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Abstract

We prove a multiplicity result for the periodic problem associated
with a Hamiltonian system whose Hamiltonian function has a twist-
ing part and a nonresonant part. The possible approach to resonance
together with some kind of Landesman—Lazer conditions is also ana-
lyzed. We propose a new version of this condition, and we also treat
the so-called double resonance situation.

1 Introduction

We consider the Hamiltonian system

Ju =V, H(t,u) + V,P(t,u,z),
Ji=V,7(t,z) + V.P(tu,z),

0 —1I
J pu—
(73
denotes the standard symplectic matrix in any even dimension. We assume
that all the involved functions H (¢, w), 7 (t, z), and P(t,u, z) are continuous,

T-periodic in the variable ¢ and continuously differentiable with respect to
the variables (u, ).

where

System (HS) appears as the coupling of two systems, which are assumed
to have a completely different behaviour. While for the first one we have a
twist dynamics, for the second one we ask for some nonresonance conditions.
In order to better understand this setting, let us first provide a brief historical
account, which for the reader’s convenience we divide in three parts.



Twist dynamics. In 1912, Poincaré [52| conjectured his last geometrical
theorem, proved by Birkhoff in [7, 8], which is now called the Poincaré—
Birkhoff Theorem (see [11] for a modern exposition). The theorem has been
extended in many ways and applied to obtain multiplicity of periodic solu-
tions for planar Hamiltonian systems of the type

Ji =V H(t, ) (1)

(see [32] and the references therein). Here we state a version of it, as proposed
in [38].

Theorem 1.1. Assume H(t,u) to be continuous, T-periodic in t, contin-
uously differentiable in u = (q,p), and 2m-periodic with respect to q. Let
a < b be such that all solutions uw = (q,p) of (1) starting with p(0) € [a, b
are defined on [0,T] and are such that

p(0)=a = ¢(T)-q(0) <0,
b = q(T)—q(0)>0.

Then, system (1) has at least two geometrically distinct T-periodic solutions
u = (q,p), with p(0) €]a,b[.

An analogous statement holds with the above inequalities being reversed.

In 1983, Conley and Zehnder [16] were able to obtain a multiplicity result
for the periodic problem associated with a higher dimensional Hamiltonian
system, opening the road towards a generalization of the Poincaré—Birkhoff
Theorem in this setting. Since then, many papers have been devoted to this
problem, e.g., [14, 21, 28, 39, 42, 46, 53, 55|, extending the result in [16] in
several directions. In [38], a generalization of the Poincaré-Birkhoff Theorem
in the setting of higher dimensional Hamiltonian systems was proved, by the
use of an infinite dimensional version of the Lusternik—Schnirelmann theory
provided in [55]. This result was later extended in [26] to coupled systems
having a twisting part and a nonresonant linear part.

Nonresonance. In 1972/73, Lazer [44] and Ahmad [1]| proved an existence
and uniqueness result for the T-periodic problem associated with a system
in RY of the type

¥4+ VY (x) =p(t).

They asked for the existence of A, B € Sym(RY), with

o(d)={a1 <---<an},  o(B)={A < <fn},



such that
A<9"(z)<B, forevery z € RV,

and

[ak,ﬁk]m{<2§f’>2:neN}=@, k=1,...,N. @)

Here and in the following we denote by Sym(R*) the set of symmetric L x L
real matrices, and by o(M) the spectrum of any M € Sym(R¥). Moreover,
given A, B € Sym(RY) we write A < B if (Az, z) < (Bz,z2) for every z € RE.
Notice that (2) is a typical nonresonance condition involving the eigenvalues
of the differential operator.

Different proofs of this theorem have been provided in [3, 10, 17, 50, 51,
57|; it has then been extended by many authors |2, 4, 5, 6, 40, 48, 56, 59] and
finally found a solid abstract setting in [29]. In particular, for the system

Ji =V, ), (3)

the following generalization of the Ahmad—Lazer result has been proved
in [30].

Theorem 1.2. Assume the function € to be twice continuously differen-
tiable in z, with

A< A (t,z)<B, for every (t,z) € [0,T] x R?V,
for some A, B € Sym(R?Y), and
2 .
U o(@=XJA+ ATB) NHiZ=2.
A€(0,1]
Then, system (3) has a unique T-periodic solution.

Approaching resonance. The so-called Landesman—Lazer condition has
been indeed first introduced by Lazer and Leach in [45] for the periodic
problem associated with a scalar second order ODE of the type

i+ Ax+h(t,z) =0, (4)

assuming h(t, z) to be continuous, and T-periodic in ¢. The following result
was proved.



Theorem 1.3. Let A = (22%)2 for some positive integer n, and h(t,z) be
uniformly bounded. If for every montrivial solution of f + X = 0 one has
that

/ limsup h(t, z)&(t) dt + / liminf h(t, z)&(t) dt > 0, (5)
{ {

£<0} @00 £>0p TH
then equation (4) has a T-periodic solution.

One year later the condition has been adapted in [43] in order to deal
with a Dirichlet problem associated with an elliptic PDE, and since then it
is named after Landesman and Lazer. Notice that when h(t, z) is increasing
in x this condition happens to be necessary and sufficient for the existence
of a solution. This remarkable fact has attracted a lot of attention, leading
to a large literature on the subject (see, e.g., [12, 47, 54]). Note that, in the
above theorem, condition (5) can be replaced by the symmetrical one

/ liminf h(t, z)&(t) dt + / limsup h(t,z)&(t) dt < 0.
{ {¢

£<Q} T >0} x—+00

Even the so-called double resonance has been considered, assuming a Landes-
man-Lazer condition on both sides (see [18, 19, 20, 23, 54]).

It is the aim of this paper to couple a Poincaré—Birkhoff type system with
a nonresonant one, still preserving the multiplicity of periodic solutions. We
also introduce a new version of the Landesman—Lazer condition, which seems
to be well fitted in order to deal with higher dimensional systems. We are
then able to extend our analysis to the double resonance situation. Our
multiplicity results thus contain in a unique setting all the above stated
ones.

Let us now describe in detail how the paper is organized.

In Section 2 we introduce the general setting for system (H.S), coupling
a system in R* having a twist dynamics with a nonresonant one in R?V.
Assuming the first Hamiltonian function #(¢, ¢, p) to be 2m-periodic in the
components of the state variable ¢ = (q1, . .., qar), we will prove the existence
of at least M + 1 periodic solutions.

In Section 3 we propose a new version of the Landesman—Lazer condition
to be imposed on the second system in (HS) and prove that the above
mentioned multiplicity result still holds in this case.



In Section 4 we compare our version of the Landesman—Lazer condition
with the one introduced in [22] in the setting of planar systems. Then we
show that, when dealing with a scalar second order equation, our condition
follows from the classical one.

In Section 5 we discuss some possible extensions and applications of our
results, and suggest a few open problems.

In the Appendix we provide a detailed exposition of a compactness prop-
erty of the solutions of ODE’s which plays an important role in the proof of
our results.

2 Nonresonance
Using the notation u = (q,p), z = (z,y), with

q=(q1,---,qu), p=(p1,...,Pm),
and
.’L':(xl,...,.%']\[), y:(y17"'7yN)7

system (HS) can be equivalently written as

q = VPH(ta qvp) + VpP(t, Q7p7$7 y) 1)
p = *vq%(t q,p) - qu(tﬂ q,p, T, y) )
&=Vt x,y)+ VyP(t,q,p,2,y),
y = _th%(tv x, y) - VwP(t, q,D, .T,y) .
As already said, we assume that all functions H(t, q,p), #(t,x,y), and

P(t,q,p,z,y) are continuous, T-periodic in the variable ¢t and continuously
differentiable with respect to the variables (¢, p, z,y).

Let us now present our further assumptions. We first ask for the period-
icity of H in the state variables.

A1. The function H(t,q,p) is 2m-periodic in ¢; for every ¢ € {1,..., M }.

We now assume that the first system in (HS) has a so-called twist dy-
namics.

A2. Given the rectangle

D= [al,bl] X X [CLM,bM],



there exists an M-tuple (s1,...,sy7) € {—1,1}™ such that, for every C-
function Z : [0, T] — R2", all the solutions (g, p) of the system
(j = VPH(ta Q7p) + Vpp(tv q7p7 Z(t)) )
p = _qu(tv Q7p) - qu(t7 q,D, Z(t)) )
starting with p(0) € D, are defined on [0,T] and, for every i € {1,..., M},
pi(0)=a; = si(a(T) —q(0)) <0,
pi(O) =bh = si(qi(T) — qi(O)) >0.
Concerning the function P, we assume periodicity in the g-variables and
that it has a bounded gradient.

A3. The function P(t,q,p,x,y) is 2m-periodic in ¢; for every i € {1,..., M},
and has a bounded gradient with respect to (q,p,z,y). In particular, there
exists m > 0 such that

|V.P(t,u,z)| <, forevery (t,u,z) € [0,T] x R*M x R*N,
We now introduce a structural assumption for the function 7.

A4. There are two functions Ml : RxR?Y — Sym(R?") and Q : RxR?Y — R
such that
V. 7(t, z) =M(t, 2)z + V,Q(t, 2) . (6)

The above functions are continuous, T-periodic in ¢,

A<M(tz) <B, forevery (tz2) € [0,T] x R?,
for some A, B € Sym(R?V), and Q(t, z) is continuously differentiable in z,
with uniformly bounded gradient V,Q(t, 2).

Finally, a nonresonance condition is needed.

Ab5. The following holds:

U o(@=2JA+ ATB) m%ﬂzz .
A€(0,1]

We are now able to state our first main result.

Theorem 2.1. Assume Al — A5. Then system (HS) has at least M + 1
geometrically distinct T-periodic solutions satisfying p(0) € D.

In the above setting, T-periodic solutions appear in equivalence classes
made of those functions whose components g;(t) differ by an integer multiple
of 2. We say that two T-periodic solutions are geometrically distinct if they
do not belong to the same equivalence class.



Assumption A2 is usually called a twist condition. The form given here,
which involves a C'-function Z(t), has already been exploited in [24, 27, 37,
36|, where several examples of applications have been discussed.

Concerning assumption A4, let us point out that it is a consequence of
the following condition.

AA4. The function . is twice continuously differentiable in z, with
A< (t,z) <B, forevery (t,z2) € [0,T] x R2

for some A, B € Sym(R?V).
Indeed, we have
1
V. H(t,z) = (/ A (t,s52) ds) z+ V., 7#(t,0),
0

hence, defining
1
M(t, 2) :/ A (t,s2)ds,
0

condition A4 is readily verified. We thus immediately have the following
extension of Theorems 1.1 and 1.2.

Corollary 2.2. If A1 — A3, A4, and A5 are satisfied, the same conclusion
of Theorem 2.1 holds.

As a particular case of (HS), we have the system

{Ju = Vo H(t,u) + Vo P(t,u,z), -

T+ V9 (t,x) = -V, P(t,u,x).
We assume Al — A3, and the following conditions corresponding to A4
and A5.

A4. There are two functions M : R x RY — Sym(R™) and Q:RxRN 5 R
such that B B
V.9 (t,x) =M(t,z)xr + V,Q(t, x).

The above functions above are continuous, T-periodic in t,
A<M(t,z) <B, forevery (t,z) € [0,T] x RY,

for some A,B € Sym(RY), and Q(t, ) is continuously differentiable in z,
with uniformly bounded gradient V,Q(t, ).



A5. Writing o(A) = {a; < --- < ay} and o(B) = {B; < --- < Bn}, the
following nonresonance condition holds:

2
[ak,,@k]ﬁ{<2;‘jﬂb> ZTLEN}Z@, k=1,...,N.

We remark that, since A < @, the Courant—Fischer Theorem guarantees
that ap < Bk for every k= 1,..., N (see, e.g., [41, Theorem 4.2.11]).

Theorem 2.3. Assume Al — A3, A4, and A5. Then system (7) has at least
M + 1 geometrically distinct T-periodic solutions, with p(0) € D.

Proof. Writing the second equation as
T=y y=—-V.9(t x)—V,P(t,u,x),

we can recover the setting of Theorem 2.1, with

() ()

Indeed, it is easily seen that condition A4 is equivalent to A4. O
As an immediate consequence, we have the following.

Corollary 2.4. Assume Al — A3 and that 4 is twice continuously differen-
tiable in x, with

A<@'(t,x) <B, for every (t,z) € [0,T] x RV,

If also A5 is satisfied, then the same conclusion of Theorem 2.3 holds.

2.1 Proof of Theorem 2.1

The main strategy of the proof is to modify the Hamiltonian functions in
system (HS) in order to enter the setting of |26, Corollary 2.4], where the
nonlinearity in the second system is a perturbation of a linear one and V,H
is assumed to be bounded.

By (6), there is a function ® : R x R?Y — R such that J#(t,2) =
O(t,2) + Q(t, z), and
V. 0(t,z) = M(t, 2)z.

Writing
1
O(t,z) = ©(¢,0) +/ (V. ®(t,s2),z2)ds,
0

8



we can assume without loss of generality that ®(¢,0) = 0. Hence, by A4 we

have that
1Az, 2) < ®(t,2) < 3(Bz,2).

For every r > 1 let i, : R — [0, 1] be a C*°-function such that

I R
T’T’(g)_ {0 1f€27"3,

and

1
Y <n.(£) <0, forevery & >r.

The existence of such a function is guaranteed by the fact that

3

et

(8)

We now fix a matrix D € Sym(R?") such that A < D < B, and define the

function ®, : R x R2N 5 R as

O(t, z) if |z| <,

Ot 2) = { me(|2))@(t 2) + (1 =y (|2])) 5 (D2, 2) if r < e <73,

3Dz, z) if [2] > 3.
Consider the modified system

Ju =V, H(t,u) + V,P(t,u, z),
Jz=V,0,(t,2)+ V.Q(t, z) + V,P(t,u,z),

and notice that V,®,(¢, z) can be decomposed as
V.0, (t,z) = M, (t,2)z + v.(t, 2),
where M, : R x R?2Y — Sym(R2V) is defined as

M(¢, 2) if |z| <,
M, (t,2) = { (DM, )+ (1= (2D)D ifr <[] < 79
D if |z > 73,

and v, : R x R2N 5 R2N gg

0 if |z] <,

ur(t,z) = q (2|27 [@(F, 2) — 3(D2,2)] 2 i r < [2 <P,

0 if 2| > 3.

(HS,)



Notice that A < M,.(t,z) < B, for every (t,z) € [0,T] x R?N. Moreover,
by (8) and (9), if r < |z| < 73, then

2|
<5IB- A= (10)

In|z| — Inr’

2]

Jon(t, 2)] < 31IB — Al

while v, (t,z) = 0 otherwise. We now need to prove an a priori bound for
the z-component of the solutions of (HS;).

Proposition 2.5. There exists T > 1 such that, for any r > 7, every T'-
periodic solution of (HS,) satisfies ||z]|co < T.

Proof. We assume by contradiction that there is a sequence (ry,), in |1, +00[
and a sequence of T-periodic solutions (uy, z,) of (HS,), with r = r,, such
that r, — +o00 and ||zn||cc > n. Introducing the normalized function v, =
zn/||Zn]|co We have that v, is a solution of

JUp = Tp(t)v, + en(t), v (0) = v (T) (11)
with
Lp(t) = My, (¢, 2a(1)) ,

and

en(t) = L(UT@, 2n(6)) + V=Q(t, 20(1) + V=P (tun(t), (1)) . (12)

|2 lo

We notice that A < I',(¢f) < B and, by (10) and the boundedness of V,Q
and V,P, we have that e, — 0 uniformly in [0,7]. The sequence (vy,), is
thus bounded in C1([0, 7], R?V), so there exists v € C([0, T], R?Y) such that
v, — v uniformly and weakly in H', up to a subsequence.

Let us now define the closed convex and bounded set
Cap = {f € L*([0,T],Sym(R?*M)) : A < f(t) < B for ae. t €[0,T]}.

Since the sequence (I'y,),, is contained in Cy g , we can find G € Cy g such that
I, = G, weakly in L2, up to a subsequence. Passing to the limit in (11), we
can see that v is a weak solution of

Jo = G(t)v, v(0) =ov(T).

By A5, applying [30, Corollary 3| (see also [29, Corollary 1]), the previous
equation admits only the trivial solution, and we get a contradiction. ]

10



We now continue the proof of Theorem 2.1. We fix r > 7 and rewrite the
Hamiltonian function for system (H.S,) as

H(t,u,2) = H(t,u) + (D2, 2) + Po(t,u, 2),

with
ﬁr(t, u,z) = Dp(t, 2) — %(]D)z, z)+ Q(t,z) + P(t,u, z).

Proposition 2.5 provides an a priori bound in C([0, T], R?Y) for the z-compo-
nent of the solutions of system (HS,). Using the second equation in that
system we see that the a priori bound extends also to the derivative of z.
We thus have an a priori bound in C1([0, T], R?"). Hence, the Ascoli-Arzela
Theorem implies that z belongs to a compact set Z C C([0,7],R?*Y). By
the global existence assumption in A2, using Theorem 6.1 in the Appendix
with u = (¢,p) and D = [0,27]M x D, we can find a constant C' > 0 such
that all the solutions of (HS,) starting with p(0) € D satisfy |p(t)| < C for
every t € [0,7]. We then introduce a C*°-function ¢ : R — R such that

J1ite<c,
5(5)_{0 ife>C+1,

and set ?—N[(t,q,p) = 0(|p|)H(t,q,p), so that, by the periodicity in the g¢-
components, 7—~l(t, q,p) has a bounded gradient with respect to (¢,p). In
view of these considerations, in order to prove Theorem 2.1 there is no loss
of generality in assuming that H(t, ¢, p) has a bounded gradient with respect
to (q,p).

Since @, (t,z)—5(Dz, z) = 0 when |z| > 7%, we have that V(u,z)ﬁr(t, u, 2)
is uniformly bounded. Hence, we can apply [26, Corollary 2.4] and obtain the
existence of M + 1 geometrically distinct T-periodic solutions of (HS,) sat-
isfying p(0) € D. By Proposition 2.5, the so-found solutions solve also (HS),
thus concluding the proof. O

3 The Landesman—Lazer conditions

We will now modify conditions A4 and A5 into

A4'. There are two functions p: R x R2V — [0,1] and Q : R x R?Y — R
such that

V. (t,z) = (1 — pu(t,z)Az + u(t, z)Bz + V.Q(t, 2) ,
for some A, B € Sym(R?V), with A < B. All functions above are continuous,

T-periodic in ¢, and V,Q(t, z) is uniformly bounded.

11



A5’. The following holds:

2
U a((l—)\)JA—i—)\JIEB)ﬂ%iZ:@, (13)
A€10,1]

while possibly

2 2
a(JA)ﬁ%iZ#@, or a(JIB)ﬁ%iZ#@.

When they are both nonempty, we also assume that B — A is invertible.

In this setting we also need to introduce some nonresonance assumptions.
The ones we propose below generalize the classical Landesman—Lazer condi-
tions, as will be shown in Section 4. Let us first define, for every v € R?V\ {0}
and 0 €]0,7/2[, the cone

Cy(0) = {z € R : (z,0) > |z||v] cos B} .

In what follows, the constant m is the one introduced in A3, and B(0,r)
denotes the open ball of radius r centered at the origin. Here is our version
of the Landesman—Lazer condition involving the matrix A.

AG6. For every nontrivial T-periodic solution v(¢) of Jo = Av there exist a
null set ' C [0, 7] and three real-valued functions 6, p, o, defined on [0,77] \
N, such that

0<9(t)<g, p(t) >0, foreverytel0,T]\N, (14)

and o is integrable, with the following property: for every ¢ € [0, 7] \ N and
z € Cyp)(0(t)) \ B(0, p(t)) one has

(V. (t,z) — Az, v(t)) > o(t), (15)

/OTJ(t)dt>m/OTv(t)]dt.

The following is the analogue of our Landesman—Lazer condition involv-
ing the matrix B.

and

A6’. For every nontrivial T-periodic solution v(t) of Jo = Bv there exist a
null set /' C [0, 7] and three real-valued functions 6, p, o, defined on [0,77] \

12



N, such that (14) holds, and o is integrable, with the following property:
for every t € [0,T]\ N and z € C,y(6(t)) \ B(0, p(t)) one has

(V. (t,z) — Bz, v(t)) < o(t),

/OTa(t)dt< —m/0T|v(t)|dt.

Here we state our result in the double resonance situation.

and

Theorem 3.1. Assume Al — A3, A4’', A5, A6 and A6’'. Then system (HS)
has at least M + 1 geometrically distinct T -periodic solutions, with p(0) € D.

In the proof of this theorem, the following lemma will be needed.

Lemma 3.2. Assume A4’ and A5, and let u € L*(0,T) be such that 0 <
w(t) <1 for almost every t € [0,T]. If v is a nontrivial solution of

Ji = (1— p(t)Av + p(t)Bu, v(0) = v(T),
then, either v is a solution of JU = Awv, or it is a solution of JU = Bw.
We postpone the proof of the lemma at the end of this section.

Proof of Theorem 3.1. We proceed as in the proof of Theorem 2.1. Notice
that, by A4/, we now have

M(t7 Z) = (1 - ,u(t7 Z))A + ,u(tv Z)B :
Choosing D = %(A + B), we modify our system into (H.S,), with

M, (t,2) = (1 — pr(t, 2))A + p(t, 2)B,

where
u(t, ) if |2 <7,
pr(t z) = S me(|zDplt, 2) + 3(1=n,(|2]) if r <|[2] <03,
3 if |z > 73,

Now we need to prove Proposition 2.5. We assume by contradiction that
there is a sequence (1), in |1, +oo[ and a sequence of T-periodic solutions
(Un, zn) of (HS,), with r = ry,, such that r, — 400 and ||zy|lcc > n.
Introducing the normalized function v, = 2, /||2n||c0, We have that

Jon = [(1 — pn(t))A + Mn(t)B] Un +en(t), vn(0) = vy (1),

13



where i, (t) = iy, (t, 2n(t))), and ey, (t) is as in (12). Since 0 < pp(t) < 1
for every t € [0,T], the sequence (i), has a subsequence which weakly
converges in L2 to some p € L%(0,T), with 0 < u(t) < 1 for almost every
t € [0,T]. At the same time, the sequence (v,), converges to some v €
C(]0, T], R*V) uniformly and weakly in H', up to a subsequence, and v is a
nontrivial solution of

Jo=[(1— p(t)A+ pt)Blv, v(0)=0v(T).

By Lemma 3.2, either v is a solution of Jo = Aw, or it is a solution of
JU = Bv. Let us assume that Jo = Av and see how the contradiction is
reached in this case. The other case can be treated similarly.

Since it has to be v(t) # 0 for every t € [0,7T], we have that
min{|v(t)| : t € [0,T]} > 0.

Consequently, both
lim |z, (¢)| = 400, (16)
n

and
lim (B — A)z,(t),v(t)) = +o00, (17)

n

uniformly in ¢ € [0, T]. Recalling the second equation in (HS,), with r = 7,
we have

Jin — Az, =V, (t,2,) — Az + V.Q(L, 21) + VL P(t, tun, 2n) -

Hence, multiplying by v and integrating, since
T T
| 020~ Aaft),o®) de = [ alt). To(0) — Av(o) de o0,
0 0
by A3 we get
T
/ (V2D (t,2n(t)) — Az (t) + V.Q(t, 20 (1)), v(t)) dt
0

T
< m/ ()] dt. (18)
0
Let us verify that, for n sufficiently large,

(V. @, (t,z,(t)) — Azy(t),v(t)) >0, for every t € [0,T]. (19)

14



We have three cases. If |z,(t)| < 7y, by (17), for n large enough,
(VB (1 2n(t)) — Azn(t), 0(1)) = plt, 20 (D){(B — A)zn(8),0(8)) > 0.
If |2,(t)| > 72, then again for n large enough,
(Vo (£ 20 () — Aza(t), 0()) = L((B = A)za(t), v(t)) > 0.
Finally, if 7, < |2,(t)| < 73, we just interpolate the two inequalities above,

and we have that (19) holds in all cases, provided that n is large enough.

Since V.Q is bounded and (19) holds, we can apply Fatou’s Lemma and
obtain, from (18), that

/ " im ME(V, @, (t, 2n(t)) — Azn(t) + Vo Q(E 20 (1)), v(t)) dt <
0 n

T
gm/O Wt dt. (20)

We will now use assumption A6 to reach the aimed contradiction. For every
t € 10,T], since zp(t) = ||znllcovn(t) and v, (t) — v(t), by (16) there exists
ng > 1 such that z,(t) € Cyy)(0(t)) \ B(0, p(t)) for every n > ny. Hence, for
every t € [0,T] \ N and n > 7, , we have that

(V,H(t, zn(t) — Az (t),v(t)) > o(t).
Again we consider three cases. If |z, (t)| < ry, then
V@, (t, zn(t)) — Azp(t) + V. Q(t, 2,(1)) = V. H(t, 2, () — Az (t)

hence
(V- (1 2n()) — Aza(t) + VoQ(t 2a(),0(0) > 0t). (21)
If |2, (t)| > 73, then

V@, (t, 2n(t) — Az (t) + V.Q(t, 20 (2)) = %(]B — A)zp(t) + V.Q(1, 20 (1)),

hence, for n large enough, (21) still holds, since the left hand side tends
to +oo, recalling (17). If 7, < |z,(t)] < r2, we just interpolate the two
inequalities above, hence (21) holds in all cases, provided that n is large

enough. Then, by (20), we conclude that

/OTa(t)dtgm/OTv(t)ydt,

a contradiction with (15) thus ending the proof of Proposition 2.5 in this
setting.
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The proof of Theorem 3.1 can now be completed exactly as the one of
Theorem 2.1. O

Proof of Lemma 3.2. Recalling assumption A5’, without loss of generality
we can always assume that B — A is invertible. It is convenient to intro-
duce the following functional setting. Denoting by X the Hilbert space
L?([0, T],R?*V) with the standard product (-|-)2 and the corresponding norm
|| - |2, we consider the linear selfadjoint operator L : D(L) € X — X defined
by

D(L) ={z € H'([0,T],R*M) : 2(0) = 2(T)},  Lz=J3.

Moreover, setting G(t) = (1 — p(t))A + p(t)B, we introduce the bounded
selfadjoint operators A, B, N : X — X defined by

[Az](t) = Az(t), [Bz](t) = Bz(t), [Nz](t) = G(t)=(t) .

We have that A < N < B with the standard meaning, i.e., (Az|z)s <
(Nz|z)a < (Bz|z)a for every z € X.

Let v be a nontrivial solution of Jo = G(t)v such that v(0) = v(T"). Then
v(t) # 0 for every t € [0,T], and Lv = Nv. Since B — A is a positive definite
invertible matrix, the operator B — A is also positive definite and invertible.
We can thus define the operator D = (B — A)'/2, which explicitly reads as

[D](t) = (B — A)/22(t).

Now, following the idea in [20, 29|, we set w = Dv. Then, w is a nontrivial
solution of _ N
Lw = Nw, (22)

with L = DL —A)D~' and N = D~Y(N — A)D~'. From (13) we deduce
that
o(L)N]0,1[= @,

and 0 < N < I. Since L has a compact resolvent, we can write X = X_ @
Xo® X1 ® X4, where X_ is the eigenspace generated by eigenfunctions of L
with negative eigenvalues, Xy is the eigenspace generated by eigenfunctions
of L with eigenvalues larger than 1, Xy = ker L, and X; = ker(f —1I).
Notice that, since L is selfadjoint, this is an orthogonal decomposition. We
accordingly write w = w_ + wg + w1 + w..
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We want to prove that w_ = w; = 0. Recalling (22), if wy # 0,

then (Lw, | wy)s > |lwy|? and, by the symmetry of N, we reach the
contradiction

0=((L—-N)(w_ +wo+w; +wy) | w_ +wy—w; —wy)o

= <Ew—~!w—>2 — (Lwy [ wr)s — @wi‘ Wi )2

— (N(w- +wo) | w- +wo)2 + (N(w1 +wy) [ wy +wy )2
<0 — flurll3 — (Lws | wy)o — 0+ flwy + wy 3

< w3 = w3 + [lwr + w3 =0.
Hence, wy = 0. If w_ # 0 then (Lw_ | w_)s < 0 and we get

0= ((L—N)(w_ +wp+wi) | w_ +wy—wi)s
= (Lw_ | w_)s — (Lwy | w1)2 — (N(w_ +wp) | w— + wo)o + (Nwy | wy)a
<0 — Jlwill3 = 0+ [will5 =0,

again a contradiction. Hence, w_ = 0 and w = wg + ws.

Recalling that v = D™ 'w and setting vg = D™ 'wg and v; = D™ wy, it
is easily seen that Jog = Avg and JU; = Bwy, hence, being v = vg + v,

Jv = Jig + JU1 = Avg + Boy .
On the other hand, since
Jo = [(1— p(t)A+ pu(t)B] (vo + v1),
we deduce that
(1 —p(t)(B—A)vi(t) = p(t)(B — A)vg(t), forae. tel0,T].
Therefore, also
(1= 1(D)(B — A) 201 (1) = u(t) (B — &) 2u(t),  for aue. t € [0,T],

o (1= p()wi(t) = p(Bwo(t), for ace. ¢ € [0,T].

In particular,

(wo(t),w1(t)) = |wo(t)||wi(t)], forae. te[0,T],
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and since wy and w; are orthogonal in X = L2([0,T],R?Y), we have that

T T
/ fwo(6)] [wn (£)] d = / (wo(t),wn (£)) dt = 0.
0 0

So, for every t € [0, T, either wy(t) = 0, or wy(t) = 0, implying that either
vo(t) = 0, or v1(t) = 0. Recalling that vy and v; solve Joy = Avg and
JU1 = Buvy, we conclude that either vy or v are identically equal to zero,
and the proof is completed. ]

4 Planar systems

The aim of this section is to compare the Landesman—Lazer condition in A6
with the one introduced in [22], where the authors consider a planar system.
For simplicity, we assume u(t,z) = 0 and P = 0, so that we can write the
second equation in (HS) as

Ji=Az+r(tz).

We assume that A is a 2 x 2 positive definite invertible symmetric matrix
and r(t, z) is a uniformly bounded continuous function, T-periodic in t, i.e.,
there is a constant ¢ > 0 such that

Ir(t,v)] < e, for every (t,v) € R x R?.

We also assume that the planar system Jv = Av has nontrivial T-periodic

solutions, i.e., that
27

N
vdet A

We denote by ¢ one of them, so that the others can be written as v(t) =
cp(t+a) with ¢ > 0 and « € [0, T]. Here is the condition introduced in [22].

AT. For every a € [0, 7],

T e

/T liminf (r(t, \p(t + w)) , p(t +w))dt > 0. (23)
0

A—+00
w—rQ
Theorem 4.1. Assumption A6 is equivalent to AT7.

Proof. Let us prove that A6 implies A7. Let « € [0, 7). Then v(t) = o(t+ )
is a T-periodic solution of Jo = Av and we correspondingly introduce the
null set N and the functions 6, p,o as in A6. By the continuity of ¢ and
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the definition of the cone, for every t € [0,T] \ NV we can find A(t) > 0 and
d(t) > 0 such that, setting
F={Xpt+w): A> A1), |w—al <)},
we have that F' C Cy144)(0(2)) \ B(0,p(t)). For z € F and t € [0,T]\ N,
we have
(r(t, Ap(t +w)), @t +w)) = (r(t, Ap(t+w)), @t +a))
+ (r(t, dp(t + w), p(t + w) — o(t + @))
>o(t) —clp(t+w) —p(t+a)l.
Hence, we see that

lim inf (r(t, \p(t ¢ > ot
§T£0<T et +w)), plt+w)) > o(t)
w—r

for every t € [0,7] \ NV and we conclude.

We now prove that A7 implies A6. Let v(t) = cp(t + a), with ¢ > 0 and
€ [0, 7], be a solution of Jo = Av. Without loss of generality, we assume
¢ = 1. Since r(t, z) is bounded, we can define the function ¢ : [0,7] — R as
o(t) = liminf (r(t, \p(t + w)), p(t +w)).
A—+400

w—a

Clearly enough, o is integrable on [0, T]. We set 7 = fo t)dt and N = @.
By (23), we have that & > 0. Let € =3 /(47). From the deﬁmtlon of o and
the uniform continuity of ¢, for every ¢ € [0, T] there are A(t) and (t) such
that, if A > A(¢) and |w — | < 0(¢), then
<r(t, Ap(t+w)), @(t + w)> >o(t) —e,
and
lp(t+a) —pt+w)| <e/c.
We can then find two constants p(t) and 0(t) such that
Cptroay (O()) \ B0, p(1)) € hplt +w) = A > (1), | — o] < 5(1)}
Hence, every z € Ci14.q)(0(t)) \ B(0, p(t)) can be written as z = \.p(t +w.)
with A, > X( ) and |w, — a| < §(t). We now compute
< >—<7’t)\zgot+wz)),cp(t+a)>
= (r(t, Al +w2)) , ol +w2))
+(r(t, Aot +w2)), @t +a) — ot +w.))
a(t) —e —|r(t, Azp(t + w2))| et + a) — ot + w;)|
o(t) —2e.

(A\VARLYS
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Hence, defining o(t) = o(t) — 2¢ and recalling the definition of e,

T T F 1

so that A6 holds. O

Let us now focus our attention on the particular case of a scalar second
order equation of the type

i+ Ax+h(t,z) =0. (24)

For simplicity we assume h(t,z) to be continuous, uniformly bounded, and
T-periodic in t. If A = (2TFT”)2 for some positive integer n, the classical
Landesman—Lazer condition reads as follows.

AS8. for every nontrivial solution £(t) of £+ X =0, either
(a) / limsup h(t, z)&(t) dt + / liminf A(t, z)E(t) dt > 0,
{g<0} -0 {g>0p T
or

(b) / liminf A(t, 2)&(t) dt + / limsup h(t, z)&E(t) dt < 0.
{e<oy T {50} a—+00

In order to have a further insight on the extent of this condition, we will
now prove that A8(a) implies A6. Similarly one can show that A8(b) implies
A6’

By [23, Proposition 3.1], condition A8(a) is equivalent to assuming the
existence of some constants n > 0, R > 0 and two functions ¢4 € L(0,7)
such that

h(t,z) <v¢_(t), ifx<-—-R,

and

/ w(t)ﬁ(t)dH/ P4 (0)E(t) dt = l[€]|oc - (25)
{¢<0} {€>0}

Setting

A=<3(1)>, Q(t,z):/omh(t,s)ds, z:(‘;),

we see that (24) is equivalent to JZ = Az + V,Q(t, 2).
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Let v be a nontrivial T-periodic solution of J© = Av. Then

§(t) )
v t = . s
o= &
where £(t) is a nontrivial solution of £+ X =0. Let N be the set of those

)
t € [0,T] such that £(¢t) = 0. It is a finite set, hence a zero-measure set. For
every t € [0,T] \ NV there is a 6(t) €]0, 5[ such that

Cony(B) N {(z,y) ER? 1 =0} = 2.
Moreover, there is a p(t) > 0 such that
[&(t) > 0 and (2,y) € Coy(0(1) \ B(0,p(t))] = z =R,
and
[£(t) < 0and (2,y) € Cpyy(0(1)) \ B(0,p(t))] = =z <-R.

We define
o(t) =P (€ () — - () (1),
and notice that fOT o(t)dt > 0, by (25). We still have to prove that
2 € Cypy(0) \ B(0,p()) = (V.Q(t 2),0(t)) = o(t).

Take 2z = (7,y) € Cyp(0(t)) with [z| > p(t). If £(t) > 0, then z > R, hence
h(t,z) > 14 (t) and

(V2Q(t, 2),v(t)) = h(t, 2)€(t) = Py (D)) = o(t).
On the other hand, if £(¢) < 0, then x < —R, hence h(t,z) < _(t) and
(V2Q(t, 2),v(t)) = h(t,2)§(t) = - ()§(t) = o(t) .

The proof is thus completed.

5 Applications and final remarks

In this section we briefly explore some possible applications of our results as-
suming different behaviours of the first system in (H.S), and we then suggest
some open problems.
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The typical situation where a twist dynamics applies is in the context
of pendulum-like equations (see, e.g., [34, 49]) and their higher dimensional
analogues, like those in [14, 16, 21, 28, 39, 42, 46, 53, 55|. Nonetheless, this
type of dynamics also manifests in superlinear or sublinear systems when
passing to action-angle variables (as seen, for instance, in [13, 33, 35]). Ad-
ditionally, systems featuring singularities can also effectively be analysed
using this approach (see [58] and the references therein).

The Poincaré-Birkhoff Theorem has also been employed to tackle bifur-
cations from nondegenerate periodic solutions (see, e.g., [32]), and situations
in which the time map either exhibits some type of monotonicity in the
phase plane, or has different behaviours near the origin and at infinity (or in
proximity to a homoclinic or heteroclinic orbit).

Regarding assumption A2, variants of the twist condition have been pro-
posed [38], finally leading to a general “avoiding cones” condition [25]. Our
results hold also in this more general setting, but we refrain from providing
the details, for the sake of brevity.

The periodicity assumption in Al could be extended to encompass some
of the components of the variable p, say p1,...,pr, including the case where
the Hamiltonian function H exhibits periodicity in all variables qi,...,qum
and p1,...,pum, asituation considered in [16, Theorem 1]. In such a case, our
theorem would guarantee the existence of at least M + L + 1 geometrically
distinct T-periodic solutions.

Open Problems

1. In [15], the coupling of twist dynamics with a resonant equation involving
the Ahmad-Lazer—Paul condition has been addressed. However, under such
a condition, the scenario of double resonance remains unexplored, even when
dealing only with a scalar second order equation. Notice that the Ahmad—
Lazer—Paul condition does not guarantee an a priori bound as the one proved
in Proposition 2.5, as shown in [9].

2. In |27], the asymmetric case for scalar second-order ODEs has been con-
sidered. An extension of our results to some kind of asymmetric systems
would be desirable.

3. It’s worth noting that, if the periodic solutions of system (H.S) are known
to be nondegenerate, then there are at least 2™ of them. It would be inter-
esting to have an example where, in the opposite case, exactly M +1 periodic
solutions appear.
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4. As shown in [31], the multiplicity of solutions for the Neumann problem
associated with system (1) can be proved without any twist condition. We
wonder whether our results could also be rephrased in this setting.

5. The extension of our results to an infinite-dimensional setting seems to
be a challenging problem.

6 Appendix - A compactness theorem

In this appendix we provide a variant of a rather classical result on the com-
pactness of the set of solutions for a Cauchy problem, when global existence
is assumed. The novelty lies in the fact that the nonlinearity may depend on
a parameter which belongs to a general compact topological space Z. Let
f:[0,T] x R x Z — R? be a continuous function. We consider the Cauchy
problem

= f(t,u,z), u(0) = ug . (CP)

Theorem 6.1. Let D C R? be a compact set, and assume that all the so-
lutions of (CP) starting with ug € D are defined on [0,T]. Then there is a
constant C > 0 such that, for every solution of (CP) with uy € D, one has

lu(t)| < C,  for everyt e [0,T].

Proof. Let (rm)m be a strictly increasing positive sequence, with lim,, r,, =
400, and denote by D,, the closed ball centered at 0 with radius r,,,. Assume
moreover D to be contained in the interior of Dy.

Assume by contradiction that for every k > 1 there are ulg €D, ze”
and a solution uy, : [0,7] — R? of the Cauchy problem

= f(t,u,z), u(0) = ug

such that, for some t; €]0,T], one has that ug(tx) ¢ Dy.

For subsequences, ulg —ug €D and z, > z€ Z. Let t,lC €10, T[ be such
that
ug(t) € Dy, forevery t € [0,¢1], and ug(ty) € OD; .

For subsequences, ¢} — ¢; €]0,T] and ug(ty) — @ € OD;.

Claim. There is a subsequence (uy)y which converges pointwise on [0,1;]
and uniformly on every [0,7] with T €]0,¢1[ to some continuous function
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wy : [0,61] = RE Moreover, u(yy is a solution of (CP) on [0,1] and it
satisfies

U(1) (t) € Dy, foreveryte [O, El] , and U(l)(ﬂ) = Ui .
Proof of the Claim. Set

¢ =max{|f(t,u,2)| : t € [0,T],u € Dy,z€ Z}.

Let 61 > 09 > --- > 0; > ... be such that lim;d; = 0. We can assume
that 6, < #;. Consider the interval [0,¢1 — &;]. Since ¢} > #; — &y for
k large enough, we have that ug(t) € Dy for every t € [0,¢1 — 01, hence
|u(t)| < ¢, for every t € [0,¢1 — d1]. By the Ascoli-Arzela theorem, there is
a subsequence of (ug)g, which we denote by (uj ), which converges to some
ul : [0, — 81] — R?, uniformly on [0,#; — §1]. Passing to the limit in

t
ub(t) =l + /0 F(s,ul(s), 21) ds

we see that u! is a solution of (C'P) on [0,#;—61]. Next, there is a subsequence
of (u},)x, which we denote by (u} )y, which converges to some u? : [0, ¢ —d2] —
R, uniformly on [0, — d]. Again we see that u? is a solution of (C'P) on
[0,#; — &2). Tt coincides with u! on [0,#; — d1]. Proceeding recursively, for
every i > 3 we find a subsequence of (u} ');, which we denote by (ul),
which converges to some u’ : [0,f; — &;] — R? uniformly on [0, — &].
Again we see that u’ is a solution of (CP) on [0,%; — &;], and it coincides
with v~ on [O,fl — 5i—1]~

Consider the diagonal subsequence (u’,j)k, which with a slight abuse of
notation we denote by (uy)x. It converges to some @ : [0, %[ — R%, uniformly
on [0, 7], for every 7 € [0,%;[. Passing to the limit in

t
up(t) = uf —i—/o f(s,ug(s), zk) ds,

we see that @ is a solution of (CP) on [0,%;[. By assumption, it can be
extended to a solution on [0,7]. Let u() be the restriction of this function
to the interval [0, ¢1]. This will be the function we are looking for.

Indeed, u(py : [0,#1] — R? is a solution of (CP) on [0,#] and, since
up(t) € Dy for every t € [0,¢1], it has to be that u(yy(t) € Dy for every
t € [0,t1[. We need to prove that ugyy(f1) = @. Fix € > 0. There exists a
sufficiently small ¢ €]0,e/(4¢)[ such that

— g
luy(t1) —uqy(t — 0)| < 1
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and, for k sufficiently large,
€

_ —_ g
luy(ts — 0) —ug(t1 — 9)| < 1 |ug(tg) — U1] < 1

Since ug(t) € Dy for every t € [0,¢1], we have that [i(t)| < ¢, for every
t € [0,t4]. Taking k large enough, it will be that ¢} > #; — 4, and

Ju(th) = uxlf = 9)] < elth — (1 —9)) < e < 7.

Hence,

luy (1) — ui] < Juy(tr) —uy(tr = 0)| + |uay(tr — 0) — ug(ts — 9)

_ €

Hug(ty — ) — up(th)| — Jug(ty) — @] < 41 =e.
By the arbitrariness of ¢, it has to be u(;)(f1) = u1, and the proof of the
Claim is completed. O

We now continue the proof of Theorem 6.1. Once we have found the
subsequence (uy)x, we relabel accordingly the sequences (uf)g, (zx)r and
(tx)r. For k> 2, let t2 €]0,T be such that

up(t) € Dy, forevery t € [0,£2], and  wu(t?) € dDs.

For subsequences, t2 — 5 €]0,T] and uy(t;) — Uz € OD2. Adapting the
Claim proved above, we find a subsequence (uy); which converges pointwise
on [0, 2] and uniformly on every [0, 7] with 7 €]0,¢3[ to some continuous
function ) : [0,f2] — R¢. Moreover, () is a solution of (C'P) and satisfies

u(g)(t) € Dy, forevery t € [0,%2], and w)(t2) = U2.

Notice that u) coincides with w(y on [0,#;], and 2 > #;.

Proceeding in this way, for every m > 1 we find t; < to < t3 < -+ < t,, in
[0, T, a point @, in dD,, and a subsequence (ug ) which converges pointwise
on [0,,,] and uniformly on every [0, 7[ with 7 €]0,%,,[ to some continuous
function g,y : [0,t,] — R, Moreover, UG 18 a solution of (C'P) and
satisfies

U(m)(t) € Dy, for every t € [0, tm], and U(m) (tm) = U, -

Notice that u(y,) coincides with w(,,—1y on [0, t—1].
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Let too = limy, ty,; it belongs to ]0,T]. We define the function us :
[0, Too[ — R? as
Uso(t) = U(m) (t) iftel0,tn].

It is a solution of (CP) on [0,f{~[. By assumption, it can be extended to
a solution of (C'P) defined on [0, 7], which we denote by 7 : [0,T] — R%.
Clearly enough, being a continuous function defined on a compact interval,
the image U0 ([0,T7]) is bounded. But we know that

Uoo(tm) = Uco(tm) = Ugm) (tm) = Um

and |Gy, | =y — +00, a contradiction. O
Remark 6.2. When dealing with the Cauchy problem

u=F(t,u, Z(t)), u(0) = uo,

where F : [0,T] x R? x R — R? is continuous and Z € C*([0,T],RY), if
we know that Z belongs to a bounded set of C1([0, T], RY), then the Ascoli—
Arzela theorem tells us that Z also belongs to a compact set of C([0, T, RY).

Denoting by Z this compact set, we can then recover (C'P) by defining
f:[0,T] xR% x Z — R? as

f(tyu,z) = F(t,u,2(t)) .

It is indeed a continuous function, since on Z we have the topology of the uni-
form convergence. We have used this argument in the proof of Theorems 2.1
and 3.1.
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