following assumption.

Assumption 9.1 The RK method for DDEs (9.3), (9.4) is
such that the abscissae satisfy the constraint 0 ≤ ci ≤ 1, i =
1, . . . , s.

However, even under Assumption 9.1, it may well be that,
for some index i, the argument tin+1− τ(tin+1, Y

i
n+1) of η(s) lies

in the current interval [tn, tn+1]. We shall call this occurence
overlapping. It is convenient to define the spurious stage

Ỹ i
n+1 = η(tin+1 − τ(tin+1, Y

i
n+1))

which, in case of overlapping, is given by formula (9.4) itself
for

θ = θi
n+1 = ci −

τ(tin+1, Y
i
n+1)

hn+1
.

It is worth remarking that the overall method becomes implicit
even if the underlying CRK method is explicit.

On the contrary, if overlapping does not occur, the spurious
stage is simply given by the interpolant η(t) as computed in
the past.
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In any case, in the mesh interval [tn, tn+1] the method takes
the form (in the Y notation)

η(tn+θhn+1) = yn+hn+1

s∑
i=1

bi(θ)f(tin+1, Y
i
n+1, Ỹ

i
n+1), 0 ≤ θ ≤ 1,

(9.5)

Y i
n+1 = yn + hn+1

s∑
j=1

aijf(tjn+1, Y
j
n+1, Ỹ

j
n+1), i = 1, . . . , s,

(9.6)
where the spurious stages Ỹ i

n+1 are given by

Ỹ i
n+1 = yn + hn+1

s∑
j=1

bj(θ
i
n+1)f(tjn+1, Y

j
n+1, Ỹ

j
n+1) (9.7)

if tin+1 − τ(tin+1, Y
i
n+1) > tn, and by

Ỹ i
n+1 = η

(
tin+1 − τ(tin+1, Y

i
n+1)

)
(9.8)

otherwise.
Note that, whereas the system (9.5), (9.6), (9.8) has to

be solved only for the stage values Y j
n+1, j = 1, . . . , s, the

system enlarged by (9.7) for some i has to be solved also for
the relevant spurious stages Ỹ i

n+1.
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Indeed, the dimension of the system is not increased. In
fact, by using the K notation

K i
n+1 = f(tin+1, Y

i
n+1, Ỹ

i
n+1),

we get the following system to be solved for K i
n+1, i = 1, . . . , s:

η(tn + θhn+1) = yn + hn+1

s∑
i=1

bi(θ)K
i
n+1, 0 ≤ θ ≤ 1, (9.9)

K i
n+1 = f

(
tin+1, yn + hn+1

s∑
j=1

aijK
j
n+1, Ỹ

i
n+1
)
, i = 1, . . . , s,

(9.10)
where

Ỹ i
n+1 = yn+hn+1

s∑
j=1

bj

(
ci −

τ(tin+1, yn + hn+1
∑s

k=1 aikK
k
n+1)

hn+1

)
Kj

n+1

(9.11)
if tin+1 − τ(tin+1, yn + hn+1

∑s
k=1 aikK

k
n+1) > tn, and

Ỹ i
n+1 = η

(
tin+1 − τ(tin+1, yn + hn+1

s∑
k=1

aikK
k
n+1)

)
(9.12)

otherwise.
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From a practical point of view, it would be important to
answer a priori the following two questions:

(Q1) Whether or not, for the local problem (9.2), overlapping
occurs and, in particular, whether or not the approxi-
mated delayed function η(t−τ) is known at a given point
t of the current interval [tn, tn+1].

(Q2) Whether or not, for the stepsize hn+1, the current interval
[tn, tn+1] includes some discontinuity point ξ and, more
specifically, how to tune the stepsize hn+1 in order to have
tn+1 = ξ, as we would like to have in the proximity of
ξ for accuracy reasons (see the forthcoming convergence
theorem).
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As far as question (Q1) is concerned, overlapping can be
avoided for a sufficiently small stepsize by assuming the hy-
pothesis (H1) or, for state dependent delays, the more restric-
tive form (H∗

1), introduced in Lecture 1.
Indeed, (H∗

1) prevents the state dependent delay from van-
ishing even if it is computed in a perturbation of the true local
solution wn+1(t). Moreover, observe that (H∗

1) is equivalent to
(H1) whenever the delay is not state dependent.

Under the hypothesis (H∗
1) on the delay, for sufficiently

small stepsize, namely hn+1 = tn+1 − tn ≤ τ0, overlapping
does not occur and the function η(s) is known for every s =
t− τ(t, z) with t ∈ [tn, tn+1] and for all z ∈ Rd. In fact,

t− tn ≤ τ0 ≤ τ(t, z)

for all t ∈ [tn, tn+1] and, hence,

t− τ(t, z) ≤ tn.

Thus overlapping is avoided for any approximation of the local
solution wn+1(t).

On the other hand, when τ0 < h0, the minimum stepsize
the method would like to use, it might well be that overlapping
occurs. In fact, in such a case, for some n there might exist
t ∈ [tn, tn+1] such that

t− tn > τ0 and τ(t, wn+1(t)) = τ0,

which yield
t− τ(t, wn+1(t)) > tn.

When the hypothesis (H1), or (H∗
1), does not hold, the de-

lay τ necessarily vanishes at some point ξ and thus overlapping
inevitably occurs whenever the integration interval [tn, tn+1]
includes ξ.
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As for question (Q2), which is particularly hard for state
dependent delays, the location of discontinuity points has been
discussed by various authors from both the theoretical and
implementational points of view. Two approaches have been
pursued in the literature.

The first, usually referred to as the tracking of discontinu-
ities, is based on finding the discontinuities ξk,j satisfying

ξk,j − τ
(
ξk,j, wn+1(ξk,j)

)
= ξk−1,i for some i

(see (3.9)) and to include them as mesh points.
An alternative approach that relies on stepsize control gives

up tracking the discontinuities, which are instead assumed to
be automatically included in the mesh by suitable variable
stepsize strategies based on the estimation of the local error
or on the computation of the defect. In general, the codes are
simpler but undergo a larger number of rejected steps and may
lead to a sequence of very small stepsizes in the neighborhood
of a low order discontinuity ξ, as one easily guesses if the
method repeatedly fails in placing the end point of the current
interval at the discontinuity ξ.
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Most of the methods known in the literature and the rele-
vant existing software for DDEs (and NDDEs) can be framed
within the standard approach.

Despite it not being possible to express all RK methods for
DDEs in terms of the stage values Y i

n+1 only, there are partic-
ular classes, essentially collocation methods (see Section 7.1),
that allow us to express the spurious stages Ỹ i

n+1 in the system
(9.6) in terms of the Y i

n+1. This is the case for any natural CRK
method (see Definition 6.1) with s distinct abscissae c1, . . . , cs

such that ci 6= 0, i = 1, . . . , s, and a continuous extension
η(tn + θhn+1) of degree s. In fact, in this case the polynomial
η(t) may be written using the Lagrange interpolation formula
through the s+1 values yn(= η(tn)) and Y i

n+1(= η(tn+cihn+1)),
i = 1, . . . , s, that is

η(tn + θhn+1) = `0(θ)yn +
s∑

i=1

`i(θ)Y
i
n+1, (9.13)

where `j, j = 0, . . . , s are the Lagrange polynomial coefficients
relevant to the nodes c0 = 0 and ci, i = 1, . . . , s. Therefore
Ỹ i

n+1, which is equal to η
(
tin+1−τ(tin+1, Y

i
n+1)

)
, may be written

using (9.13) for θ = θi
n+1 = ci −

τ(tin+1,Y
i
n+1)

hn+1
. The Gaussian col-

location and Radau IIA methods satisfy the above condition
and are natural choices for the construction of DDE methods.
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For both the Y and K notations, the method is well-posed
for any sufficiently small hn+1, as stated by the following the-
orem.

*****************************************************

Theorem 9.1 (Well-posedness) Assume that the local prob-
lem (9.2) possesses a unique solution wn+1(t). Then, for suf-
ficiently small stepsize hn+1, equations (9.3)–(9.4) admit a
unique solution η(t).

*****************************************************
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As for the convergence analysis of the DDE methods, we
have the following result. However, in connection with the pre-
vious question (Q2) about the location of discontinuity points,
we assume to be able to compute and include them as mesh
points, even in the state dependent delay case.

*****************************************************

Theorem 9.2 (Convergence) Consider the DDE{
y′(t) = f

(
t, y(t), y

(
t− τ(t, y(t))

))
, t0 ≤ t ≤ tf ,

y(t) = φ(t), t ≤ t0,
(9.14)

where f(t, y, x) is Cp-continuous in [t0, tf ]×Rd×Rd, the initial
function φ(t) is Cp-continuous and the delay τ(t, y) is Cp-
continuous in [t0, tf ] × Rd. Moreover, assume that the mesh
∆ = {t0, t1, . . . , tn, . . . , tN = tf} includes all the discontinuity
points of order ≤ p lying in [t0, tf ]. If the underlying CRK
method has discrete order p and uniform order q, then the
DDE method (9.5), (9.6), (9.7), (9.8) has discrete global order
and uniform global order q′ = min{p, q + 1}; that is

max
1≤n≤N

‖y(tn)− yn‖ = O(hq′)

and
max

t0≤t≤tf
‖y(t)− η(t)‖ = O(hq′),

where h = max1≤n≤N hn.

*****************************************************
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The proof of the theorem is based on the following lemma.

*****************************************************

Lemma 9.1 Let ζ(t) and η(t) be the numerical solutions of
the initial value problems{

z′n+1(t) = f
(
t, zn+1(t), u

(
t− τ(t, zn+1(t))

))
, tn ≤ t ≤ tn+1,

zn+1(tn) = zn,

and{
w′

n+1(t) = f
(
t, wn+1(t), v

(
t− τ(t, wn+1(t))

))
, tn ≤ t ≤ tn+1,

wn+1(tn) = wn,

respectively, obtained by the DDE method (9.5), (9.6), (9.7),
(9.8).

Then there exist a stepsize hu > 0 and constants Pu > 0
and Qu > 0 such that, for hn+1 ≤ hu,

max
tn≤t≤tn+1

‖ζ(t)− η(t)‖ ≤ (1 + hn+1Qu)‖zn − wn‖

+hn+1Pu max
t≤tn+1

‖u(t)− v(t)‖.

*****************************************************
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Proof of Lemma 9.1. By subtracting the resulting two formu-
lae (9.5) and by using the notation (6.12), we get

‖ζ(tn + θhn+1)− η(tn + θhn+1)‖ ≤ ‖zn − wn‖
+hn+1‖Ψ(tn, zn, hn+1, θ; fu)−Ψ(tn, wn, hn+1, θ; fv)‖,

where
fu(t, y) = f(t, y, u(t− τ(t, y)))

and
fv(t, y) = f(t, y, v(t− τ(t, y))).

Thus, by Propositions 6.1 and 6.2, there exist constants Qu >

0 and δu > 0 such that, for hn+1 ≤ hu,

‖Ψ(tn, zn, hn+1, θ; fu)−Ψ(tn, wn, hn+1, θ; fv)‖
≤ ‖Ψ(tn, zn, hn+1, θ; fu)−Ψ(tn, wn, hn+1, θ; fu)‖
+‖Ψ(tn, wn, hn+1, θ; fu)−Ψ(tn, wn, hn+1, θ; fv)‖

≤ Qu‖zn − wn‖+ δu sup
tn≤t≤tn+1, y∈Rd

‖fu(t, y)− fv(t, y)‖

≤ Qu‖zn − wn‖+ δuM sup
tn≤t≤tn+1, y∈Rd

‖u(t− τ(t, y))− v(t− τ(t, y))‖,

where M is the Lipschitz constant of f(t, y, x) with respect to
x. Therefore, since τ(t, y) ≥ 0, with Pu = δuM the proof is
complete.
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Proof of Theorem 9.2. For each n = 0, . . . , N−1, consider the
local problems

z′n+1(t) = f
(
t, zn+1(t), y

(
t− τ(t, zn+1(t))

))
, tn ≤ t ≤ tn+1,

zn+1(tn) = y(tn),
y(t) = φ(t), t ≤ t0,

(9.15)
whose solution evidently is zn+1(t) = y(t), i.e. the solution of
(9.14). Moreover, consider the auxiliary local problem

w′
n+1(t) = f

(
t, wn+1(t), η

(
t− τ(t, wn+1(t))

))
, tn ≤ t ≤ tn+1,

wn+1(tn) = η(tn),
η(t) = φ(t), t ≤ t0,

(9.16)
where, for s ≤ tn+1, η(s) is the continuous numerical solution
given by the DDE method itself.

By Lemma 9.1 with u(x) = y(x), v(x) = η(x), zn = y(tn)
and wn = η(tn), for h ≤ hy, the numerical solutions ζ(t) and
η(t) of (9.15) and (9.16), respectively, satisfy the inequality

max
tn≤t≤tn+1

‖ζ(t)− η(t)‖ ≤ (1 + hn+1Q)‖y(tn)− η(tn)‖

+ hn+1P max
t≤tn+1

‖y(t)− η(t)‖,(9.17)

where the constants P and Q depend just on the solution y.
Now consider the inequality

‖y(tn+1)−η(tn+1)‖ ≤ ‖y(tn+1)−ζ(tn+1)‖+‖ζ(tn+1)−η(tn+1)‖.
Since the discontinuity points of order ≤ p are included in the
mesh, the solution zn+1(t) of (9.15) is sufficiently smooth in
[tn, tn+1]. Therefore, since the DDE method has discrete order
p (see Definition 6.2), (9.17) yields

‖y(tn+1)− η(tn+1)‖ ≤ Mhp+1
n+1 + (1 + hn+1Q)‖y(tn)− η(tn)‖

+hn+1P max
t≤tn+1

‖y(t)− η(t)‖
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for some constant M > 0. Consequently, with

en = max
i≤n

‖y(ti)− η(ti)‖

and
En = max

t≤tn
‖y(t)− η(t)‖

for n = 0, . . . , N , we obtain

en+1 ≤ Mhp+1
n+1 + (1 + hn+1Q)en + hn+1PEn+1 (9.18)

for n = 0, . . . , N − 1.
Similarly, for the interpolant consider the inequality

max
tn≤t≤tn+1

‖y(t)−η(t)‖ ≤ max
tn≤t≤tn+1

‖y(t)−ζ(t)‖+ max
tn≤t≤tn+1

‖ζ(t)−η(t)‖.

Again by the smoothness of zn+1(t) in [tn, tn+1] and since the
DDE method has uniform order q (see again Definition 6.2),
we get

max
tn≤t≤tn+1

‖y(t)− η(t)‖ ≤ Mhq+1
n+1 + (1 + hn+1Q)‖y(tn)− η(tn)‖

+hn+1P max
t≤tn+1

‖y(t)− η(t)‖

for the same constant M > 0 (it is not restrictive). Thus we
obtain

max
tn≤t≤tn+1

‖y(t)− η(t)‖ ≤ Mhq+1
n+1 + (1 + hn+1Q)en + hn+1PEn+1

(9.19)
for n = 0, . . . , N − 1.

With R = max{M, P, Q} the inequalities (9.18) and (9.19)
yield

en+1 ≤ (1 + hn+1R)en + hn+1REn+1 + hn+1Rhp (9.20)

and

max
tn≤t≤tn+1

‖y(t)− η(t)‖ ≤ (1+h)Ren +hREn+1 +Rhq+1 (9.21)
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for n = 0, . . . , N − 1.
Now assume, without any restriction, that h ≤ h∗, where

h∗ = min{1, 1/(2R)}. Since both en and En are monotonic,
(9.21) implies

En+1 ≤ (1 + h)Ren + hREn+1 + Rhq+1

and, hence,

En+1 ≤
(1 + h)R

1− hR
en +

R

1− hR
hq+1 (9.22)

for n = 0, . . . , N − 1. With S = R + 4R2, by substituting
(9.22) into (9.20), we get

en+1 ≤
[
1 + hn+1

(
R +

(1 + h)R2

1− hR

)]
en + hn+1

(
R +

R2

1− hR

)
hq′

≤ (1 + Shn+1)en + hn+1Shq′

≤ eShn+1en + hn+1Shq′

for n = 0, . . . , N − 1, where q′ = min{p, q + 1}.
Now we are in a position to prove by standard arguments

that

en ≤

(
n∑

i=1

eS(tn−ti)hi

)
Shq′ ≤

(
eS(tf−t0) − 1

)
hq′,

that completes the proof.

According to Theorem 9.2, if the underlying CRK method
has discrete order p and uniform order q, then we can either
be satisfied with a DDE method with, possibly lower, uniform
global order q′ = min{p, q + 1}, or increase the uniform order
of the underlying interpolant up to at least p − 1 in order to
preserve the uniform global order p.
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We can summarize the last option in the following corollary.

*****************************************************

Corollary 9.1 Under the hypotheses of Theorem 9.2 with q ≥
p− 1, the continuous numerical solution η(t) is such that

max
t0≤t≤tf

‖y(t)− η(t)‖ = O(hp).

*****************************************************

Theorem 9.2 and Corollary 9.1 just guarantee that, by using
an interpolant of order p−1, the global order p of the discrete
method is preserved for any choice of the mesh. A sharper
error estimate and convergence analysis of the standard ap-
proach reveals that, under some restrictions on the mesh, the
condition q = p − 1 is no longer necessary for the method to
preserve the global order p. In other words, superconvergence
is possible. On the other hand, an efficient DDE code ought
to be implemented in a variable stepsize mode by performing
the error control. In this case, if we try to estimate the local
error by a method of higher order p + 1, uniform approxima-
tion of order p− 1 for the deviated arguments y(t− τ) is not
sufficient and must be raised to p.

For a deeper insight into the convergence properties it is
still worth distinguishing between constant, vanishing and non-
vanishing delays.
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10. DDEs with constant delay: natural meth-

ods and superconvergence

Assume that the DDE (9.1) reduces to{
y′(t) = f

(
t, y(t), y

(
t− τ

))
, t0 ≤ t ≤ tf ,

y(t) = φ(t), t ≤ t0,
(10.1)

where τ is a constant delay.
Then the RK method (9.5), (9.6), (9.8) takes the simpler

form

η(tn + θhn+1) = yn + hn+1

s∑
i=1

bi(θ)f
(
tin+1, Y

i
n+1, η(tin+1 − τ)

)
,

(10.2)

Y i
n+1 = yn+hn+1

s∑
j=1

aijf
(
tjn+1, Y

j
n+1, η(tjn+1−τ)

)
, i = 1, . . . , s,

(10.3)
where, for hn+1 ≤ τ , η(tjn+1 − τ) is known for any j.

In particular, if the algorithm proceeds with constant step-
size h = τ/m for some integer m ≥ 1, then the deviated
arguments take the values

tjn+1 − τ = tjn+1−m = tn+1−m + cjh, j = 1, . . . , s.
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If the underlying CRK method is natural, then η(tjn+1) =

Y j
n+1 and also η(tjn+1 − τ) = Y j

n+1−m (see (6.11)). Therefore,
we get the discrete method

yn+1 = yn + h

s∑
i=1

bif
(
tin+1, Y

i
n+1, Y

i
n+1−m

)
, (10.4)

Y i
n+1 = yn + h

s∑
j=1

aijf
(
tjn+1, Y

j
n+1, Y

j
n+1−m

)
, i = 1, . . . , s.

(10.5)
Summarizing, any DDE method (10.2), (10.3) based on

a natural CRK method implemented with constant stepsize
hn+1 = h = τ/m, m ≥ 1 integer, takes the form (10.4), (10.5)
which does not make any explicit calls on interpolation. We
shall call it the natural RK method for DDEs.
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As for the convergence and accuracy order of (10.4), (10.5),
we could still use the general results of Theorem 9.2. On the
basis of that theorem, any RK method for DDEs is conver-
gent with uniform global order q′ = min{p, q + 1}. Therefore,
the DDE method preserves the discrete global order p if the
underlying interpolant has uniform order q ≥ p− 1. Unfortu-
nately, in general, the interpolant of a natural CRK method
has uniform order q < p − 1. Nevertheless, it can be proved
that, for (10.4), (10.5), the discrete global order p of the un-
derlying natural CRK method is preserved no matter what
the uniform order q of the interpolant is.

*****************************************************

Theorem 10.1 If the function f(t, y, x) is Cp-continuous in
[t0, tf ]×Rd×Rd, then the natural RK method for DDEs (10.4),
(10.5) of discrete order p is convergent of discrete order p, that
is

max
1≤n≤N

‖y(tn)− yn‖ = O(hp),

for any initial function φ(t) of class Cp in [t0 − τ, t0] and for
constant stepsize h = τ/m, m ≥ 1 integer.

*****************************************************

The proof is obtained by simply noting that the nodal
approximations given by the scheme (10.4), (10.5) coincide
with those given by the underlying discrete RK scheme imple-
mented using Bellman’s method of steps with the same stepsize
h = τ/m (see the forthcoming Section 10.1).
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Theorem 10.1 says, in particular, that a superconvergent
CRK method, which is also natural, preserves the supercon-
vergence for DDEs. That is, the attained order at the nodal
points is larger than the global uniform order. In view of more
general cases involving variable delays, it is worth remarking
that this preservation of superconvergence is essentially due
to two occurrences which are intrinsic to implementations of
natural CRK schemes with constant stepsize h = τ/m, m ≥ 1
integer:

(i) The deviated argument t − τ maps any mesh interval
[tn, tn+1] into a previous mesh interval [tn−m, tn+1−m] and,
hence, in the local problem{

w′
n+1(t) = f

(
t, wn+1(t), η(t− τ)

)
, tn ≤ t ≤ tn+1,

wn+1(tn) = yn,

the function η(t− τ) is of class C∞.

(ii) For every abscissa ci, the deviated argument t− τ maps
the point tin+1 into the point tin+1 − τ = tin+1−m, so that

η(tin+1 − τ) = Y i
n+1−m.

On the other hand, it is easy to check that, for an arbitrary
choice of the mesh points {ξ0 = t0 < t1 < · · · < tm = ξ1}
in the first macro interval [ξ0, ξ1], conditions (i) and (ii) still
hold in [t0, tf ] provided that, in the subsequent macro intervals
[ξk, ξk+1], k = 1, 2, . . . , the mesh points are defined by

tkm+i = ti + kτ, i = 1, . . . ,m, k = 1, 2, . . . (10.6)

A mesh ∆ satisfying condition (10.6) is called constrained
mesh (see the forthcoming Definition 11.1 relevant to more
general delays).
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Example 10.1 Consider equation (5.3) and the DDE method
(5.6), (5.7) based on the midpoint rule with constant stepsize
h = 1/(m−δ). Note that, for δ = 0, the corresponding mesh ∆
is a constrained mesh, whereas, for δ 6= 0, it is not. Therefore,
since the midpoint rule with linear interpolation is a colloca-
tion method of order p = 2, it is also a natural CRK method,
and the resulting DDE method for δ = 0 converges with global
order 2. On the other hand, the midpoint rule with linear in-
terpolation is a CRK method of uniform order q = 1 and,
hence, Theorem 9.2 guarantees the global order 2 for any se-
quence of meshes with constant (or even variable) stepsize.
This is the case of h = 1/mi, with mi = 5

32
i, which leads to

a non-constrained mesh for any i. The numerical evidence
for both constrained and non-constrained meshes is given in
Figure 14.

The DDE method based on collocation at ν > 1 Gaussian
points is different because it is a superconvergent method with
global order p = 2ν and local uniform order q = ν. For δ =
0 the DDE method still preserves the global order 2ν. On
the contrary, for δ 6= 0 the mesh is no longer constrained
and, hence, by Theorem 9.2, the global order decays to the
uniform global order ν + 1. For ν = 2, Figure 14 illustrates
the numerical results with stepsizes that are integer and non-
integer submultiples of the delay. ♦
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10.1. Bellman’s method of steps

The most elegant approach aimed at avoiding the need for
interpolation in the numerical solution of the DDE with con-
stant delay (10.1) is known as the method of steps and was
first developed by Bellman. Bellman’s method is not the most
convenient approach for solving DDEs numerically, but it is
certainly attractive because it allows the use of variable step-
sizes without any interpolation.

The discontinuity points are ξk = t0 + kτ . In the first
interval [t0, t0 + τ ] the DDE (10.1) has the form{

y′(t) = f
(
t, y(t), φ(t− τ)

)
,

y(t0) = φ(t0).

In the second interval [t0 + τ, t0 + 2τ ] we can define y1(t) =
y(t − τ) and y2(t) = y(t), and thus we can write the DDE
(10.1) as the 2d-dimensional system of ODEs

y′1(t) = f
(
t− τ, y1(t), φ(t− 2τ)

)
,

y′2(t) = f
(
t, y2(t), y1(t)

)
,

y1(t0 + τ) = φ(t0),
y2(t0 + τ) = y(t0 + τ).

In general, in the interval [t0 + (k − 1)τ, t0 + kτ ] we can write
the DDE (10.1) as the kd-dimensional system of ODEs{

y′i(t) = f
(
t− (k − i)τ, yi(t), yi−1(t)

)
, i = 1, . . . , k,

yi(t0 + (k − 1)τ) = y(t0 + (i− 1)τ), i = 1, . . . , k,
(10.7)

where we have set y0(t) = φ(t−kτ) and yi(t) = y(t−(k− i)τ),
i = 1, . . . , k.
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Passing from k to k+1 in (10.7) means shifting the integra-
tion interval from [t0+(k−1)τ, t0+kτ ] to [t0+kτ, t0+(k+1)τ ]
and extending the solution from [t0, t0+kτ ] to [t0, t0+(k+1)τ ]
by adding the component yk+1(t) = y(t) in the current inter-
val. Therefore, we can choose a standard numerical method
for ODEs and solve, for increasing k, the larger and larger
systems (10.7). For each step k, the numerical solution of the
kd-dimensional system (10.7) aims to provide an approximate
value of yk(t0 +kτ) = y(t0 +kτ) to be used as the initial value
of the new component yk+1(t) = y(t) in the next step. The
process ends when, for some k, t0 + kτ ≥ tf .

In this way we are obliged to solve a system of ever-growing
dimension and, in principle, to recompute many times the
same pieces of solution related to the previous intervals. On
the other hand, the reduction to a system of ODEs avoids the
typical complications due to the presence of the delayed argu-
ment, that is storing and interpolating the computed solution
throughout the interval [t0, tf − τ ].

As for the convergence of the process, observe that, at each
step, any numerical method of global order p provides a nu-
merical approximation of order p for any perturbation of the
initial values in (10.7) of order ≥ p. Therefore, in the next
step, we have to solve an IVP with initial values perturbed to
the same order as that of the method, and so forth. The whole
process performs to order p for any finite number of steps.
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11. DDEs with non-vanishing time depen-

dent delay: constrained mesh and su-

perconvergence

Assume that the DDE (9.1) reduces to{
y′(t) = f

(
t, y(t), y

(
t− τ(t)

))
, t0 ≤ t ≤ tf ,

y(t) = φ(t), t ≤ t0,
(11.1)

where the delay depends on t and satisfies hypotheses (H1)
and (H4). Then the standard approach consists in computing
the discontinuity points ξ0 = t0 < ξ1 < · · · < ξl = tf by using
(3.8), and then solving the ODE{

w′(t) = f
(
t, w(t), η

(
t− τ(t)

))
, ξk−1 ≤ t ≤ ξk,

w(ξk−1) = η(ξk−1),

at each macro interval [ξk−1, ξk].
The RK method (9.5), (9.6), (9.7), (9.8) takes the form

Y i
n+1 = yn+hn+1

s∑
j=1

aijf
(
tjn+1, Y

j
n+1, η

(
tjn+1−τ(tjn+1)

))
, i = 1, . . . , s,

(11.2)

η(tn+θhn+1) = yn+hn+1

s∑
i=1

bi(θ)f
(
tin+1, Y

i
n+1, η

(
tin+1−τ(tin+1)

))
,

(11.3)
where hypothesis (H1) ensures that, for hn+1 small enough,
the terms η

(
tin+1 − τ(tin+1)

)
are known.
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In connection with the constrained mesh selection intro-
duced in the previous section for preserving the superconver-
gence, consider the following generalization of the definition
of a constrained mesh to the case of variable delay.

Definition 11.1 A mesh ∆ related to the deviated argument
α(t) = t−τ(t) is called a constrained mesh if, for an arbitrary
set of mesh points {ξ0 = t0 < t1 < · · · < tm = ξ1} in [ξ0, ξ1],
the mesh is recursively determined in the subsequent intervals
[ξk, ξk+1], k = 1, . . . , l − 1, by

tkm+i = t(k−1)m+i + τ(tkm+i), i = 1, . . . ,m. (11.4)

Note that, by starting from [ξ0, ξ1], the forward construc-
tion of the constrained mesh requires the solution of equation
(11.4) for tkm+i, i = 1, . . . ,m, k = 1, . . . , l − 1. A cheaper
construction of a constrained mesh can be done in a backward
fashion by starting from an arbitrary mesh selection in the
last macro interval [ξl−1, ξl] and by explicitly computing the
mesh points t(k−1)m+i, k = l − 1, l − 2, . . . , 1, i = 1, . . . ,m, in
the previous macro intervals.

It is evident that, for a constrained mesh ∆, the character-
istic property (i) is still fulfilled. On the contrary, property
(ii) is not satisfied even if bj(ci) = aij, unless the deviated ar-
gument α(t) is a function of the form α(t) = rt−d, 0 < r < 1,
d ≥ 0, t ≥ t0 > 0 such as, for example, in the pantograph
equation (3.1). In fact, in general, we have

tjn+1 − τ(tjn+1) 6= tn+1−m + cjhn+1−m = tjn+1−m,

and hence, even if η(tjn+1−m) = Y j
n+1−m, we have η

(
tjn+1 −

τ(tjn+1)
)
6= Y j

n+1−m.
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Despite the lack of property (ii), which appeared to be cru-
cial in the proof of Theorem 10.1 via Bellman’s approach, the
preservation of superconvergence for CRK methods of uniform
order q < p − 1 is still possible under the constrained mesh
selection strategy.

However, the asymptotic orthogonality condition (7.1), rather
than η(tin+1) = Y i

n+1, is the essential property for interpolation
in order to preserve the superconvergence in the constrained
mesh implementation of the DDE method.

The following result on superconvergence is a corollary to
Theorem 7.5.

*****************************************************

Theorem 11.1 Assume that the DDE method (11.2), (11.3)
is applied to (11.1) with a constrained mesh ∆. If the under-
lying CRK method has discrete order p and the interpolant is
an NCE of order q, then the continuous numerical solution
η(t) is such that

max
t0≤t≤tf

‖y(t)− η(t)‖ = O(hq′),

where q′ = min{q + 1, p},

max
0≤n≤N

‖y(tn)− η(tn)‖ = O(hp),

max
t0≤t≤tf

‖y(j)(t)− η(j)(t)‖ = O(hq−j+1), j = 1, . . . , q,

max
0≤n≤N−1

∥∥∥∫ tn+1

tn

G(x)[y(j)(x)−η(j)(x)]dx
∥∥∥ = O(hp+1), j = 0, 1,

for every sufficiently smooth matrix-valued function G(x).

*****************************************************
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Proof of Theorem 11.1. The proof is carried out by induction
on the macro intervals [ξk−1, ξk]. The result is clearly true in
the first interval [ξ0, ξ1] because of the property (6.14) of the
discrete RK method and of the properties (6.15), (6.16) and
(7.3) of the NCE η(t).

Then assume that the result is true up to the interval
[ξk−2, ξk−1] and solve{

w′(t) = f
(
t, w(t), η

(
t− τ(t)

))
, ξk−1 ≤ t ≤ ξk,

w(ξk−1) = η(ξk−1).
(11.5)

Moreover, consider the auxiliary DDE{
z′(t) = f

(
t, z(t), y(t− τ(t))

)
, ξk−1 ≤ t ≤ ξk,

z(ξk−1) = η(ξk−1).

Since we have assumed ‖y(ξk−1)−η(ξk−1)‖ = O(hp), it is clear
that

max
ξk−1≤t≤ξk

‖y(t)− z(t)‖ = O(hp). (11.6)

Because the mesh is constrained, by setting α(x) = x −
τ(x) and by identifying the intervals [ξk−1, ξk] with [ã, b̃] and
[ξk−2, ξk−1] with [a, b] and the functions y(t) with u∆(t) and
η(t) with v∆(t), we are in the hypotheses of Theorem 7.5.
Therefore, formulae (7.10), (7.11), (7.12) and (7.13) hold for
w(t) and z(t).

Since the RK method and its NCE satisfy (6.14), (6.15),
(6.16) and (7.3) with respect to the solution w(t) of (11.5),
the estimate (11.6) eventually implies that the result is true
also in the interval [ξk−1, ξk].
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Example 11.1 Consider the equation{
y′(t) = λ t−1

t y
(
t− log(t)− 1

)
y(t), t ≥ 1,

y(t) = 1, 0 ≤ t ≤ 1.
(11.7)

We want to integrate it in the interval [1, ξ2], where the
breaking points are ξ1 = 3.1461932206205825852 and ξ2 =
5.9254498245082464926 and the solution is

y(t) =

{
exp (λ(t− log(t)− 1)) , 1 ≤ t ≤ ξ1,

exp
(
λ +

∫ t

ξ λs−1
s eλ(s−log(s(s−log(s)−1))−2)ds

)
, ξ1 ≤ t ≤ ξ2.

To this end, consider the following family of CERK methods:

0 b1(θ) = −x1θ
2 + (x1 + 1

6)θ,

1
2

1
2 b2(θ) = −x2θ

2 + (x2 + 1
3)θ,

1
2 0 1

2 b3(θ) = −x3θ
2 + (x3 + 1

3)θ,

1 0 0 1 b4(θ) = −x4θ
2 + (x4 + 1

6)θ,

1
6

1
3

1
3

1
6

of discrete order p = 4, uniform order q = 2 and uniform
global order q′ = 3, where the parameters x1, x2, x3 and x4

satisfy the conditions

x1 + x2 + x3 + x4 = 0,

x4 − x1 = 1,

x2 + x3 + 2x4 = −1,

derived from Table 1.
In particular, for x1 = 1

2 , x4 = −1
2 and x2 = x3 = 0,

the interpolant is an NCE (see Section 7.2) with matrix B =
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2.8

3

3.2

3.4

3.6

3.8

4

4.2

NCE 

non−NCE 

Figure 24: Logarithmic plots of ratios between consecutive errors for the
solution of (11.7) with λ = 1, obtained by doubling the number of steps
for the explicit RK method of order 4 interpolated to the uniform global
order 3 by an NCE and a non-NCE interpolant.(
bj(ci)

)
6= A. Any other choice of the parameters xi leads to

an interpolant that is not an NCE.
The constrained mesh is built up in a backward fashion with

N equidistant mesh points in the last macro interval [ξ1, ξ2]
and the corresponding images in [1, ξ1]. We have compared
the solutions obtained by using the NCE and the interpolant
determined by the parameters x1 = 1

2, x4 = −1
2 and x2 =

−x3 = 1. In Figure 24 the nodal order of the two methods are
shown by successively doubling N . As expected, the method
performs to order 4 when the interpolant is the NCE, whereas
the order is only 3 in the other case. ♦
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12. DDEs with vanishing time dependent

delay

When the delay τ(t) in (11.1) vanishes at some point t∗ ∈
[t0, tf ], overlapping necessarily occurs for any mesh interval
[tn, tn+1] including t∗. Therefore, for the method

η(tn+θhn+1) = yn+hn+1

s∑
i=1

bi(θ)f(tin+1, Y
i
n+1, Ỹ

i
n+1), 0 ≤ θ ≤ 1,

(12.1)

Y i
n+1 = yn + hn+1

s∑
j=1

aijf(tjn+1, Y
j
n+1, Ỹ

j
n+1), i = 1, . . . , s,

(12.2)
where

Ỹ i
n+1 = yn + hn+1

s∑
j=1

bj

(
ci −

τ(tin+1)

hn+1

)
f(tjn+1, Y

j
n+1, Ỹ

j
n+1)

(12.3)
if tin+1 − τ(tin+1) > tn, and

Ỹ i
n+1 = η

(
tin+1 − τ(tin+1)

)
(12.4)

if tin+1 − τ(tin+1) ≤ tn, the option (12.3) is possibly involved
and some values Ỹ i

n+1 might actually be unknown.
This does not cause much trouble and the general results

of Theorems 9.1 and 9.2 extend to the method (12.1), (12.2),
(12.3), (12.4).
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As for possible superconvergence phenomena, the results
of the previous section hold as long as we avoid overlapping.
On the contrary, when we pass a vanishing delay point, the
previous theory collapses. However, there is a particular case
of vanishing delay, namely the proportional delay τ(t) = (1−
r)t, 0 < r < 1, typical of the pantograph equation, where the
preservation of superconvergence is still possible (but we do
not treat this case in these Lectures).



Home Page

Title Page

Contents

JJ II

J I

Page 130 of 211

Go Back

Full Screen

Close

Quit

13. RK methods for NDDEs

Consider the DDE of neutral type{
y′(t) = f

(
t, y(t), y

(
t− τ(t, y(t))

)
, y′
(
t− σ(t, y(t))

))
, t0 ≤ t ≤ tf ,

y(t) = φ(t), t ≤ t0.
(13.1)

The standard approach consists in solving step by step the
local problems

w′n+1(t) = f
(
t, wn+1(t), x

(
t− τ(t, wn+1(t))

)
, z
(
t− σ(t, wn+1(t))

))
,

tn ≤ t ≤ tn+1,
wn+1(tn) = η(tn),

where

x(s) =


φ(s) for s ≤ t0,

η(s) for t0 ≤ s ≤ tn,

wn+1(s) for tn ≤ s ≤ tn+1,

z(s) =


φ′(s) for s ≤ t0,

λ(s) for t0 ≤ s ≤ tn,

w′
n+1(s) for tn ≤ s ≤ tn+1,

η(t) is the continuous approximation of y(t) and λ(t) is an
approximation of y′(t) given by

λ(t) = η′(t) (13.2)

or by

λ(t) = P
(
f
(
·, η(·), η

(
· −τ(·, η(·))

)
, λ
(
· −σ(·, η(·))

)))
(t),

(13.3)
where, in each mesh interval [tk, tk+1], P is an interpolation op-
erator in a suitable polynomial space of degree possibly other
than deg(η′) and nodes in [tk, tk+1].
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For the choice (13.2), the DDE method (9.3), (9.4) in the
Y notation modifies to the following RK method for NDDEs:

Y i
n+1 = yn+hn+1

s∑
j=1

aijf
(
tjn+1, Y

j
n+1, Ỹ

j
n+1, Z̃

j
n+1

)
, i = 1, . . . , s,

(13.4)

η(tn+θhn+1) = yn+hn+1

s∑
i=1

bi(θ)f
(
tin+1, Y

i
n+1, Ỹ

i
n+1, Z̃

i
n+1
)
, 0 ≤ θ ≤ 1,

(13.5)

λ(tn +ρhn+1) =
s∑

i=1

b′i(ρ)f
(
tin+1, Y

i
n+1, Ỹ

i
n+1, Z̃

i
n+1
)
, 0 ≤ ρ ≤ 1,

(13.6)
where

Ỹ j
n+1 = η

(
tjn+1 − τ(tjn+1, Y

j
n+1)

)
,

Z̃j
n+1 = λ

(
tjn+1 − σ(tjn+1, Y

j
n+1)

)
.

Note that, for the arguments sj = tjn+1 − τ(tjn+1, Y
j
n+1) and

s′j = tjn+1 − σ(tjn+1, Y
j
n+1), the values η(sj) and λ(s′j) may or

may not be known.
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If overlapping occurs, that is if, for some index i, the argu-
ments si > tn and/or s′i > tn, then the spurious stages Ỹ i

n+1
and/or Z̃ i

n+1 are unknown and are given by (13.5) and (13.6)
for

θ = θi
n+1 = ci −

τ(tin+1, Y
i
n+1)

hn+1
,

and

ρ = ρi
n+1 = ci −

σ(tin+1, Y
i
n+1)

hn+1
,

respectively, that is

Ỹ i
n+1 = yn + hn+1

s∑
j=1

bj(θ
i
n+1)f

(
tjn+1, Y

j
n+1, Ỹ

j
n+1, Z̃

j
n+1

)
,

Z̃ i
n+1 =

s∑
j=1

b′j(ρ
i
n+1)f

(
tjn+1, Y

j
n+1, Ỹ

j
n+1, Z̃

j
n+1

)
.

On the contrary, if the arguments of η(s) and λ(s) lie out-
side the current interval [tn, tn+1], then the values Ỹ j

n+1 and

Z̃j
n+1 are given by the interpolants η(s) and η′(s) as computed

at the past points

tin+1 − τ(tin+1, Y
i
n+1) = tn+1−m + θhn+1−m,

tin+1 − σ(tin+1, Y
i
n+1) = tn+1−m′ + ρhn+1−m′,

for suitable values of m, m′, θ and ρ.
As with DDEs with no neutral terms, the spurious stages

Ỹ i
n+1 and Z̃ i

n+1, if any, only apparently increase the dimension
of the system to be solved at each step. In fact, by using the
K notation

Ki
n+1 = f

(
tin+1, Y

i
n+1, Ỹ

i
n+1, Z̃

i
n+1
)
,

all the stages Y i
n+1, Ỹ i

n+1 and Z̃ i
n+1, as well as the arguments

θi
n+1 and ρi

n+1, turn out to depend on Ki
n+1 only.
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Remark 13.1 According to the arguments of Section 9, for
any natural CRK method with s distinct abscissae c1, . . . , cs

such that ci 6= 0, i = 1, . . . , s, and continuous extension
η(t) of degree s, the system to be solved at each step may
be stated in terms of the sole Y i

n+1’s. In fact, the polyno-
mial η(tn + θhn+1) may be written using the Lagrange inter-
polation formula through the s + 1 values yn(= η(tn)) and
Y i

n+1(= η(tn + cihn+1)), i = 1, . . . , s, that is

η(tn + θhn+1) = `0(θ)yn +
s∑

i=1

`i(θ)Y
i
n+1, (13.7)

where `j, j = 0, . . . , s are the Lagrange polynomial coefficients
on the nodes c0 = 0 and ci, i = 1, . . . , s. Therefore, Ỹ i

n+1 =
η
(
tin+1−τ(tin+1, Y

i
n+1)

)
may be written by (13.7) for θ = θi

n+1 =

ci−
τ(tin+1,Y

i
n+1)

hn+1
. Similarly, Z̃ i

n+1 = λ
(
tin+1−σ(tin+1, Y

i
n+1)

)
may

be written by the derivative of (13.7) for θ = ρi
n+1 = ci −

σ(tin+1,Y
i
n+1)

hn+1
.
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For the choice (13.3), the RK method for NDDEs (in the
Y notation) is given by (13.4), (13.5) along with

λ(tn+ρhn+1) =
s∗∑

i=0

`i(ρ)f
(
t̄in+1, U

i
n+1, Ũ

i
n+1, Ṽ

i
n+1
)
, 0 ≤ ρ ≤ 1,

(13.8)
where t̄in+1 = tn + c̄ihn+1 and `i(θ), i = 0, . . . , s∗, are the nodes
and the Lagrange polynomial coefficients of the interpolation
operator P . Here, besides the values

Ỹ j
n+1 = η

(
tjn+1 − τ(tjn+1, Y

j
n+1)

)
,

Z̃j
n+1 = λ

(
tjn+1 − σ(tjn+1, Y

j
n+1)

)
,

there are additional values

U j
n+1 = η

(
t̄jn+1

)
,

Ũ j
n+1 = η

(
t̄jn+1 − τ(t̄jn+1, U

j
n+1))

)
,

Ṽ j
n+1 = λ

(
t̄jn+1 − σ(t̄jn+1, U

j
n+1))

)
.

Note that, according to the arguments sj = tjn+1−τ(tjn+1, Y
j
n+1)

and s′j = tjn+1 − σ(tjn+1, Y
j
n+1), the values η(sj) and λ(s′j) may

or may not be known. If sj > tn and/or s′j > tn, then Ỹ j
n+1

and/or Z̃j
n+1 are unknown and must be computed by (13.5)

and (13.8), respectively. In particular, if s′j > tn, then for

the application of (13.8) in the current interval U j
n+1, Ũ j

n+1

and Ṽ j
n+1 need to be known. Here the U j

n+1’s are certainly

unknown, whereas knowledge of Ũ j
n+1 and Ṽ j

n+1 depends on

the location of the further arguments t̄jn+1− τ(t̄jn+1, U
j
n+1) and

t̄jn+1 − σ(t̄jn+1, U
j
n+1).
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Summarizing, if for some index j some of the arguments
are > tn, then the relevant spurious stages Ỹ j

n+1, Z̃j
n+1, U j

n+1,

Ũ j
n+1 or Ṽ j

n+1 are unknown and are given by (13.5) and (13.8)
for suitable values of θ and ρ. More precisely,

Ỹ j
n+1 = η(tn + θj

n+1hn+1) with θj
n+1 = cj −

τ(tjn+1, Y
j
n+1)

hn+1
,

Z̃j
n+1 = λ(tn + ρj

n+1hn+1) with ρj
n+1 = cj −

σ(tjn+1, Y
j
n+1)

hn+1
,

U j
n+1 = η(tn + c̄jhn+1),

Ũ j
n+1 = η(tn + θ̄j

n+1hn+1) with θ̄j
n+1 = c̄j −

τ(t̄jn+1, U
j
n+1)

hn+1
,

Ṽ j
n+1 = λ(tn + ρ̄j

n+1hn+1) with ρ̄j
n+1 = c̄j −

σ(t̄jn+1, U
j
n+1)

hn+1
.

The dimension of the system may still be reduced by using
the K notation but, unlike the option (13.2), besides the K

values

Kj
n+1 = f

(
tjn+1, Y

j
n+1, Ỹ

j
n+1, Z̃

j
n+1

)
, j = 1, . . . , s,

we have the additional values

Hj
n+1 = f

(
t̄jn+1, U

j
n+1, Ũ

j
n+1, Ṽ

j
n+1

)
, j = 0, . . . , s∗.
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Remark 13.2 Also with the option (13.3), the number of un-
knowns in the system to be solved at each step may be reduced.
In fact, if the underlying CRK method is natural and if the
interpolation formula (13.8) is based on the nodes c̄i = ci,
i = 1, . . . , s∗ = s, and on another node c̄0 6= ci, then, for
j = 1, . . . , s,

Y j
n+1 = U j

n+1,

Ỹ j
n+1 = Ũ j

n+1,

Z̃j
n+1 = Ṽ j

n+1

and, therefore, also

Hj
n+1 = Kj

n+1.

In this case the spurious stages reduce to just Y j
n+1, Ỹ j

n+1 and

Z̃j
n+1 in the Y notation, and to just

Kj
n+1 = f

(
tjn+1, Y

j
n+1, Ỹ

j
n+1, Z̃

j
n+1

)
in the equivalent K notation. Note also that, for the new set
of stage values

Zj
n+1 = λ(tn + cjhn+1), j = 1, . . . , s,

by (13.8) we have
Zj

n+1 = Kj
n+1.

On the other hand, independently of the choice of the c̄i’s,
if ci 6= 0, i = 1, . . . , s, the arguments of Section 9 allow us to
express each Ỹ j

n+1 in terms of the Y j
n+1’s and, hence, the overall

method is based on the stage values Y j
n+1 and Z̃j

n+1. However,
in no case the RK method can reduce to just the Y values.
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We give up providing a detailed analysis for the special
cases of constant and time dependent delays, as made in the
foregoing sections for DDEs with no neutral terms. The anal-
ysis is quite similar and, in particular, the convergence result
that extends Theorem 9.2 may be stated as follows.

*****************************************************

Theorem 13.1 Consider the state dependent NDDE (13.1),
where f(t, y, x, w) is Cp-continuous in [t0, tf ]×Rd ×Rd ×Rd,
the delays τ(t, y) and σ(t, y) are Cp-continuous in [t0, tf ]×Rd

and the initial function φ(t) is Cp-continuous. Moreover, as-
sume that the mesh ∆ = {t0, t1, . . . , tn, . . . , tN = tf} includes
all the discontinuity points of order ≤ p lying in [t0, tf ]. If the
underlying CRK method

(
A, b(θ)

)
has discrete order p and

uniform order q, and the approximation λ(t) has uniform or-
der r, then the resulting RK method for NDDEs has discrete
global order and uniform global order q′ = min{p, q +1, r+1};
that is

max
1≤n≤N

‖y(tn)− yn‖ = O(hq′)

and
max

t0≤t≤tf
‖y(t)− η(t)‖ = O(hq′),

where h = max1≤n≤N hn. In particular, if λ(t) is given by the
option (13.2), then r = q − 1 and, hence, q′ = min{p, q}.

*****************************************************
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Note that, for the option (13.3), λ(t) is given by (13.8) and
the interpolation operator P has order r = s∗. Therefore, on
the basis of Theorem 13.1, it is useless to take s∗ > q. On
the other hand, the choice s∗ = q preserves the optimal order
q′ = min{p, q + 1} and makes the option (13.3), along with
the conditions in Remark 13.2, preferable to (13.2).

As for possible superconvergence phenomena, similar re-
sults as with the non-neutral equation can be proved. They
are still based on the general result about the preservation of
superconvergence of RK methods stated in Theorem 7.5.
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14. The test equations

The stability analysis of DDEs have been investigated exten-
sively, although not completely developed for the more com-
plicated cases yet. Here we resume with some definitions and
results on contractivity (or dissipativity) and asymptotic sta-
bility of DDEs and NDDEs that are useful for deriving classes
of numerical methods that preserve the same property. In the
stability analysis of DDEs, there are two possible approaches
that have been considered in the literature in view of the con-
struction of correspondingly stable numerical methods. One
approach consists in finding conditions on the right-hand-side
function f such that the problem is stable for all or for some
classes of delays, typically for all constant delays. The sec-
ond approach consists in finding weaker conditions on f such
that the desired stability property is guaranteed for the spe-
cific given (in general constant) delay. The two concepts of
stability are actually different and we shall refer to the former
as stability for all delays, or delay independent stability, and
to the latter as stability for fixed delay, or delay dependent
stability.

It is evident that the class of problems that are stable for all
delays is smaller than that for fixed delay. Moreover, charac-
terizing the class of problems that are stable for all delays and
finding numerical methods that are stable on that class is eas-
ier than for fixed delay. On the contrary, the analysis for fixed
delay is sharper and the resulting class of stable problems is
larger. Characterizing this class and finding stable numerical
methods turns out to be much harder.
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In these lectures we consider only scalar linear test equa-
tions as follows.

We distinguish the class of scalar linear DDEs with variable
coefficients{

y′(t) = λ(t)y(t) + µ(t)y(t− τ(t)), t ≥ t0,

y(t) = φ(t), t ≤ t0,
(14.1)

and with constant coefficients{
y′(t) = λy(t) + µy(t− τ(t)), t ≥ t0,

y(t) = φ(t), t ≤ t0,
(14.2)

respectively. Observe that, if the delay τ is constant, then
equation (14.2) reduces to the linear autonomous equation{

y′(t) = λy(t) + µy(t− τ), t ≥ t0,

y(t) = φ(t), t ≤ t0,
(14.3)

As far as the neutral equations are concerned, we consider
the constant coefficient and constant delay case{

y′(t) = λy(t) + µy(t− τ) + νy′(t− τ), t ≥ t0,

y(t) = φ(t), t ≤ t0,
(14.4)

Our aim is to find conditions, necessary and/or sufficient,
on the coefficients of the above equations in order that they
are contractive, that is

|y(t)| ≤ max
x≤t0

|φ(x)|, t ≥ t0, (14.5)

and/or asymptotically stable, that is

lim
t→+∞

y(t) = 0. (14.6)
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15. Analysis of the test equations (14.1) and

(14.2)

In order to carry out our analysis, we need the following pre-
liminary results regarding ODEs with forcing terms.

*****************************************************

Proposition 15.1 Consider the scalar ODE with the forcing
term {

y′(t) = λ(t)y(t) + <(λ(t))g(t), t ≥ t0,

y(t0) = y0,
(15.1)

where λ(t) and g(t) are continuous complex valued functions.
If

<(λ(t)) ≤ 0, t ≥ t0, (15.2)

then

|y(t)| ≤ E(t0, t)|y0|+ (1− E(t0, t)) max
t0≤x≤t

|g(x)|, t ≥ t0,

(15.3)

where E(t1, t2) = exp
(∫ t2

t1
<(λ(x))dx

)
.

*****************************************************

*****************************************************

Corollary 15.1 Under the hypotheses of Proposition 15.1, the
solution y(t) of (15.1) satisfies

|y(t)| ≤ max

{
|y0|, max

t0≤x≤t
|g(x)|

}
, t ≥ t0. (15.4)

*****************************************************
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*****************************************************

Proposition 15.2 Consider the scalar ODE with the forcing
term {

y′(t) = λy(t) + <(λ)g(t), t ≥ t0,

y(t0) = y0,
(15.5)

where λ ∈ C and g(t) is a continuous complex valued function.
If <(λ) ≤ 0, then

|y(t)| ≤ e<(λ)(t−t0)|y0|+
(
1− e<(λ)(t−t0)

)
max

t0≤x≤t
|g(x)|, t ≥ t0.

(15.6)

*****************************************************

*****************************************************

Corollary 15.2 Under the hypotheses of Proposition 15.2, the
solution y(t) of (15.5) satisfies (15.4).

*****************************************************
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Here are the contractivity and asymptotic stability results,
which are proved by using induction on the macro intervals
[ξ̄k−1, ξ̄k], where the ξ̄k’s are the principal discontinuity points
(see Definition 3.2).

*****************************************************

Theorem 15.1 If the coefficients of equations (14.1) and (14.2)
are such that

<(λ(t)) + |µ(t)| ≤ 0, t ≥ t0, (15.7)

and
<(λ) + |µ| ≤ 0, (15.8)

respectively, then the equations are contractive (i.e. (14.5)
holds) for any initial function φ(t) and for all delays τ(t) sat-
isfying hypothesis (H1).

*****************************************************

Proof of Threorem 15.1. It can be easily seen that condition
(15.7) is entirely equivalent to conditions (15.2) and

|µ(t)| = r(t)<(λ(t)), t ≥ t0, (15.9)

with −1 ≤ r(t) ≤ 0.
It is clear that |y(t)| ≤ maxx≤t0 |φ(x)| holds for t ≤ t0.

Now assume by induction that (14.5) holds for t ≤ ξ̄k−1 and
consider the solution y(t) for t ∈ [ξ̄k−1, ξ̄k]. Since |r(x)| ≤ 1,
by Corollary 15.1 we get

|y(t)| ≤ max

{
|y(ξ̄k−1)|, sup

ξ̄k−1≤x≤ξ̄k

(|r(x)| · |y(x− τ(x))|)

}

≤ max

{
|y(ξ̄k−1)|, max

x≤ξ̄k−1

|y(x)|
}

.
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Hence, by the inductive hypothesis, (14.5) also holds for t ∈
[ξ̄k−1, ξ̄k] and, thus, the proof is complete.

*****************************************************

Theorem 15.2 If the coefficients of equation (14.1) are such
that

<(λ(t)) ≤ Λ0 < 0, t ≥ t0, (15.10)

and
R · <(λ(t)) + |µ(t)| ≤ 0, t ≥ t0, (15.11)

for some non-negative real number R < 1, and the coefficients
of equation (14.2) are such that

<(λ) + |µ| < 0, (15.12)

then the solution y(t), besides being contractive, is asymptoti-
cally stable (i.e. (14.6) holds) for any initial function φ(t) and
for all delays τ(t) satisfying hypotheses (H1) and (H2). More-
over, if also hypothesis (H3) is satisfied, then the convergence
rate is at least of exponential type, i.e. at least like e−α(t−t0)

for some α > 0.

*****************************************************

Proof of Threorem 15.2. The proof proceeds inductively on the
macro intervals between the principal discontinuity points.

Set ξ̄0 = t0 and, for t ≤ ξ̄0, define the constant function

δ0(t) = max
x≤ξ̄0

|φ(x)|

and the numbers

∆−1 = ∆0 = δ0(ξ̄0).
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Observe that the interesting case is ∆−1 = ∆0 > 0, otherwise
(14.6) is obvious.

Then, for k ≥ 1, on each interval [ξ̄k−1, ξ̄k] inductively define
the functions

δk(t) = R∆h(k−1) + eΛ0(t−ξ̄k−1)(∆k−1 −R∆h(k−1)) (15.13)

and the numbers
∆k = δk(ξ̄k), (15.14)

where

h(k − 1) = max{h | ξ̄h ≤ t− τ(t) ∀t ∈ [ξ̄k−1, ξ̄k]}.

Observe that, since (H1) implies

ξ̄k − ξ̄k−1 ≥ τ0, (15.15)

by (H2) we have

ξ̄k → +∞ and h(k) →∞ as k →∞. (15.16)

Of course, we have δk(ξ̄k−1) = ∆k−1, so that the piece-
wise exponential function δ(t), defined on [ξ−1, +∞) by setting
δ(t) = δk(t) if t ∈ [ξ̄k−1, ξ̄k], k ≥ 0, is continuous.

Now, by the inductive hypothesis, assume that ∆k−1 −
R∆h(k−1) > 0 and ∆j−1 ≥ ∆j,∀j ≤ k − 1 (these inequali-
ties clearly hold for k = 1). Then, by (15.13) and (15.14), we
have

∆k −R∆h(k) = R∆h(k−1) + eΛ0(ξ̄k−ξ̄k−1)(∆k−1 −R∆h(k−1))−R∆h(k)

= R(∆h(k−1) −∆h(k)) + eΛ0(ξ̄k−ξ̄k−1)(∆k−1 −R∆h(k−1))

> 0

and

∆k−1 −∆k = ∆k−1 −R∆h(k−1) − eΛ0(ξ̄k−ξ̄k−1)(∆k−1 −R∆h(k−1))

= (∆k−1 −R∆h(k−1))(1− eΛ0(ξ̄k−ξ̄k−1))

> 0.
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Therefore, we have proved that the sequence {∆k} and, con-
sequently, the function δ(t) are monotonically decreasing and
that

∆k −R∆h(k) > 0, k ≥ 0. (15.17)

Now we want to prove that

|y(t)| ≤ δ(t), t ≥ ξ̄−1. (15.18)

The above inequality clearly holds for t ∈ [ξ̄−1, ξ̄0]. Now as-
sume by induction that it holds for t ∈ [ξ̄−1, ξ̄k−1] and consider
the function y(t) for t ∈ [ξ̄k−1, ξ̄k]. It can easily be seen that
condition (15.11) implies condition (15.9) with−R ≤ r(t) ≤ 0.
Therefore, by Proposition 15.1 and by the inductive hypothe-
sis, we get

|y(t)| ≤ E(ξ̄k−1, t)|y(ξ̄k−1)|

+

(
1− E(ξ̄k−1, t)) sup

ξ̄k−1≤x≤ξ̄k

(|r(x)| · |y(x− τ(x))|

)
≤ E(ξ̄k−1, t)|y(ξ̄k−1)|

+(1− E(ξ̄k−1, t))R sup
ξ̄h(k−1)≤x≤ξ̄k−1

|y(x)|

≤ E(ξ̄k−1, t)∆k−1 + (1− E(ξ̄k−1, t))R sup
ξ̄h(k−1)≤x≤ξ̄k−1

δ(x)

= E(ξ̄k−1, t)∆k−1 + (1− E(ξ̄k−1, t))R∆h(k−1)

= R∆h(k−1) + E(ξ̄k−1, t)(∆k−1 −R∆h(k−1)).

Finally, by (15.10), (15.13) and (15.17), we obtain

|y(t)| ≤ δk(t), ξ̄k−1 ≤ t ≤ ξ̄k,

and, hence, (15.18) holds also for t ∈ [ξ̄k−1, ξ̄k].
To conclude the proof, we have to show that the function

δ(t) vanishes as t → +∞. Because of (15.16), it is sufficient
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to prove that ∆k → 0. To this end, observe that, by (15.13),
(15.14), (15.17) and (15.15), the sequence {∆k}k≥−1 is such
that {

∆k ≤ S∆k−1 + R(1− S)∆h(k−1), k ≥ 1,
∆−1 = ∆0 > 0,

(15.19)

where S = eΛ0τ0 < 1. This is a variable order linear difference
inequality with two positive constant coefficients, the sum of
which is < 1. Therefore, since the sequence {∆k} is convergent
(because it is decreasing and positive), its limit can not be
strictly positive. Thus ∆k → 0 as k →∞.

Now, assume hypothesis (H3) is satisfied. In this case, by
(15.15) it turns out that h(k − 1) ≥ k − m − 1, where m =
dτ1

τ0
e. So, since the sequence {∆k} is decreasing, the difference

inequality (15.19) yields

∆k ≤ S∆k−1 + R(1− S)∆k−m−1, k ≥ m,

which is a linear difference inequality of order m+1 with con-
stant coefficients. Since the sum of the (positive) coefficients
in the right-hand side is < 1, all the characteristic roots are
< 1 in modulus. Thus, if β is the greatest one, then we can
conclude that ∆k → 0 at least as |β|k.

Finally, for a given t ≥ t0, we have that t ∈ [ξ̄k−1, ξ̄k] for
some k ≥ t−t0

τ1
. Therefore, by (15.13) and (15.14), it follows

that δ(t) → 0 at least as e−α(t−t0), where α = −(1/τ1) log |β|.
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We want to stress the fact that the bound (15.18) is sharp
with respect to the whole class of DDEs satisfying the hy-
potheses (15.10) and (15.11). In order to see this, consider
the piecewise linear delay

τ ∗(t) =

{
t− (k − 2) for k − 1 ≤ t < k,

t− (k − 1) for t = k,
k = 1, 2, . . . ,

(15.20)
so that the deviating argument is the piecewise constant func-
tion

t− τ ∗(t) =

{
k − 2 for k − 1 ≤ t < k,

k − 1 for t = k,
k = 1, 2, . . . .

Now it is easy to see that, for the linear equation with
constant coefficients{

y′(t) = Λ0y(t)−R · Λ0y(t− τ ∗(t)), t ≥ t0,

y(t) ≡ 1, t ≤ t0,

the solution y(t) is given just by the corresponding function
δ(t) introduced in the proof of Theorem 15.2.

The delay τ ∗(t) fulfils hypothesis (H1), but is not contin-
uous. Nevertheless, it is clear that it can be viewed as the
pointwise limit of a sequence of continuous delays. In other
words, there exist continuous delays that fulfill (H1) and are
arbitrarily close (pointwise) to (15.20). As a consequence,
there exist linear DDEs whose solutions y(t) are arbitrarily
close to the corresponding function δ(t).
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It is also worth remarking that hypothesis (H2) is necessary
for the asymptotic stability with respect to the whole class
of DDEs satisfying the hypotheses (15.10) and (15.11). In
fact, if it does not hold, there exist only a finite number of
discontinuity points ξ̄k. So, if ξ̄K is the last one, on the last
interval [ξ̄K , +∞) the function δ(t) = δK+1(t) is bounded from
below by the quantity R∆h(K) > 0 (see (15.13)).

Since conditions (15.10) and (15.11) are more restrictive
than (15.7), they guarantee asymptotic stability along with
contractivity. On the other hand, contractivity is not neces-
sary for asymptotic stability even in the linear constant coef-
ficient case, as shown by the equation{

y′(t) = 1
2y(t)− y(t− 1), t ≥ 0,

y(t) = φ(t) = t + 1, −1 ≤ t ≤ 0.
(15.21)

According to the theory developed in the forthcoming Sec-
tion 16.1, the solution y(t) is asymptotically stable but, in a
right neighborhood of 0, the solution turns out to be larger
than maxx≤0 |φ(x)| = 1. In fact, y(0) = 1 and y′(0)+ = 1

2 > 0.
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16. Analysis of the test equation (14.3)

It is useful to point out that, for the constant delay equation
(14.3) the stability analysis may be done directly by studying
the roots of the characteristic equation

ζ − λ− µe−τζ = 0. (16.1)

It is known that such an equation has infinitely many roots
ζi, each of which has a certain multiplicity mi. They lie in the
complex half-plane <(λ) < α for some real α and their real
parts accumulate at −∞. Therefore, in any vertical strip of
the complex plane there are only a finite number of roots.

It is also known that the solution to (14.2) has an expansion
of the form

y(t) =
∞∑
i=1

mi−1∑
ni=0

αi,ni
tnieζit, (16.2)

where the coefficients αi,ni
are determined by the initial func-

tion φ(t). In view of the representation (16.2), it is easy to
understand that a necessary and sufficient condition for the
asymptotic stability of (14.2) is that all the roots ζi of (16.1)
be such that <(ζi) < 0.

Now, we shall see that such a condition is guaranteed if
(15.12) holds. In fact, if we assume by contradiction that
there exists a root ζ∗ of (16.1) such that <(ζ∗) ≥ 0, we have

0 ≤ <(ζ∗) = <(λ) + <(µe−τζ∗)

≤ <(λ) + |µ| · |e−τζ∗|
≤ <(λ) + |µ|,

which gives a contradiction.
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So, we can say that results obtained by Theorem 15.2 on
asymptotic stability for all delays of (14.2) are not worse than
those obtained by the characteristic equation (in case of con-
stant delay).

We have seen that Theorems 15.1 and 15.2 give conditions
that are sufficient for contractivity and asymptotic stability
independently of the particular delay τ(t). From a theoreti-
cal and practical point of view, it is interesting to investigate
whether or not all or some of the above conditions are also
necessary.

Again we must distinguish two cases: either when a partic-
ular delay τ(t) is considered or when the contractivity and/or
asymptotic stability properties are requested for all delays of
a certain class (for example, constant delays).

We confine ourselves to considering the test equation (14.2),
where the delay τ(t) satisfies the additional hypothesis (H4).

*****************************************************

Proposition 16.1 Assume that the contractivity property (14.5)
holds for equation (14.2) with a fixed delay τ(t) satisfying hy-
potheses (H1) and (H4). Then the coefficients λ and µ satisfy
condition (15.8).

*****************************************************
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Proof of Proposition 16.1. Since hypotheses (H1) and (H4) are
satisfied, the deviating argument α(t) = t − τ(t) is a one-to-
one map from [t0, ξ1] to [t0 − τ(t0), t0]. Thus, we can consider
the inverse function β(t) from [t0 − τ(t0), t0] onto [t0, ξ1] and
define the initial function

φ∗(t) =

{
ei=(λ)(β(t)−t0) for t0 − τ(t0) ≤ t < t0,

µ/|µ| for t = t0,

which may be discontinuous at t0. The solution in the first
interval [t0, ξ1] is given by

y∗(t) = eλ(t−t0)
(

φ∗(t0) + µ

∫ t

t0

e−λ(x−t0)φ∗(x− τ(x))dx

)
= eλ(t−t0)

(
µ/|µ|+ µ

∫ t

t0

e−<(λ)(x−t0)dx

)
and, therefore, we get

|y∗(ξ1)| =


1 + |µ|(ξ1 − t0) if <(λ) = 0,∣∣∣∣<(λ)e<(λ)(ξ1−t0) + |µ|(e<(λ)(ξ1−t0) − 1)

<(λ)

∣∣∣∣ if <(λ) 6= 0.

Now it can be easily seen that, if (15.8) does not hold, i.e.
<(λ) + |µ| > 0, then |y∗(ξ1)| > 1. As we observed, the initial
function φ∗(t) may not be continuous at t0. However, it is
clear that, for any ε > 0, we can find a continuous initial func-
tion φε(t) such that the corresponding solution yε(t) satisfies
the inequality maxt0≤t≤ξ1

|yε(t) − y∗(t)| < ε. This completes
the proof.
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Table 9: Contractivity scheme for y′(t) = λy(t)+µy(t−τ(t)) with λ, µ ∈ C.

|y(t)| ≤ maxx≤t0 |φ(x)| for all delays τ(t) satisfying (H1)
m

<(λ) + |µ| ≤ 0
m

|y(t)| ≤ maxx≤t0 |φ(x)| for fixed delay τ(t) satisfying (H1) and (H4)

The foregoing proposition states that condition (15.8) is
necessary for contractivity for a particular fixed delay satis-
fying (H1) and (H4) and, a fortiori, for all delays satisfying
(H1). We can summarize the results on contractivity for equa-
tion (14.2) in Table 9.

A different case is that of asymptotic stability where, in
order to analyze the necessity of condition (15.12), we confine
our analysis to the case of constant delays. To do this, we
need a complete description of the stability region Sτ defined
as follows.

Definition 16.1 For any fixed τ , the asymptotic stability re-
gion Sτ of equation (14.3) is the set of pairs (λ, µ) such that
the corresponding solution is asymptotically stable for any ini-
tial function φ(t).
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16.1. Description of the asymptotic stability region
Sτ for real coefficients

Let us first consider the case of real λ and µ. A deeper analysis
of the roots of the characteristic equation (16.1) reveals that,
for a fixed value of the delay τ , the region of stability is larger
than the cone λ + |µ| < 0 derived by the inequality (15.12).
In fact, the region of asymptotic stability Sτ is given by the
set of pairs (λ, µ) such that

λ < −µ and
√

µ2 − λ2 <
1

τ
arccos(−λ/µ).

In Figure 25 we show, for real λ and µ, the form of the
asymptotic stability region in the (λ, µ)-plane.

λ 

µ 

(1/τ, −1/τ) 

Figure 25: Asymptotic stability region Sτ for equation (14.2) with constant
delay τ in the real (λ, µ)-plane.
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Table 10: Asymptotic stability scheme for y′(t) = λy(t) + µy(t − τ) with
λ, µ ∈ R.

lim
t→+∞

y(t) = 0 for all constant delays τ

m
λ ≤ µ < −λ

⇓
(λ, µ) ∈ Sτ

m
lim

t→+∞
y(t) = 0 for fixed constant delay τ

Equation (15.21), where λ = 1
2 , µ = −1 and τ = 1, pro-

vides an example where the solution goes to zero despite the
coefficients not fulfilling condition (15.12). Thus, for asymp-
totic stability condition (15.12) is not necessary for a fixed
constant delay τ . However, when we let the delay τ go to
+∞, we see that the region of asymptotic stability tends to
the region described by

λ ≤ µ < −λ. (16.3)

Therefore, condition (16.3), which is slightly weaker than con-
dition (15.12), is necessary for the asymptotic stability of
equation (14.2) for all constant delays τ . The results are sum-
marized in Table 10.
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16.2. Description of the asymptotic stability region
Sτ for complex coefficients

Now we describe the set Sτ for complex λ and µ. Remember
that, by using the characteristic equation (16.1), it turns out
that

Sτ =
{
(λ, µ) ∈ C2 | ζ − λ− µe−τζ = 0 ⇒ <(ζ) < 0

}
.

Let us fix µ ∈ C and consider the set

Sτ(µ) =
{
ζ − µe−τζ | ζ ∈ C, <(ζ) ≥ 0

}
.

It is evident that

(λ, µ) ∈ Sτ if and only if λ /∈ Sτ(µ).

Long and sophisticated calculations show that the set Sτ(µ)
is the union of the open half-plane <(λ) < −|µ| and of a 2π-
periodic “crest”, as depicted in Figures 26 and 27.

The peak points of the crest have a real part <(λ) = Dτ(µ),
where the pair (Dτ(µ),−|µ|) belongs to the border of the real
stability region depicted in Figure 25.

As for the region of asymptotic stability for all delays, ob-
serve that the value Dτ(|µ|) tends to −|µ| as τ → +∞. So,
the border of the region moves to the line <(λ) = −|µ| and
then, for any pair (λ, µ) such that <(λ) < −|µ|, the solution
asymptotically vanishes for all delays. The complete region is
obtained by adding the following subset of the border:

{(λ, µ) ∈ C2 | λ ∈ R, |µ| = −λ, λ + µ 6= 0}. (16.4)

The results are summarized in Table 11.
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0 Dτ(µ) −|µ| 

ℑ(λ) 

ℜ(λ) (arg(µ)−π)/τ 

(arg(µ)+π)/τ 

Figure 26: The restriction to the complex λ-plane of the asymptotic sta-
bility region Sτ for a fixed value of µ with 1/τ < |µ| < π/(2τ).

0 Dτ(µ) −|µ| 

ℑ(λ) 

ℜ(λ) 

(arg(µ)+π)/τ

(arg(µ)−π)/τ 

Figure 27: The restriction to the complex λ-plane of the asymptotic sta-
bility region Sτ for a fixed value of µ with π/(2τ) < |µ|.
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Table 11: Asymptotic stability scheme for y′(t) = λy(t) + µy(t − τ) with
λ, µ ∈ C.

lim
t→+∞

y(t) = 0 for all constant delays τ

m
<(λ) < −|µ| or λ ∈ R, |µ| = −λ, λ + µ 6= 0

⇓
(λ, µ) ∈ Sτ

m
lim

t→+∞
y(t) = 0 for fixed constant delay τ

An alternative approach for describing the set Sτ consists
in fixing a value of λ and looking for the possible values of
µ. The analysis, based on the boundary locus technique, is
equivalent to the previous approach.

The parametric equations of the boundary of the stability
regions are{

<(µ) = −<(λ) cos θ + =(λ) sin θ − θ sin θ
τ ,

=(µ) = −=(λ) cos θ −<(λ) sin θ + θ cos θ
τ ,

where the parameter θ varies in [0, +∞). Observe that the
boundary is the “sum” of a circle centered in the origin with
radius |λ| and of the transcendental curve

(
− θ sin θ

τ , θ cos θ
τ

)
,

which does not depend on λ.
The form of the stability region in the complex µ-plane is

reported in Figure 28 for a given complex value of λ.



Home Page

Title Page

Contents

JJ II

J I

Page 160 of 211

Go Back

Full Screen

Close

Quit

− 

− 

| 

5 
| 

−5 

ℜ(µ) 

− 

− 

− 

4 

2 

−2 

−4 

−6 

ℑ(µ) 

Figure 28: Asymptotic stability region for equation (14.2) with constant
delay τ = 1 in the complex µ-plane for λ = −1 + i.
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17. Analysis of the test equation (14.4)

For the constant coefficient and constant delay case (14.4) with
λ, µ, ν ∈ R and |ν| < 1, the necessary and sufficient condition
for asymptotic stability for all delays is again

λ ≤ µ < −λ.

For complex coefficients with |ν| < 1, the asymptotic sta-
bility condition can be stated in some equivalent forms, such
as 

<(λ) < 0,(
=(µν + λ)

)2
+ (1− |ν|2)(|µ|2 − |λ|2) ≤ 0,

µ 6= −λ,

or 
<(λ) < 0,
|λν + µ| <

∣∣2<(λ) + |λν̄ − µ̄|
∣∣,

µ 6= −λ.

(17.1)

Despite appearing different, the two expressions are equiva-
lent.

By choosing the option

2<(λ) + |λν̄ − µ̄| ≤ 0

in (17.1), we get the following sufficient condition for asymp-
totic stability:

|λν̄ − µ̄|+ |λν + µ| < −2<(λ). (17.2)

It is not difficult to verify that

λ ∈ R =⇒ 2<(λ) + |λν̄ − µ̄| ≤ 0,

so that (17.2) characterizes the asymptotic stability for λ ∈ R
and µ, ν ∈ C. Observe that (17.2) turns out to be equivalent to
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|µ| < −λ and |ν| < 1 for real coefficients, and to |µ| < −<(λ)
if ν = 0, both of which are also necessary for asymptotic
stability apart from some points on the border.

As for the asymptotic stability analysis of (14.4) for fixed
delay, we have the following definition.

Definition 17.1 For any fixed τ , the asymptotic stability re-
gion NSτ of equation (14.4) is the set of triplets (λ, µ, ν) such
that the corresponding solution is asymptotically stable for any
initial function φ(t).

For the real case, the region NSτ turns out to be the subset
of R3 bounded by the planes of equations ν = 1, ν = −1 and
λ + µ = 0, and by the transcendental surface

Γτ =

{
(λ, µ, ν) | νx2 + µ2 = λ2 + x2, x =

1

τ
arctan

x(µ + λν)

λµ− νx2
, x ∈ R

}
.

For any fixed value of ν with |ν| < 1, the corresponding
section of Γτ is

Γτ(ν) =
{(

λ(ν, θ), µ(ν, θ)
)
| θ ∈ (0, π)

}
,

where 
λ(ν, θ) =

θ

τ sin θ
(cos θ − ν),

µ(ν, θ) =
θ

τ sin θ
(ν cos θ − 1).

Note that the curve Γτ(ν) intersects the line λ + µ = 0 at the
point (1− ν

τ
,−1− ν

τ

)
,

where the border of the stability region has a cusp (see Fig-
ure 29).
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λ 

µ 

(1.95/τ , −1.95/ τ) 

Figure 29: Section of the asymptotic stability region NSτ of equation
(14.4) for ν = −0.95 in the real (λ, µ)-plane.
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18. Generalizations of A-stability to DDEs

In this lecture we analyze the stability of the RK methods for
DDEs proposed in Lecture 4.

The analysis is confined to the case of time dependend de-
lays τ(t), even if some results could be extended to state de-
pendent delays. Moreover, we confine ourselves to the simplest
test equation{

y′(t) = λy(t) + µy(t− τ), t ≥ t0,

y(t) = φ(t), t ≤ t0,
(18.1)

where λ, µ ∈ C and τ is a constant delay, which leads to
generalizations of the concept of A-stability for ODEs that, in
turn, is based on the simplest scalar linear autonomous test
equation y′(t) = λy(t), y(t0) = y0.

This concept spreads out in many directions as we are in-
terested, for example, in contractivity or asymptotic stability,
which for DDEs do not necessarily coincide as it happens in
the ODE case. The various stability definitions may also differ
according to whether the constant stepsize is required to be
a submultiple of the delay or not. These two occurrences are
not equivalent.

Finally, we are interested in characterizing methods that
are contractive and/or stable for all delays (delay independent
stability) or for fixed delay (delay dependent stability). As it
was explained in Lecture 5, whereas for contractivity the two
cases do not differ from each other, the classes of equations
that are asymptotically stable in the two senses are actually
different and, therefore, the same is expected for numerical
methods.
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More precisely, we have seen that the condition

<(λ) + |µ| ≤ 0 (18.2)

characterizes those equations of the type (18.1) which fulfil
the contractivity property

|y(t)| ≤ max
x≤t0

|φ(x)|, t ≥ t0, (18.3)

for any fixed value of the delay τ . Because condition (18.2) is
independent of τ , it also characterizes the contractivity for all
delays.

Moreover, we have seen that the stronger condition

<(λ) + |µ| < 0 (18.4)

essentially characterizes the asymptotic stability of (18.1) for
all delays τ , i.e.

lim
t→+∞

y(t) = 0

for all initial functions φ(t).
On the contrary, the asymptotic stability of (18.1) for a

fixed value of τ is ensured if and only if the coefficients λ and
µ belong to the larger region Sτ (see Definition 16.1) for both
the real and complex cases.

Therefore, it is natural to ask the numerical method for the
preservation of the asymptotic stability property

lim
n→∞

yn = 0

and/or the contractivity property

|yn| ≤ max
x≤t0

|φ(x)|, n ≥ 0,

under the same conditions that guarantee such properties for
the exact solution.
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We start with the definitions regarding asymptotic stability.

Definition 18.1 The P-stability region of a numerical method
for DDEs is the set SP of pairs of complex numbers (α, β),
α = hλ, β = hµ, such that the discrete numerical solution
{yn}n≥0 of (18.1), obtained with constant stepsize h under the
constraint

h = τ/m, m ≥ 1, m integer, (18.5)

satisfies
lim
n→∞

yn = 0 (18.6)

for all constant delays τ and all initial functions φ(t).

Definition 18.2 A numerical method for DDEs is P-stable if

SP ⊇ {(α, β) ∈ C 2 | <(α) + |β| < 0}.

In other words, a numerical method is P-stable if, for any
stepsizes h satisfying (18.5), it preserves the asymptotic sta-
bility of (18.1) whenever <(λ) < −|µ|, i.e. whenever (18.1) is
asymptotically stable for all delays. Note that this definition
disregards the part of the stability region of (18.1) lying on
the boundary (see (16.4)).

Removing the constraint (18.5) leads to the following stronger
concept of stability.

Definition 18.3 The GP-stability region of a numerical method
for DDEs is the set SGP of pairs of complex numbers (α, β),
α = hλ, β = hµ, such that the discrete numerical solution
{yn}n≥0 of (18.1), obtained with constant stepsize h, satisfies
(18.6) for all constant delays τ and all initial functions φ(t).
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Definition 18.4 A numerical method for DDEs is GP-stable
if

SGP ⊇ {(α, β) ∈ C 2 | <(α) + |β| < 0}.

Observe that the constraint (18.5) defines, indeed, a con-
strained mesh (see Definition 11.1). Therefore, the study of
the P-stability properties is confined to methods implemented
under the constrained mesh strategy. On the other hand, when
we remove constraint (18.5) the study of the GP-stability
properties might be more appropriate. However, in both cases,
the stepsize is assumed to be constant, and hence the stability
properties of the numerical method implemented with varying
stepsize are not completely captured by such investigations.

In order to fill in this gap, we give a definition of stability
in which the stepsize is allowed to be variable. Moreover, in
order to generalize our stability analysis further, in this new
definition we also allow the delay to be variable. Therefore,
we consider the more general test equation with variable delay{

y′(t) = λy(t) + µy(t− τ(t)), t ≥ t0,

y(t) = φ(t), t ≤ t0.
(18.7)

In Section 14 we saw that, under hypotheses (H1), (H2) and
(H4), condition (18.4) also implies asymptotic stability for the
variable delay equation (18.7).

Definition 18.5 A numerical method for DDEs is fully P-
stable (in short, FP-stable) if the discrete numerical solution
of (18.7), obtained with any mesh ∆, satisfies (18.6) for all
initial functions φ(t) and all delays τ(t) satisfying (H1), (H2)
and (H4), whenever (18.4) holds.
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It is clear that SGP ⊆ SP , that an FP-stable method is
also GP-stable and that a GP-stable method is P-stable, too.
Moreover, a P-stable method for DDEs is A-stable for ODEs.

FP-stability ⇒ GP-stability ⇒ P-stability ⇒ A-stability

It is worth remarking that, in the foregoing definitions of
a stability region, the conditions on the parameters h, λ and
µ were given in terms of the pair (hλ, hµ). The correctness of
such a choice is not obvious a priori despite being the straight
generalization of the definition of the A-stability region for
ODEs. Indeed, we shall see that, since the conditions on the
numerical solution {yn}n≥0 are required for all delays τ , the
choice is consistent.

This is not the case in the definition of the stronger property
of asymptotic stability for fixed delay. Contrary to the concept
of P-stability, it is relevant to the larger class of equations
(18.1) which are asymptotically stable for a fixed value of the
delay (see Definition 16.1).

Definition 18.6 For any fixed τ , the Dτ -stability region of a
numerical method for DDEs is the set SDτ

of triplets (h, λ, µ) ∈
R+ × C 2, where h fulfils the constraint (18.5), such that the
discrete numerical solution {yn}n≥0 of (18.1) obtained with
constant stepsize h satisfies

lim
n→∞

yn = 0

for all initial functions φ(t).

Definition 18.7 A numerical method for DDEs is D-stable
if, for any fixed τ ,

(λ, µ) ∈ Sτ =⇒ (h, λ, µ) ∈ SDτ

for any constant stepsize h satisfying (18.5).
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Observe that the concept of D-stability is stronger than P-
stability. In fact, SDτ

⊃ {(h, λ, µ) ∈ R+×C 2 | <(λ)+ |µ| < 0}
for all τ > 0 and, hence, D-stability requires preservation
of the asymptotic stability on a larger subclass of equations
(18.1).

D-stability ⇒ P-stability
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Now we give the definitions regarding contractivity.

Definition 18.8 The P-contractivity region of a numerical
method for DDEs is the set CP of pairs of complex numbers
(α, β), α = hλ, β = hµ, such that the discrete numerical
solution {yn}n≥0 of (18.1), obtained with constant stepsize h

under the constraint (18.5), satisfies

|yn| ≤ max
x≤t0

|φ(x)|, n ≥ 0, (18.8)

for all constant delays τ and all initial functions φ(t).

Definition 18.9 A numerical method for DDEs is P-contractive
if

CP ⊇ {(α, β) ∈ C 2 | <(α) + |β| ≤ 0}.

Removing constraint (18.5) leads to the following stronger
concept of contractivity.

Definition 18.10 The GP-contractivity region of a numeri-
cal method for DDEs is the set CGP of pairs of complex num-
bers (α, β), α = hλ, β = hµ, such that the discrete numerical
solution {yn}n≥0 of (18.1) obtained with constant stepsize h

satisfies (18.8) for all constant delays τ and all initial func-
tions φ(t).

Definition 18.11 A numerical method for DDEs is GP-contractive
if

CGP ⊇ {(α, β) ∈ C 2 | <(α) + |β| ≤ 0}.

Recall that in Section 14 we saw that, under hypotheses
(H1) and (H4), the solution y(t) of (18.7) satisfies (18.3) if
(18.2) holds.
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Definition 18.12 A numerical method for DDEs is fully P-
contractive (in short, FP-contractive) if the discrete numerical
solution {yn}n≥0 of (18.7), obtained with any mesh ∆, satisfies
(18.8) for all initial functions φ(t) and all variable delays τ(t)
under hypotheses (H1) and (H4), whenever (18.2) holds.

It is clear that CGP ⊆ CP , that an FP-contractive method
is also GP-contractive and that a GP-contractive method is
P-contractive, too.

FP-contractivity ⇒ GP-contractivity ⇒ P-contractivity

All the definitions throughout this section may be restricted
to equations with real coefficients λ and µ and, in this case,
the notations modify according to the notations for real ODEs,
e.g. the P(0)-stability region, the D(0)-stable method, etc.

Not so obvious are the relationships among the various con-
cepts of asymptotic stability and contractivity. However, in
what follows we shall see that the sufficient conditions for con-
tractivity are essentially sufficient to also guarantee asymp-
totic stability.

We treat in detail three cases, that we consider represen-
tative of three substantially different situations for equations
with constant coefficients: P-stability (for all constant delays,
using constant stepsize), D-stability (for fixed delay, using con-
stant stepsize) and FP-contractivity/FP-stability (variable de-
lay, using variable stepsize).



Home Page

Title Page

Contents

JJ II

J I

Page 173 of 211

Go Back

Full Screen

Close

Quit

18.1. P-stability

The main difficult in the investigation of the P-stability prop-
erties of numerical methods for DDEs is that the final product
is always a difference equation of arbitrary order m depending
on the ratio τ/h.

The RK method for DDEs (10.2), (10.3), applied to the
test equation (18.1) with constant stepsize h satisfying the
constraint (18.5), takes the form

Y i
n+1 = yn + h

s∑
j=1

aij(λY j
n+1 + µη(tjn−m+1)), i = 1, . . . , s,

(18.9)

η(tn + θh) = yn + h

s∑
i=1

bi(θ)(λY i
n+1 + µη(tin−m+1)). (18.10)

With b = [b1, . . . , bs]
T , b(θ) = [b1(θ), . . . , bs(θ)]

T , e = [1, . . . , 1]T

the unit s vector, I the s-dimensional identity matrix, A =
[aij]

s
i,j=1, α = hλ and β = hµ, after elimination of the stage

values Y i
n+1 from (18.9) and computation of (18.10) for θ =

c1, . . . , cs, 1, we get

η(tin+1) = Ri(α)yn+β

s∑
j=1

(b(ci)
T (I−αA)−1)jη(tjn−m+1), i = 1, . . . , s,

(18.11)
where

Ri(α) = 1 + αb(ci)
T (I − αA)−1e (18.12)

and (x)j is to be understood as the jth component of the row
vector x. Moreover, by (18.10) for θ = 1, we get

yn+1 = R(α)yn + β

s∑
j=1

(bT (I − αA)−1)jη(tjn−m+1), (18.13)
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where
R(α) = 1 + αbT (I − αA)−1e (18.14)

is the so-called A-stability function of the underlying discrete
RK method (6.2), (6.3).

This pair of equations reduces to the recurrence relation
with constant coefficients

Hn+1 = P (α)Hn + βQ(α)Hn−m+1 (18.15)

for the sequence of (s + 1)-dimensional vectors

Hn = [η(t1n), . . . , η(tsn), yn]
T ,

where

P (α) =

[
0 e + αB(I − αA)−1e

0T 1 + αbT (I − αA)−1e

]
,

Q(α) =

[
B(I − αA)−1 0
bT (I − αA)−1 0

]
,

and
B = [bj(ci)]

s
i,j=1.

The asymptotic behavior of the solutions of (18.15) is de-
termined by the roots ζ of its characteristic equation

det[ζmI − ζm−1P (α)− βQ(α)] = 0, (18.16)

where, this time, I is the (s + 1)-dimensional identity matrix.
By a small direct calculation, it is easy to check that, for

all ζ 6= 0 such that det[I − αA− (β/ζm)B] 6= 0, the left-hand
side of (18.16) can be factorized as follows:

det[ζmI − ζm−1P (α)− βQ(α)]

= ζms+m−1det[I − αA− (β/ζm)B]

·
(
ζ −R∗(α, β/ζm)

)
. (18.17)
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Therefore, instead of the roots ζ of the characteristic equa-
tion (18.16), we can equivalently consider the solutions of the
algebraic equation

ζ = R∗(α, β/ζm), (18.18)

where the rational function

R∗(α, z) = 1 + (α + z)bT (I − αA− zB)−1e

is called the P-stability function, provided that the following
very mild assumption on the RK method holds.

Assumption 18.1 The matrix I − αA − z∗B is singular if
and only if z∗ is a pole of R∗(α, z).

Since R∗(α, 0) = R(α), the A-stability region of the under-
lying discrete RK method is

SA = {α ∈ C
∣∣ |R∗(α, 0)| < 1}.

Now, in the complex plane, consider the curve

Γα = {z ∈ C
∣∣ |R∗(α, z)| = 1}

and let
σα = inf

z∈Γα

|z|

be the distance of the curve Γα from the origin of the complex
plane.
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The following lemma, the proof of which is very long and
technical, is the main tool of this P-stability analysis.

*****************************************************

Lemma 18.1 Consider the following three statements:

(a) α ∈ SA and |β| < σα;

(b) all the roots ζ of (18.18) are inside the unit circle for all
m ≥ 1;

(c) α ∈ SA and |β| ≤ σα.

Then (a) =⇒ (b) =⇒ (c).

*****************************************************

If we define the set

ΣP = {(α, β) ∈ C 2 | α ∈ SA and |β| < σα},

we get the following characterization of the P-stability region.

*****************************************************

Theorem 18.1 The P-stability region SP of the RK method
for DDEs (10.2), (10.3) is such that ΣP ⊆ SP . Moreover,
under the mild assumption on the method that limn→∞Hn = 0
if and only if limn→∞ yn = 0, it also holds that SP ⊆ ΣP .

*****************************************************
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Proof of Theorem 18.1. Let (α, β) ∈ ΣP and assume, by
contradiction, that (α, β) 6∈ SP . Then the characteristic equa-
tion (18.16) has a root ζ with |ζ| ≥ 1 for some m ≥ 1. On
the other hand, by Lemma 18.1 all the roots of (18.18) are
inside the unit circle for all m ≥ 1. Moreover, by the defi-
nition of σα and since |R∗(α, 0)| < 1, β/ζ

m
cannot be a pole

of R∗(α, z). Therefore, by Assumption 18.1, equality (18.17)
gives a contradiction.

Conversely, let (α, β) ∈ SP . Since limn→∞Hn = 0 for all
possible solutions {Hn}n≥0 of (18.15), all the roots of the char-
acteristic equation (18.16) are inside the unit circle for all
m ≥ 1. If, by contradiction, we assume that (α, β) 6∈ ΣP , by
Lemma 18.1 there exists a root ζ of (18.18) with |ζ| ≥ 1 for
some m ≥ 1. It is clear that β/ζ

m
cannot be a pole of R∗(α, z)

and thus, again, by Assumption 18.1 equality (18.17) gives a
contradiction.
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We can conclude that, in general, the study of the P-
stability properties of the RK methods for DDEs is reduced to
a constrained minimum problem in the complex plane, namely
to compute σα for α ∈ SA.

Observe that, if the method is natural, i.e. A = B (see
Definition 6.1), we have R∗(α, z) = R∗(α + z, 0) and, hence,

R∗(α, z) = R(α + z).

Then, the set Γα is given by the complex numbers z such that
α + z lies on ∂SA, the boundary of the stability region SA.
Now, it is easy to see that

σα = dist(α, ∂SA),

where dist(·, ·) denotes the Euclidean distance in the complex
plane. Moreover, if the underlying discrete RK method is A-
stable, that is SA ⊇ {α ∈ C | <(α) < 0}, then clearly it holds
that

σα ≥ −<(α),

and we have the following result.

*****************************************************

Corollary 18.1 A natural RK method for DDEs (10.4), (10.5)
is P-stable if the underlying discrete RK method (6.2), (6.3)
is A-stable.

*****************************************************

By virtue of Corollary 18.1, we can claim that the one-step
collocation method at Gaussian points for DDEs is P-stable,
since it is obviously natural and, as is well known, A-stable
for ODEs.
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Example 18.1 As an application of the previous analysis, let
us determine the P(0)-stability regions of the Θ-method

0 0 0
1 1−Θ Θ

1−Θ Θ

extended by linear interpolation. For constant stepsize h, it
provides the nodal approximation

yn+1 = yn+hλ
(
(1−Θ)yn+Θyn+1

)
+hµ

(
(1−Θ)η(tn−τ)+Θη(tn+1−τ)

)
.

(18.19)
In particular, with α = hλ and β = hµ, for h = τ/m it takes
the form

yn+1 = yn+α
(
(1−Θ)yn+Θyn+1

)
+β
(
(1−Θ)yn−m+Θyn+1−m

)
.

As with linear ODEs, the Θ-method coincides with the col-
location method at the point Θ

yn+1 = yn +α
(
(1−Θ)yn +Θyn+1

)
+βη(tn +Θh−τ), (18.20)

where, by using linear interpolation, the retarded value η(tn +

Θh− τ) is still given by
(
(1−Θ)η(tn−m) + Θη(tn+1−m)

)
.

Because the one-stage collocation method is a natural RK
method with A = B = Θ, the resulting P(0)-stability function
turns out to be

R∗(α, z) = 1 +
α + z

1− αΘ− zΘ
=

1 + (α + z)(1−Θ)

1− (α + z)Θ

and satisfies Assumption 18.1.
The A(0)-stability region of the Θ-method is

SA(0) =

(
2

2Θ− 1
, 0

)
for 0 ≤ Θ < 1

2
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and

SA(0) = (−∞, 0) ∪
(

2

2Θ− 1
,∞
)

for 1
2 ≤ Θ ≤ 1.

Moreover, for any Θ ∈ [0, 1], the boundary ∂SA of the
A-stability region is given, in the complex plane, by the cir-
cle centered in the real point 1/(2Θ − 1) with radius equal to
|1/(2Θ− 1)|.

Therefore, for real α,

σα = min

{
|α|, |α− 2

2Θ− 1
|
}

and

ΣP (0) =
{
(α, β) ∈ R2 | α ∈ SA(0) and |β| < σα

}
.

The regions of P(0)-stability are depicted in Figure 30 for
0 ≤ Θ < 1

2, and in Figure 31 for 1
2 ≤ Θ ≤ 1. We can conclude

that both the Θ-method and collocation at one point Θ are
P(0)-stable for all 1

2 ≤ Θ ≤ 1. ♦

A-stable CRK methods that are also P-stable are not nec-
essarily confined to the subclass of natural CRK methods. If
the CRK method (A, b(θ)) is not natural, it is A 6= B and the
computation of σα for α ∈ SA becomes more complicated.

However, it can be proved that Radau IA and Lobatto IIIC
methods, as well as some singly implicit RK (SIRK) and singly
diagonally implicit RK (SDIRK) methods that are not natural,
are P-stable.
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0 
+ + 

2/(1−2Θ) 

−2/(1−2Θ) 

− 

− 

α 

β 

− 

− 

0 ≤ Θ ≤ 1/2 

Figure 30: P(0)-stability region of the Θ-methods and the one-stage col-
location method at the point Θ for 0 ≤ Θ < 1

2
.
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2/(2Θ−1) 

0 

α 

β 

1/2 ≤ Θ ≤ 1 

Figure 31: P(0)-stability region of the Θ-methods and the one-stage col-
location method at the point Θ for 1

2
≤ Θ ≤ 1.
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18.2. D-stability

Compared with the delay independent analysis, the asymp-
totic stability analysis for a fixed value of the delay is much
more difficult. We confine ourselves to the class of natural RK
methods for DDEs, for which equation (18.18) takes the form

ζ = R (α + β/ζm) ,

where R(α) is the A-stability function of the underlying dis-
crete RK method (see (18.14)) and hence, for h = τ/m,

ζ = R

(
1

m

(
τλ +

τµ

ζm

))
.

So, the Dτ -stability region SDτ
is described by the triplets

(h, λ, µ), with h = τ/m, such that

ζ = R

(
1

m

(
τλ +

τµ

ζm

))
=⇒ |ζ| < 1.

By a change of variable ξ = τλ + τµ/ζm, the last condition is
equivalent to

ξ − τλ− τµ(
R
(

ξ
m

))m = 0 =⇒
∣∣∣∣R( ξ

m

)∣∣∣∣ < 1. (18.21)

Now consider the following property for the A-stability
function R(α) of an A-stable RK method:

(Pm) The stability condition (18.21) holds for all (λ, µ) ∈ Sτ .

We then observe that the RK method is D-stable if and
only if (Pm) holds for all m ≥ 1.

Note that P-stability requires the validity of (18.21) for all
m ≥ 1 on the restricted set of pairs (λ, µ) such that |µ| <

−<(λ).
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The increase in difficulty in passing from the P-stability
to the D-stability analysis essentially originates from the fact
that the set Sτ is larger, depends on τ and is more complicated
to describe. Actually, the success of the analysis depends on
the parameterization adopted for describing the set Sτ and
the Dτ -stability regions SDτ

.
Two alternative approaches have been pursued in the liter-

ature.
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The first is based on the set

Q∗[τλ] = {τµ
∣∣ (λ, µ) ∈ Sτ}

and on the sets

Qm[τλ] = {τµ
∣∣ (18.21) holds},

for which D-stability is equivalent to

Q∗[τλ] ⊆
∞⋂

m=1

Qm[τλ] for all λ ∈ C.

By following this approach, that seems more suitable for
analyzing the real case (λ, µ) ∈ R2, it can be proved that the
class of Θ-methods is D(0)-stable for all 1

2 ≤ Θ ≤ 1 and that
the trapezoidal rule is not D-stable. Moreover, a necessary
condition for D(0)-stability based on the analysis of the be-
havior of the Dτ(0)-stability region in a neighborhood of the
cusp point (1/τ,−1/τ) on the border of the stability set Sτ

was found. On this basis it was proved that the Lobatto IIIC
method is not D(0)-stable (see Figure 32).
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Border of Sτ 

(1,−1) 

(1,1) 

µ 

λ 

S S 
Dτ(0) Dτ(0) 

Figure 32: The stability region SDτ (0) of the Lobatto IIIC method for
h = τ/m, τ = 1, m = 1, versus the asymptotic stability region Sτ in the
real (λ, µ)-plane.
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The following theorem regards A-stable methods with the
symmetric A-stability function R(α) (i.e. R(−α)R(α) = 1).

*****************************************************

Theorem 18.2 Let us consider an A-stable RK method with
the symmetric A-stability function R(α) = P (α)/Q(α) such
that P (α) and Q(α) are polynomials of degree ≤ s. If R(α) =
eα−Cαp+1+O(αp+2), with p ≥ 2s−2, and if the error constant
satisfies (−1)p/2C > 0, then the corresponding natural RK
method for DDEs is D(0)-stable. In particular, all Gaussian
collocation methods are D(0)-stable.

*****************************************************

For Radau methods we have the following two results, the
former of positive type on D(0)-stability and the latter of neg-
ative type on D-stability.

*****************************************************

Theorem 18.3 The s-stage Radau IIA methods are D(0)-
stable for s = 2, 3.

*****************************************************

*****************************************************

Theorem 18.4 A natural RK method for DDEs with sym-
metric A-stability function cannot be D-stable. In particular,
no Gaussian collocation method is D-stable.

*****************************************************
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The second approach describes the set Sτ and the regions
SDτ

in terms of τλ. With this approach it is possible to prove
the following important result.

*****************************************************

Theorem 18.5 If (Pm) holds with m = 1, then it holds for
any integer m ≥ 1.

*****************************************************

In other words, for any asymptotically stable equation, the
method is D-stable if the numerical solution yn tends to zero
for the largest admissible stepsize h = τ .

By following this approach, Theorem 18.5 was used to prove
these further results.

*****************************************************

Theorem 18.6 The backward Euler method satisfies the prop-
erty (Pm) for m = 1 and, hence, it is D-stable.

*****************************************************

*****************************************************

Theorem 18.7 In the class of Radau IIA methods, the only
one that is D-stable is the backward Euler method.

*****************************************************

Figure 33 illustrates the Dτ -stability region of the backward
Euler method as the intersection of the sets for which the
property (Pm) holds for m ≥ 1.
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m=1 m=3 
m=5  

m=7  

µ=(1+i)/2 

τ=1 

ℜ (λ ) 

ℑ (λ ) 

+ + + + + + + + 
−2 

0 

2 4 6 8 10 12 14 

S τ 

Figure 33: Regions of the complex λ-plane with fixed delay τ = 1 and
µ = 1 + i, where the property (Pm) holds for the backward Euler method
for various m ≥ 1. For each m such regions include Sτ .
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18.3. FP-stability and FP-contractivity

In this section we analyze the contractivity and asymptotic
stability properties of RK methods for DDEs applied to the
test equation

y′(t) = λy(t) + µy(t− τ(t)). (18.22)

As in Section 15, we need some preliminary results re-
garding the stability properties of discrete and continuous
RK methods with respect to the test ODE with forcing term
(15.5).

Definition 18.13 The RK method (6.2), (6.3) is Af-stable if
the numerical solution {yn}n≥0 of (15.5) satisfies

|yn+1| ≤ max

{
|yn|, max

1≤i≤ν
|g(tin+1)|

}
(18.23)

for any mesh ∆, whenever <(λ) ≤ 0.

Observe that an Af-stable RK method is necessarily A-
stable, too.

Definition 18.14 The CRK method (6.2), (6.9), (6.6) is Af-
stable if the numerical solution η(t) of (15.5) satisfies

|η(tn + θhn+1)| ≤ max

{
|yn|, max

1≤i≤s
|g(tin+1)|

}
(18.24)

for all θ ∈ [0, 1] and for any mesh ∆, whenever <(λ) ≤ 0.
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The set of Af-stable CRK methods is very meager.
In the class of one-stage CRK methods of order 1, the only

one that is Af-stable is the backward Euler method with linear
interpolation.

In the class of two-stage CRK methods of order 2, we have
the following class of Af-stable methods:

c1 b1 c1 − b1

1 b1 1− b1

b1 1− b1

where 0 ≤ c1 ≤ 1/3 and b1 = 1
2(1−c1)

, with linear interpolation.
This class contains the Lobatto IIIC method, obtained for c1 =
0 (see Section 5.3).

So far, no Af-stable discrete RK method of order p = 3 is
known.

The next result regards the behaviour of the A-stability
function at infinity.

*****************************************************

Proposition 18.1 Let the RK method (6.2), (6.3) be of order
p ≥ 1 and Af -stable. Then its A-stability function satisfies the
condition

|R(∞)| = lim
|α|→+∞

|R(α)| < 1. (18.25)

In particular, if ci ∈ [−1, 1], i = 1, . . . , ν, then R(∞) = 0.

*****************************************************
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Now, for a given λ0 ≤ 0, consider the condition

<(λ) ≤ λ0 (18.26)

on the coefficient λ of equation (15.5). Then, for a discrete
RK method (6.2), (6.3), define the A-error growth function

ΦA(λ0, h) = sup
<(α)≤hλ0

|R(α)|, (18.27)

that is a function of the stepsize h.
It satisfies the following properties.

*****************************************************

Theorem 18.8 The A-error growth function ΦA(λ0, h) of an
A-stable RK method (6.2), (6.3) is a superexponential function
of h for all λ0 ≤ 0, that is

• ΦA(λ0, 0) = 1;

• ΦA(λ0, h1)ΦA(λ0, h2) ≤ ΦA(λ0, h1 + h2) for all h1, h2 ≥
0.

Moreover, if (18.25) holds and λ0 < 0, then it is asymptotically
negative superexponential, that is

• ΦA(λ0, h) < 1 for all h > 0;

• lim suph→+∞ ΦA(λ0, h) < 1;

hold too.

*****************************************************
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The discrete analogue of (15.6) holds.

*****************************************************

Theorem 18.9 Let the RK method (6.2), (6.3) be Af -stable.
Then, for any mesh ∆, the numerical solution {yn}n≥0 of
(15.5) with <(λ) ≤ 0 satisfies

|yn+1| ≤ ΨA
n+1|yn|+ (1−ΨA

n+1) max
1≤i≤ν

|g(tin+1)|,

where ΨA
n+1 = |R(hn+1λ)| ≤ 1, R(α) being the A-stability func-

tion.

*****************************************************

Observe that, by (18.27), under condition (18.26) we have

0 ≤ ΨA
n+1 ≤ ΦA(λ0, hn+1). (18.28)

Now go back to the test DDE (18.22).
For the moment, as in Section 15, we assume that the delay

τ(t) satisfies the sole hypothesis (H1). Then we can prove the
discrete analogue of Theorem 15.1.

*****************************************************

Theorem 18.10 If the underlying CRK method (6.2), (6.9),
(6.4) is Af -stable, then the RK method for DDEs (10.2), (10.3)
is FP-contractive.

*****************************************************
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Proof of Theorem 18.10. We apply the RK method (6.2),
(6.9), (6.4) to the test equation (18.22) that satisfies (18.2).
Thus, the numerical solution in the step [tn, tn+1] is the nu-
merical solution of the local problem{

w′
n+1(t) = λwn+1(t) + µx(t− τ(t)), tn ≤ t ≤ tn+1,

wn+1(tn) = yn,
(18.29)

where

x(s) =


φ(s) for s ≤ t0,

η(s) for t0 ≤ s ≤ tn,

wn+1(s) for tn ≤ s ≤ tn+1.

We assume by induction that

|η(t)| ≤ max
x≤t0

|φ(x)|, t ≤ tn, (18.30)

which obviously holds for n = 0.
Since (18.2) is satisfied, we have that |µ| = −R · <(λ),

with 0 ≤ R ≤ 1, and that <(λ) ≤ 0. Therefore, since the
underlying CRK method is Af-stable, we have

|η(t)| ≤ max
{
|yn|, R max

1≤i≤s
|η(tin+1−τ(tin+1))|

}
, tn ≤ t ≤ tn+1.

If overlapping does not occur, i.e. if tin+1 − τ(tin+1)) ≤ tn,
i = 1, . . . , s, then (18.30) clearly holds also for t ≤ tn+1 and
the proof is complete.

On the contrary, if overlapping occurs, then the inductive
hypothesis (18.30) just implies

|η(t)| ≤ max
{

max
x≤t0

|φ(x)|, R max
tn≤x≤tn+1

|η(x)|
}

, tn ≤ t ≤ tn+1.

Now, if R < 1, again (18.30) clearly holds also for t ≤ tn+1.
Otherwise, if R = 1, we can consider the one-parameter family
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of local problems{
w′

n+1,ρ(t) = λwn+1,ρ(t) + ρµx(t− τ(t)), tn ≤ t ≤ tn+1,

wn+1,ρ(tn) = yn,
(18.31)

where

x(s) =


φ(s) for s ≤ t0,
η(s) for t0 ≤ s ≤ tn,

wn+1,ρ(s) for tn ≤ s ≤ tn+1,

for 1− ε ≤ ρ < 1, ε > 0.
For the local problem (18.31) it holds that R = ρ < 1.

Thus, in view of the previous case, the numerical solution
ηρ(t) satisfies

|ηρ(t)| ≤ max
x≤t0

|φ(x)|, tn ≤ t ≤ tn+1.

Since continuity arguments easily show that ηρ(t) converges
uniformly in [tn, tn+1] to the numerical solution η(t) of (18.29)
as ρ → 1, again we can conclude that (18.30) holds also for
t ≤ tn+1.

Remark 18.1 From the proof of Theorem 18.10, we can see
that Af -stability of the underlying CRK method implies even
more than FP-contractivity, namely

|η(t)| ≤ max
x≤t0

|φ(x)|, t ≥ t0.

In other words, the contractivity property (18.8) extends to the
continuous numerical solution.
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Now we assume that, besides hypothesis (H1), the delay
τ(t) satisfies hypotheses (H2) and (H4) and, possibly, also
(H3). However, as in Section 15, some of the forthcoming
results could be proved just with some increase in complexity
without assuming the monotonicity hypothesis (H4).

We recall that, under hypotheses (H1), (H2) and (H4), the
delay τ(t) determines a set of discontinuity points {ξk}k≥0,
ξ0 = t0, which is monotonically increasing and diverging as
k →∞. Moreover, if also the hypothesis (H3) is verified, then
ξk+1 − ξk ≤ τ1 for all k ≥ 0.

In order to prove the forthcoming Theorem 18.11, which
is the discrete analogue of Theorem 15.2, we need to analyze
the possible images in the deviated argument α(t) = t− τ(t)
of a mesh interval [tn, tn+1] for an arbitrary mesh ∆, possibly
allowing overlapping.

To this aim, define n0 = k0 = 0 and, for each l ≥ 1, consider
the integer nl ≥ 1 for which there exists kl ≥ 1 such that

tnl
≤ ξkl

< tnl+1 ≤ ξkl+1. (18.32)

It is evident that, under the assumption of hypotheses (H1)
and (H4), the integers nl and kl are uniquely determined for
any l ≥ 1. Therefore, a subset of discontinuity points ξkl

is
defined, which are significant for the mesh ∆.

Moreover, it is also easy to see that, if the mesh ∆ does
not allow overlapping, then all the discontinuity points ξk are
significant for ∆ (i.e. kl = l for all l ≥ 1).
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Remark 18.2 If the mesh ∆ includes all the discontinuity
points, in which case overlapping never occurs, then it is clear
that [tn, tn+1] ⊆ [ξk−1, ξk] for some k ≥ 1 and that, if [tm1

, tm2
]

is the minimum union of mesh intervals that contain all the in-
ternal points of the image α([tn, tn+1]), then we have [tm1

, tm2
] ⊆

[ξk−2, ξk−1].
On the contrary, if the mesh ∆ does not necessarily include

the discontinuity points, then the mesh interval [tn, tn+1] may
contain at most one significant discontinuity point, say ξkl−1

,
as an internal point. Moreover, [tm1

, tm2
] may also contain in-

ternal points of [ξkl−4
, ξkl−3

], but the right-hand extremum tm1+1

of the first image-step [tm1
, tm1+1] is always > ξkl−3

.

Solely for technical reasons, define the additional (signif-
icant) discontinuity points ξ−1 = ξ0 − τ(ξ0) and ξ−2 = ξ−1

and extend backwards any mesh ∆ defined in [t0, +∞) to the
points t−2 = t−1 = ξ−2 = ξ−1.

*****************************************************

Theorem 18.11 Assume that the delay τ(t) satisfies hypothe-
ses (H1), (H2) and (H4). If the underlying CRK method (6.2),
(6.9), (6.4) is Af -stable, then the RK method for DDEs (10.2),
(10.3) is FP-stable.

Moreover, if the additional hypothesis (H3) is verified and
if there exists h0 > 0 such that hn+1 ≤ h0 for all n ≥ 0, then
the convergence rate in (18.6) is at least of exponential type,
i.e. at least like e−α(t−t0) for some α > 0.

*****************************************************
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Proof of Theorem 18.11. We apply the RK method (6.2),
(6.9), (6.4) to the test equation (18.22) that satisfies (18.4).
Observe that the numerical solution in the mesh interval [tn, tn+1]
is the numerical solution of the local problem (18.29).

Since (18.4) is satisfied, we have that |µ| = −R · <(λ),
with 0 ≤ R < 1, and that <(λ) < 0. Therefore, since the
underlying CRK method is Af-stable, we have

|η(t)| ≤ max
{
|yn|, R max

1≤i≤s
|η(tin+1−τ(tin+1))|

}
, tn ≤ t ≤ tn+1,

and, moreover, Theorem 18.9 yields

|yn+1| ≤ ΨA
n+1|yn|+ (1−ΨA

n+1)R max
1≤i≤s

|η(tin+1 − τ(tin+1))|.

Assuming that tn+1 ∈ (ξkl−1
, ξkl

], as observed in Remark 18.2,
the delayed argument tin+1 − τ(tin+1) ∈ [tm1

, tm2
] with tm1+1 >

ξkl−3
and, of course, tm2

≤ tn+1.
Therefore, with

Gn = max
tn−1≤t≤tn

|η(t)|,

we have
|yn| ≤ Gn,

G−1 = G0,

|yn+1| ≤ ΨA
n+1|yn|+ (1−ΨA

n+1)R max
ξkl−3

<tν≤tn+1

Gν (18.33)

and

Gn+1 ≤ max
{
|yn|, R max

ξkl−3
<tν≤tn+1

Gν

}
. (18.34)

Thus our aim is to prove that

lim
n→∞

|yn| = lim
n→∞

Gn = 0. (18.35)
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Define n−2 = −2, n−1 = −1 and the numbers ε−2, ε−1,
ε0, E−2, E−1 and E0 to be all equal to G0. Observe that the
interesting case is G0 > 0, otherwise (18.35) is obvious, since
(18.33) and (18.34) would imply |yn| = Gn = 0 for all n.

In view of the definition of the significant discontinuity
points in (18.32), for l ≥ 1 define inductively (with respect
to l) the numbers

El = εnl
, (18.36)

where, for nl−1 + 1 ≤ n ≤ nl,

εn = REl−3 +

 n∏
ν=nl−1+1

ΨA
ν

 (El−1 −REl−3). (18.37)

Now, as an inductive hypothesis, assume that El−1−REl−3 ≥
0, El−3 − El−2 ≥ 0 and El−2 − El−1 ≥ 0. These inequalities
clearly hold for l = 1. Then, with

Πl =

nl∏
ν=nl−1+1

ΨA
ν , (18.38)

by (18.37) and (18.36) we have

El −REl−2 = REl−3 + Πl(El−1 −REl−3)−REl−2

= R(El−3 − El−2) + Πl(El−1 −REl−3) ≥ 0.

Since condition (18.4) implies (18.26) for some λ0 < 0, Theo-
rem 18.8 and inequality (18.28) yield

ΨA
ν < 1 for all ν.



Home Page

Title Page

Contents

JJ II

J I

Page 200 of 211

Go Back

Full Screen

Close

Quit

Therefore, for nl−1 + 1 ≤ n ≤ nl we have also

El−1 − εn = El−1 −REl−3 −

 n∏
ν=nl−1+1

ΨA
ν

 (El−1 −REl−3)

= (El−1 −REl−3)

1−
n∏

ν=nl−1+1

ΨA
ν

 ≥ 0.

In particular, for n = nl we obtain

El−1 − El ≥ 0, l ≥ 0. (18.39)

Therefore, we have proved that the sequence {εn} is non-
increasing and that

El −REl−2 ≥ 0, l ≥ 0. (18.40)

Now we want to prove that

Gν ≤ εν−1, ν ≥ −1,

and
|yν| ≤ εν, ν ≥ −1.

The above inequalities clearly hold for ν = −1, 0. Now
assume by induction that they hold for ν ≤ n with nl−1 ≤ n ≤
nl − 1 for some l ≥ 1. Therefore, by the inductive hypothesis
and by (18.34), we get

Gn+1 ≤ max
{

εn, RGn+1, R max
ξkl−3

<tν≤tn
εν−1

}
and thus, since ξkl−3

< tν ≤ tn implies nl−3 + 1 ≤ ν ≤ n,
since the sequence {εn} is non-increasing and since R < 1, by
(18.36) and (18.37) we obtain

Gn+1 ≤ max{εn, RGn+1, REl−3} = εn. (18.41)
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Analogously, by (18.33), by the inductive hypothesis and
by (18.41), we get

|yn+1| ≤ ΨA
n+1εn + (1−ΨA

n+1)R max
ξkl−3

<tν≤tn+1

εν−1

which, by (18.36) and (18.37), yields

|yn+1| ≤ ΨA
n+1εn + (1−ΨA

n+1)REl−3 = εn+1.

To conclude the proof, we have to show that, under hy-
pothesis (H2), the sequence {εn} vanishes as n →∞. Indeed,
hypothesis (H2) implies that, as n → ∞, tn ∈ (ξkl−1

, ξkl
] with

l →∞. Therefore, it is sufficient to prove that El → 0.
To this end, observe that, by (18.37), (18.36) and (18.38),

the sequence {El} is such that{
El = ΠlEl−1 + R(1− Πl)El−3, l ≥ 1,
E−2 = E−1 = E0 > 0.

(18.42)

We need to give a uniform upper bound Π < 1 to the
sequence {Πl}.

Since inequality (18.28) holds and ΦA(λ0, h) is asymptoti-
cally negative superexponential (see Theorem 18.8), no prob-
lems are caused if the stepsizes hn+1 are not uniformly bounded
from above.

On the contrary, one can easily construct a mesh ∆ con-
taining a subsequence of steps that vanishes at infinity, with
steps of the type [tnl−1

, tnl
], where nl = nl−1 + 1. In this case

the corresponding subsequence in {Πl} also goes to 1 at in-
finity, and hence the uniform upper bound Π < 1 does not
exist.

In order to overcome this inconvenience, observe that (18.32)
implies that the sum of the lengths of two consecutive intervals
[tnl−1

, tnl
] and [tnl

, tnl+1
] is greater than the length of the interval
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[ξkl−1
, ξkl

], which is ≥ τ0 by hypothesis (H1). Therefore, again
since ΦA(λ0, h) is asymptotically negative superexponential,
we obtain

Πl+1Πl =

nl+1∏
ν=nl−1+1

ΨA
ν ≤

nl+1∏
ν=nl−1+1

ΦA(λ0, hν)

≤ ΦA(λ0, tnl+1
− tnl−1

) ≤ Π = max
h≥τ0

ΦA(λ0, h) < 1.

Consequently, by (18.39) and (18.40), iterating (18.42) twice
easily yields{

El+1 ≤ ΠEl−1 + R(1− Π)El−3, k ≥ 1,
E−2 = E−1 = E0 > 0, E1 > 0.

This is a fourth-order difference inequality with constant
coefficients. Since the coefficients are positive and also all the
numbers El are positive, it follows that El ≤ Γl, l ≥ −2, where
the sequence {Γl} satisfies the fourth-order difference equation
with constant coefficients{

Γl+1 = ΠΓl−1 + R(1− Π)Γl−3, l ≥ 1,
Γi = Ei, i = −2, . . . , 1.

Since the sum of the (positive) coefficients in the right-hand
side is < 1, all four characteristic roots are < 1 in modulus.
Thus, if β is the biggest of them, we can conclude that El → 0
at least as |β|l.

Finally, if hypothesis (H3) is satisfied, for a given tn ≥ t0,
we have that tn ∈ (ξk−1, ξk] for some

k ≥ tn − t0
τ1

.

On the other hand, since hypothesis (H1) holds, if there exists
h0 > 0 such that hn+1 ≤ h0 for all n ≥ 0, then the macro inter-
val [ξk−1, ξk] is necessarily included between two consecutive
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significant discontinuity points ξkl−1
and ξkl

, where

l ≥ k

r0
,

with

r0 =

⌈
h0

τ0

⌉
.

Therefore, since {εn} is non-increasing, it follows that εn → 0
at least like e−α(tn−t0), where α = − log(|β|)/(r0τ1).
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19. Generalizations of A-stability to NDDEs

A-stability has also been generalized to DDEs of neutral type

{
y′(t) = λy(t) + µy(t− τ) + νy′(t− τ), t ≥ t0,

y(t) = φ(t), t ≤ t0,
(19.1)

where λ, µ, ν ∈ C and τ is a constant delay.
Also in this case we have two concepts of asymptotic sta-

bility, one for all delays and another for fixed delay (see Defi-
nition 17.1).

Definition 19.1 The NP-stability region of a numerical method
for NDDEs is the set SNP of triplets of complex numbers
(α, β, ν), α = hλ, β = hµ, such that the discrete numeri-
cal solution {yn}n≥0 of (19.1), obtained with constant stepsize
h under the constraint

h = τ/m, m ≥ 1, m integer, (19.2)

satisfies
lim
n→∞

yn = 0 (19.3)

for all constant delays τ and all initial functions φ(t).

Definition 19.2 A numerical method for NDDEs is NP-stable
if

SNP ⊇
{

(α, β, ν) ∈ C 3
∣∣∣ <(α) < 0 and |αν + β| <

∣∣2<(α) + |αν̄ − β̄|
∣∣} .

In other words, a numerical method is NP-stable if, for
any stepsize h satisfying (19.2), it preserves the asymptotic
stability on the whole class of asymptotically stable equations
(19.1) characterized by condition (17.1).
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Removing constraint (19.2) leads to the following stronger
concept of stability.

Definition 19.3 The GNP-stability region of a numerical method
for NDDEs is the set SGNP of triplets of complex numbers
(α, β, ν), α = hλ, β = hµ, such that the discrete numerical
solution {yn}n≥0 of (19.1), obtained with constant stepsize h,
satisfies (19.3) for all constant delays τ and all initial func-
tions φ(t).

Definition 19.4 A numerical method for NDDEs is GNP-
stable if

SGNP ⊇
{

(α, β, ν) ∈ C 3
∣∣∣ <(α) < 0 and |αν + β| <

∣∣2<(α) + |αν̄ − β̄|
∣∣} .

GNP-stability ⇒ NP-stability ⇒ P-stability

GNP-stability ⇒ GP-stability
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Definition 19.5 For any fixed τ , the NDτ -stability region of
a numerical method for NDDEs is the set SNDτ

of quaternaries
(h, λ, µ, ν) ∈ R+ × C 3, where h fulfils the constraint (19.2),
such that the discrete numerical solution {yn}n≥0 of (19.1),
obtained with constant stepsize h, satisfies (19.3) for all initial
functions φ(t).

Definition 19.6 A numerical method for NDDEs is ND-stable
if, for any fixed τ ,

(λ, µ, ν) ∈ NSτ =⇒ (h, λ, µ, ν) ∈ SNDτ

for any constant stepsize h satisfying (19.2).

Observe that, for ν = 0, NP-stability reduces to P-stability
and ND-stability reduces to D-stability. Moreover, the con-
cept of ND-stability is stronger than NP-stability.

ND-stability ⇒ D-stability

ND-stability ⇒ NP-stability

In this lecture we analyze in some detail only the simple
case of NP-stability. However, very few results are available
in the literature for the other concepts of stability.
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19.1. NP-stability

By extending in a natural way the arguments developed in Sec-
tion 18.1 for the P-stability analysis, we consider the NDDE
(19.1) and, according to the notation of Section 13, consider
the class of RK methods for NDDEs based on the option
(13.2), i.e. y′(t− τ) ≈ η′(t− τ), which reads

Y i
n+1 = yn+h

s∑
j=1

aij(λY j
n+1+µη(tjn−m+1)+νη′(tjn−m+1)), i = 1, . . . , s,

(19.4)

η(tn+θh) = yn+h

s∑
i=1

bi(θ)(λY i
n+1+µη(tin−m+1)+νη′(tin−m+1)),

(19.5)

η′(tn + θh) =
s∑

i=1

b′i(θ)(λY i
n+1 + µη(tin−m+1) + νη′(tin−m+1)).

(19.6)
With b = [b1, . . . , bs]

T , b(θ) = [b1(θ), . . . , bs(θ)]
T , e = [1, . . . , 1]T

the unit s-vector, I the s-dimensional identity matrix, A =
[aij]

s
i,j=1, α = hλ and β = hµ, after elimination of the stage

values Y i
n+1 from (19.4) and computation of (19.5) and (19.6)

for θ = c1, . . . , cs, 1, we get

η(tin+1) = Ri(α)yn + β

s∑
j=1

(b(ci)
T (I − αA)−1)jη(tjn−m+1)

+ν

s∑
j=1

(b(ci)
T (I − αA)−1)jhη′(tjn−m+1), i = 1, . . . , s,
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and

hη′(tin+1) = R̄i(α)yn + β

s∑
j=1

(b′(ci)
T (I − αA)−1)jη(tjn−m+1)

+ν

s∑
j=1

(b′(ci)
T (I − αA)−1)jhη′(tjn−m+1), i = 1, . . . , s,

where

Ri(α) = 1 + αb(ci)
T (I − αA)−1e,

R̄i(α) = αb′(ci)
T (I − αA)−1e,

and (x)j is understood to be the jth component of the row
vector x. Moreover, by (19.5) for θ = 1, we get

yn+1 = R(α)yn + β

s∑
j=1

(bT (I − αA)−1)jη(tjn−m+1)

+ν

s∑
j=1

(b(ci)
T (I − αA)−1)jhη′(tjn−m+1),

where R(α) is the A-stability function (18.14).
Then consider the sequence of (2s+1)-dimensional vectors

Hn = [hη′(t1n), . . . , hη′(tsn), η(t1n), . . . , η(tsn), yn]
T

and the relevant recurrence relation with constant coefficients

Hn+1 = P (α)Hn + (βQ(α) + νS(α))Hn−m+1, (19.7)

where

P (α) =

 0 0 αC(I − αA)−1e

0 0 e + αB(I − αA)−1e

0T 0T 1 + αbT (I − αA)−1e

 ,
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Q(α) =

 0 C(I − αA)−1 0
0 B(I − αA)−1 0
0T bT (I − αA)−1 0

 ,

S(α) =

 C(I − αA)−1 0 0
B(I − αA)−1 0 0
bT (I − αA)−1 0T 0

 ,

B = [bj(ci)]
s
i,j=1 and C = [b′j(ci)]

s
i,j=1.

Observe that the inclusion of the elements hη′(tin) in the
vector Hn is simply due to the formal request to reproduce
a three-term recurrence relation (19.7), as was done in the
non-neutral case.

The characteristic equation of (19.7) is

det
[
ζmI − ζm−1P (α)− βQ(α)− νS(α)

]
= 0 (19.8)

and, hence, direct computations, something longer than for
the non-neutral case, lead to the factorization

det
[
ζmI − ζm−1P (α)− βQ(α)− νS(α)

]
= ζ(2s+1)m−1det

[
I − αA− (β/ζm)B − (ν/ζm)C

]
×
(
ζ −R∗∗(α, β/ζm, ν/ζm)

)
, (19.9)

where

R∗∗(α, w, z) = 1 + (α + w)bT
(
I − αA− wB − zC

)−1
e

is called the NP-stability function.
Now assume ν 6= 0 and define

q =
β

ν

so that the factor ζ − R∗∗(α, β/ζm, ν/ζm) in (19.9) can be
rewritten as ζ − R̂∗∗(α, q, ν/ζm), where

R̂∗∗(α, q, z) = 1 + (α + qz)bT
(
I − αA− z(qB + C)

)−1
e.
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Therefore, instead of the roots ζ of the characteristic equa-
tion (19.8), we can equivalently consider the solutions of the
algebraic equation

ζ = R̂∗∗(α, q, ν/ζm), (19.10)

provided the following assumption on the RK method holds.

Assumption 19.1 The matrix I−αA−z∗(qB+C) is singular
if and only if z∗ is a pole of R̂∗∗(α, q, z).

Alternatively, assume β 6= 0 and define

q̃ =
ν

β
.

Observe that q̃ = q−1 for ν 6= 0. Then the factor ζ−R∗∗(α, β/ζm, ν/ζm)
in (19.9) can be rewritten as ζ − R̃∗∗(α, β/ζm, q̃), where

R̃∗∗(α, w, q̃) = 1 + (α + w)bT
(
I − αA− w(B + q̃C)

)−1
e,

so that (19.10) changes to

ζ = R̃∗∗(α, β/ζm, q̃) (19.11)

and Assumption 19.1 modifies as follows.

Assumption 19.2 The matrix I − αA− w∗(B + q̃C) is sin-
gular if and only if w∗ is a pole of R̃∗∗(α, w, q̃).

Observe that, for β 6= 0 and ν = 0, equation (19.11) equals
(18.18) and, hence, the approach is consistent with the non-
neutral case.
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The following theorem generalizes the result given by Corol-
lary 18.1.

*****************************************************

Theorem 19.1 A natural RK method for NDDEs (19.4), (19.5),
(19.6) for which C = I (i.e., the derivatives b′i(θ) of the con-
tinuous weights are the Lagrange polynomial coefficients of the
interpolation scheme at the abscissae ci) is NP-stable if the
underlying discrete RK method (6.2), (6.3) is A-stable.

*****************************************************
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