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Abstract

The Hamiltonian systems considered in this paper are obtained by
weakly coupling two systems having completely different behaviours.
The first one satisfies the usual twist assumptions taylored for the
application of the Poincaré-Birkhoff Theorem, while the second one
presents the existence of some well-ordered lower and upper solutions.
In the higher dimensional case, we also treat a coupling situation where

the classical Hartman condition is assumed.

1 Main results in low dimension

In the first part of the paper we are interested in the periodic problem asso-

ciated with a four-dimensional system of the type

q=0pH(t,q,p) +€0,P(t,q,p,u,v),
25 = _aqH(t’(Lp) - EﬁqP(t,q,p,u,v),
= f(t,v) +e0,P(t,q,p,u,v),

(1.1)

0 =g(t,u) — e, P(t,q,p,u,v).

The idea is to consider a Poincaré—Birkhoff situation for the system

q = apH(t7 Q7p) ) p = _aqH(tv q7p> ; (12)

and the existence of well-ordered lower /upper solutions for the system

= f(t,v), v =g(t,u). (1.3)

The coupling function P = P(t, ¢, p, u,v) will be assumed to have a bounded
gradient with respect to (q,p,u,v), and £ will be a small parameter. All
functions involved are assumed to be continuous, and T-periodic in their

first variable t.



In the second part of the paper we will extend our results to higher di-
mensional systems, both concerning the couple (¢, p) and the couple (u,v).
To this aim, for the couple (g, p) we will apply some recent generalizations
of the Poincaré-Birkhoff Theorem (see [11, 12, 16, 17|), while for the couple
(u,v) the treatment of lower and upper solutions will be based on two dif-
ferent situations. The first one comes from the recent papers [13, 15|, while

the second approach involves a classical condition by Hartman [19].

We could also have assumed some very general twist conditions, in the
line of [10, 11, 12]. However, in this paper we preferred to present our ideas in
some more concrete situations. The interested reader will have no difficulties

in adapting our results to the more general setting.

Now, in order to better understand the spirit of our results, some histor-

ical hints may be useful.

One of the most brilliant results for the periodic problem associated with
a Hamiltonian system was proved by Conley and Zehnder [6] in 1983, giving
a partial answer to a conjecture by Arnold [1, 2]. They also mentioned a
possible relation of their result with the Poincaré-Birkhoff Theorem [27].
The results in [6] have been developed by different researchers in several
directions (see, e.g., [4, 8, 18, 20, 21, 23|).

Recently, a deeper relation between these results and the Poincaré-Birk-
hoff Theorem has been established by the first author and A.J. Urena [16].
The first author then extended the results of [16] jointly with P. Gidoni [11],
introducing a very general twist condition in order to find periodic solutions.
The same authors further extended the theory, in a second paper [12], to the
case when the Hamiltonian function includes a nonresonant quadratic term.
The possibility of resonance has also been studied in [5] by assuming some

Ahmad-Lazer—Paul conditions.

On the other hand, the history of lower and upper solutions goes back
to the pioneering work of Picard [26] in 1893. The first attempts towards a
modern definition of lower and upper solutions were made by Scorza Drag-

oni 28] in 1939 for the following equation
= g(t,u, ). (1.4)

A few years later Nagumo [25]| provided the classical definition of lower so-



lution « and upper solution 3 of (1.4) by assuming the inequalities

at) > g(t,a(t),a(t)),  B(t) < g(t, B(1), B(1))-
He also introduced an extra assumption, which we nowadays call Nagumo

condition, so to find the existence of a solution.

The notion of lower and upper solutions has recently been extended in [13,
15] to planar systems. Moreover, the first author together with M. Garzon
and A. Sfecci [10] further extended this fertile theory to coupled systems
which contain both the periodicity-twist conditions and a pair of well-ordered
lower and upper solutions. However, due to some technical problems, they
only used constant lower and upper solutions, while proposing as an open

problem the case of non-constant lower/upper solutions.

In this paper, we provide a partial answer to this open problem and
extend the theory to systems which contain the periodicity-twist conditions
together with generalized well-ordered lower /upper solutions, coupled by a

perturbation term.
The paper is organized as follows.

In Section 2 we state our result in the low dimensional case by coupling
“twist” and strict lower /upper solutions. The proof of this result is given in
Section 3. In Section 4 we provide some consequences of the main result and

an example of application.

In Section 5 we extend our previous theorem to higher dimensions, and
provide some variants and an example of application. In Section 6 we prove
a result by coupling “twist” with a Hartman-type condition [19] in higher
dimensions. This condition extends the concept of constant lower and upper
solutions to higher dimensions, and has been extensively studied by many

authors (see [9] and the references therein).

Finally, in Section 7 we illustrate an application to the theory of pertur-

bations of completely integrable systems.

2 A first multiplicity result

Let us first recall what we know about systems (1.2) and (1.3), separately.



- The Poincaré—Birkhoff Theorem
Here are our assumptions concerning system (1.2).
Al. The function H(t,q,p) is 2m-periodic in gq.

A2. There are a < b such that all the solutions (g, p) of system (1.2) starting
with p(0) € [a, b] are defined on [0, 7] and

=a =
p0)=b = oT)-
The following result was proved in [16].

Theorem 2.1. Assume that A1 and A2 hold true. Then, system (1.2) has
at least two geometrically distinct T-periodic solutions (q,p) such that p(0) €
Ja,b[.

Notice that, when a T-periodic solution (¢, p) has been found, infinitely
many others appear by just adding an integer multiple of 27 to the ¢-th
component. We say that two solutions are geometrically distinct if they

cannot be obtained from each other in this way.

We also want to remark here that the period 27 in assumption Al is

inessential; any period would be possible.
- Lower and upper solutions
Let us first recall the definitions of lower and upper solutions for the

T-periodic problem associated with system (1.3).

Definition 2.2. A T-periodic C'-function a : R — R is said to be a “lower
solution” for the T-periodic problem associated with system (1.3) if there

exists a T-periodic C-function v, : R — R such that

v<uva(t) = f(t,v) <alt),

(2.1)
v>u.(t) = f(t,v) > a(t),

and
Ua(t) > g(t, alt)). (2.2)

The lower solution is “strict” if the strict inequality in (2.2) holds.



Definition 2.3. A T-periodic C'-function B : R — R is said to be an “upper
solution” for the T-periodic problem associated with system (1.3) if there

exists a T-periodic C1-function vg : R — R such that

v<uvg(t) = ft,v) <B(1),
v>ug(t) = ft,v) > B(t),

and
ia(t) < g(t, B(¢)). (2.4)

The upper solution is “strict” if the strict inequality in (2.4) holds.
The following result was proved in |13, 15]

Theorem 2.4. Assume that there exist a lower solution o and an upper
solution B for the T-periodic problem associated with system (1.3), such that
a < B. Then, system (1.3) has a T-periodic solution (u,v) such that o <
u < f.

- Back to the coupled system
Let us state our hypotheses. We will assume Al and A2; moreover,

A3. There exist a strict lower solution « and a strict upper solution 3 for

the T-periodic problem associated with system (1.3), such that o < 3.
A4. there exist positive constants ¢,d such that |a(t)| < ¢, |8(t)] < ¢ for
every t € [0,T], and

fit,v)>c, forv>d,

f(t,v) < —c, forv<—d.

A5. The second order partial derivatives 92, f(t,v) and 92, f(t,v) exist and

are continuous; moreover, there exists A > 0 such that
Opf(t,v) >\, forevery (t,v) € [0,T] x R.

A6. The function P(t,q,p,u,v) is 2m-periodic in ¢ and has a bounded gradi-
ent with respect to (g, p,u, v); moreover, the partial derivative 9, P is inde-

pendent of ¢ and p, and the map 9, P(t, u,v) is continuously differentiable.



Here is the main result of this section.

Theorem 2.5. Assume that A1 — A6 hold true. Then there exists € > 0
such that, if |e| < &, there are at least two geometrically distinct T-periodic
solutions of system (1.1), with p(0) €la,b[ and o < u < S.

The proof of the Theorem 2.5 will be given in Section 3.

Remark 2.6. Theorem 2.5 provides a partial answer to an open problem
raised in [10], where only constant lower and upper solutions were considered.
However, our result only applies to weakly coupled systems with strict lower

and upper solutions. Hence, the problem raised in [10] remains open.

Remark 2.7. As already noticed in [16], instead of using a constant interval
[a,b], it is possible to deal with a varying interval [a(q),b(q)], where a,b :
R — R are continuous and 2m-periodic functions. Indeed, if a and b are
continuously differentiable, then this case can be reduced to the previous one

by the symplectic change of variables

B 7 b(s) — a(s) . 2p — b(g) —a(q)
Y(g,p) = </0 5 s b(q) — alq) >

On the other hand, if the functions a and b are only continuous, then by

the Fejer Theorem they can be replaced by smooth functions. Notice that

the new Hamiltonian fl(t, G,p) = H(t,xv=1(q,p)) is periodic in § with period
2

Ti=13 [5 (b(s) — a(s))ds.

Before going to the proof, we now present a variant of Theorem 2.5 which
is more related to Poincaré-Birkhoff Theorem as originally stated by Poin-
caré [27].

We first recall the definition of “rotation number”. Assume that t; < to
and let ¢ : [t1,ta] — R? be a continuous curve such that ¢(t) # (0, 0) for every
t € [t1,ta]. Writing ¢(t) = p(t)(cos(t),sind(t)), where p : R — ]0, +o0o[ and
0 : R — R are continuous, we define

0(t2) — 0(t1)

Rot(¢; [t1,t2]) = B w—

In the sequel, D(I") denotes the open bounded region delimited by a

planar Jordan curve I'. Here is the statement.



Theorem 2.8. Let assumptions A3 — A6 hold true. Let k be any integer and
assume that there exist p > 0 and two planar Jordan curves I'1, Ty, strictly

star-shaped with respect to the origin, with

0€ D) CDTy) CD(T2),

such that the solutions of system (1.2) starting with (¢(0),p(0)) € D(T'2) \
D(I'1) are defined on [0,T] and satisfy

(q(t),p(t)) # (0,0),  for every t € [0,T];

moreover,

(¢(0),p(0)) €Tt = Rot((q,p); [0,T]) <k,

(2.5)
q(0),p(0)) €T2 = Rot((g,p);[0,T]) > k.

Then system (1.1) has at least two T-periodic solutions (q,p,u,v) such that

and

Rot((g,p); [0,T]) = k.

The same is true if (2.5) is replaced by the following:

(¢(0),p(0)) €'t = Rot((¢,p);[0,T]) >k,
(q(0),p(0)) eTy = Rot((q,p);[0,T]) < k.

In the above theorem, the Hamiltonian function H is not assumed to be
periodic in the variable q. The 27-periodicity can indeed be recovered when
passing to some kind of polar coordinates. The proof is almost the same as

in [10, Theorem 10|, so we omit it, for briefness.

3 Proof of Theorem 2.5

Let A = mina and B = max 3. Then there exists a constant C' > 0 such
that
lg(t,u)| < C, forevery (t,u)€[0,T]x [A,B].



We can find two straight lines v4 : R — R, whose equations are
Y+(u) =pu+ R,  y-(u) =pu—R,
where y < —C//c and R > 0 are chosen in such a way that
V-(u) < —d <d <y4(u),

and

V- (u) < &(t), valt), B(t), va(t) < v4(u), (3.1)
for every (t,u) € [0,T] x [A, BJ.
Let us define the set

V={(t.g,pu,v) R : at) Su<B), 7-(u) <v < v4(u).
We can choose a constant d > max{c,d, C'/|u|} such that
—d <~_(u) <vy(u)<d, foreveryuecl[A, B|.
Consider the function 7 : R x R — R, defined as

a(t), ifu<at),
n(t,u) =qu, ifa(t) <u<Bt),
Bt) ifu> B(L).

Now define the functions

g(t, u) = g(tﬂ](t:U)) - 77(’57 u) +u, (3'2)

and

By A3, there exists a £ > 0 such that

0a(t) — g(t,a(t)) > &, for every t € [0,T7], (3.4)



0g(t) —g(t,B(t)) < =¢, forevery t € [0,T]. (3.5)

By the global existence assumption in A2, we note that there exists a
constant C; > 0 such that, for any solution (gq,p) of (1.2) starting with
p(0) € [a,b], one has that

lp(t)] < C1, for every t € [0,T].
Let 0 : R — R be a C*°-function such that

1, if s<Cy,
o(s) = = (3.6)
0, if s>C1+1,

and set ﬁ(t,q,p) = o(|p|)H(t,q,p). Then H has a bounded gradient with
respect to (g, p). Now consider the modified system

(4= OpH(t,q,p) + €, P(t, q,p, u,v),
p=—0,H(t,q,p) — €, P(t,q,p,u,v),
f(t,v) +ed,P(t,q,p,u,v),
g(t,u) — €0y P(t,q,p,u,v),

U

v
where the new Hamiltonian function is defined as

erf(lt,q,p,u,v)—lff(lf/,q,p)Jr/ f(t,S)dS—/ g(t,s)ds +eP(t,q,p,u,v).
0 0

We can also write the modified system (3.7) as 2 = JVH(t,z), where J =
((1) _01) is the standard symplectic matrix, and z = (g, p, u,v). Notice that

~ 1
H(t,z) = 5(v* = u?) + K(t,2),
where K is a function having a bounded gradient with respect to z. More-
over, by A2, since 9,P and 9,P are bounded, if |¢| is small enough, for any
solution (g, p,w,v) of (3.7) one still has that

=a = q(T)—q(0) <0,
p(0)=b = q(T)—q(0)>0.
Then, by [12, Corollary 2.4], we conclude that the modified system (3.7) has
at least two geometrically distinct T-periodic solutions such that p(0) € ]a, b,

provided that |¢| is small enough.



We now need to show that such solutions z are such that (¢, 2(t)) € V

for every t € [0,T]. Let us first prove the following five lemmas.

Lemma 3.1. There exist v, and vg such that
f(tv5(t) +20uP (8 a(t), v5(t) = &(t) (3.8)

F(t,05(1) + 8, P(t, (1), v5(1)) = B(2), (3.9)

for every t € [0,T]. Moreover,

limv¢ = lim ¢ =0 lim v =wv lim 0% =
o o
e—0 a ’ e—0 a ’ e—0 B A e—0 s B

uniformly in [0,T], i.e., vy — va and vy — vg in C1([0,T],R), as € — 0.
Proof. We only prove the statement concerning v, since the one for vg can

be proved in a similar way. Consider the space X = C'([0,7],R). By A5

and A6, the functions f and 0, P are continuously differentiable, and since
flt,va(t)) =a(t), foreveryteR,

we have that a € C2([0,T],R). We can then define the function F : X xR —
X by
F(v,e)(t) = f(t,v(t)) + e 0uP(t, au(t), v(t)) — u(t) . (3.10)

Now, clearly ﬁ(va, 0) =0, and for all h € X, we have

OF F(vy + ch,0) — F(v,,0)

5 (Wa, 0)(M)(1) = lim : ®
iy £ (B 0a(®) + oh(t) — F(tva(t))
o—0 o

— avf(ta Ua(t))h(t) .

Let us prove that F is differentiable with respect to its first variable at (v, 0),
with
[doF (va, 0)(h)] (1) = Buf (¢, va (1)) (L) -
Writing
F(v,0) = F(va,0) 4 doF(va, 0)(v — va) + r(v) (3.11)

we need to prove that

0 Sy > Wy (3.12)



Substituting (3.10) in (3.11), we obtain

Ft,v(t) = f(t,valt) + Ouf (£, va(t) (v(t) = va(t)) + r(v)(t).

By the Lagrange Mean Value Theorem, for every ¢ € [0,7] there exists
C(t) € [va(t),v(t)] such that

ft0(t)) = f(tva(t)) = Ouf (2, C())(v(t) — valt)).
Then,
[r(v) ()]

[ = vallen

= (00 (£, (1)) — B (¢, va(D))] w

< [0uf(t,¢() = Ouf(t,va(t))| ,  for every t € [0,T].
If v — vy in C1, then v — v, uniformly, hence also ¢ — v, uniformly. Since
the partial derivative of f with respect to v is continuous, taking a constant

M > ||va|oo, the map 0, f : [0,T] x [-M, M] — R is uniformly continuous.
It then follows that, if v — v, in C', then

r(v)(®)

——>—+— — 0, uniformly for t € [0,T].
[0 — vallen

It remains to be proved that, if v — v, in C1, then

d(_ro® — 0, uniformly for ¢ € [0, 7.
dt \||v —valler

We have

%T(v)(t) = 0cf (t,0(t)) + 0o f (2, 0()0(t) = Oef (t,va(t)) — O f (t, va(t))va(t)
— (95, (t,va(1) + 05, f(t,va(1)0a(t)) (v(t) — valt))
—0u f(t,va(t))(0(t) — val(t))

= (Oef (8, 0(t)) = Bef (t,va(t)) — 5 f (8, va (1)) (v(t) = va(t)))
+ (Do f (8, 0(t) = 8o f(t,0a (1)) 0(8) = 5, f (£, va (1)) 0a (1) (0(1) = valt)) -

Again by using the Lagrange Mean Value Theorem twice, for every ¢ € [0, T]
there exist £(t) and 7(t) in [v4(t), v(¢)] such that

e (t,0(8) = Oef (8, va(t)) = 07, f(1,£(1)) (v(t) — valt)) (3.13)
O0uf (8, v(t) = 0uf (t,va(t)) = 05, f (£, (1)) (v(t) — va(t)). (3.14)

11



Then,

d

o) = (G5, f(t.€(1)) — 07, f(t.va(1))) (v(t) = va(t))

+ (05, £ (8, n(£)0(t) = 05, £ (t,va(1))ba(t)) (v(t) = va (D))
If v — v, in C', the first term in the sum converges to 0 when divided by

[[v — val|c1, uniformly on [0, T], by the continuity of 82, f. For the second

term, we have

|02, 0(t) = 85, f(t, va(t))0a(t)|

82 f( 0(t) = 0o £ (8, va(®)) | [0()] + 95, f (t, va ()] [0(2) = 2a(?)],

which converges uniformly to 0 when v — v, in C?, since both |9(t)| and

IA

f(t.n
<

| oS (Eva(t )‘ are bounded, © — 7, uniformly on [0, T], and the map 92, f

is continuous.

We have thus proved (3.12). Therefore,

dvﬁ(von O) = avf(': Uoz(')) Id,
where Id : X — X is the identity map. By A5, we have that 0, f (¢, va(t)) >
0, for every t € [0,7T], so the map dvﬁ(va, 0) : X — X is invertible.

By the Implicit Function Theorem, there exists an € > 0 and a map
¢ :] — &&= Bx(va,&), of class C!, such that, for every ¢ €] — £ &[ and
v € Bx(vq, &),

F(u,e) =0 < v =(c).

Setting v5, = ¢(e), the proof is completed. O

Lemma 3.2. There exists € > 0 such that, if || < &, then for everyt € [0, T
and u € [A, B] the following inequalities hold:

{_]i(t, v) +e0uP(tu,v) <a(t), ifv<uvgl(t), (3.15)
F(t,0) +20,P(tu,0) > a(t),  ifv > vi(t),
fN(t,v) +e0,P(t,u,v) < ﬁ(t) ,ifv<u(t), (3.16)
F(t,0) + e8Pt u,0) > (1), ifv>v3(t),
yu) =€ 0uP(t,q,p,u,v) <UL(t), ifu<alt), (3.17)

g(t,U) — €0 P(t,q,p,u,v) > 05(t), ifu>B(t).
Proof. We only prove the first inequality in (3.15), the proof of the second
inequality in (3.15) and of the inequalities in (3.16) being similar.

12



We first want to prove that, for |¢| small enough, we have
v<vg(t) = f(t,v)+e0,P(t,u,v) < a(t). (3.18)

By A5, there exists A > 0 such that 9, f (¢, v (¢)) > A, and by A6 there exists
a constant C' > 0 such that

|02, P(t,u,va(t))| < C,  for every (t,u) € [0,T] x [4, B].

So, if 2|¢|C < A, we have

| >

O (f(t,05(t)) + € 0P (t,u,v5(t))) > =, for every (t,u) € [0,T] x [A, B].

By continuity, there exists a § > 0 such that

NP

v—v5t) <8 = Ou(f(t,v) +edyP(t,u,v)) >

)

for every (t,u) € [0,T] x [A, B]. So, by (3.8), there exists 7 > 0 such that

vei(t) -7 (t)] = f(t,v)+edpP(t,u,v) < alt),
vei(t),vet)+71] = f(t,v) +ed,P(t,u,v) > al(t).
Without loss of generality, we assume for d in A4 that
—d < lt), valt), B0, vs(t) < d,
and take ||, 7 small enough so that
—d<vi(t)—T<v(t)+T<d.

By (2.1) and A4, there exists o > 0 such that
ft,v) —a(t) < —p, forv<—d,
flt,v) —a(t) > o, forv>d.
If |e| is small enough, since J, P is bounded, we have that
flt,v) + 0y P(t,u,v) — a(t) < —g, for v < —d,

f(t,v) +eduyP(t,u,v) —a(t) > =, forv>d.

N

Now it remains only to check what happens in the intervals [vZ (¢) + 7, d] and

[—d,v5(t) — 7]. Let us only consider the first interval, the argument being

13



similar for the other one. If v € [v5/(t) 4 7, d], then, if |¢] is small enough, by

Lemma 3.1 and (2.1), using A5, we have

F(t0) > F(tes(t) +7) > £t va®) + ) > al).

2

By Weierstrass Theorem, there exists a m > 0 such that
ft,0) —aft) =m,
for every t € [0,T] and v € [v5(t) + 7, d]. Then, for || small enough,
f(t,v) +e0,P(t,u,v) —a&(t) >0,
for every t € [0,7] and v € [v5(t) + 7, d]. We have thus proved (3.18).

Now, since —d < v<(t) < d for |e| small enough, we have the following

three cases.

Case 1. If —d < v < vE(t), then by (3.3) and (3.18) we have
f(t,v) +edpP(t,u,v) = f(t,v) +edpP(t,u,v) < a(t).
Case 2. If v < —d — 1, then by (3.3) we have
f(t,v) +edP(t,u,v) = v+ e dyP(t, u,v)
< —d+e0,P(t,u,v) < a(t),
for |e| small enough, since 9, P is bounded.
Case 3. If —d — 1 < v < —d, then by (3.3) and (2.1) we have
F(t,v) + 0uP(t,u,v) = f(t,v) = (v+d)(v = f(t,v)) + P (t u,v)
= (1+ (v4d)f(t,v) — (v +d)v+ e 8y P(t, u,v)
< a(t),
for |e| small enough, since —(v +d) € [0,1] and f(t,v) < a(t), v < &(t).
The proof of the first inequality in (3.15) is thus completed.
We now prove the first inequality in (3.17), the second one being analo-
gous. Suppose u < «a(t). By (3.2) and (3.4), we have
g(t ’LL)—€6 P(tqp,uv)—g( (t)) ()+u_€aup(taQapauvv)
< g(t,a(t)) — e 0uP(t, q,p, u,v)
< va(t) §—¢e0yP(t,q,p,u,v)
Ua(t)

14



for |e| small enough, since 05, — ¥, uniformly. The proof of the first inequal-
ity in (3.17) is thus completed. O

Let us define the open sets

Lemma 3.3. For every solution z = (q,p,u,v) of system (3.7), the following

assertions hold true:

(to,u(to),v(to)) € Anw = (t,u(t),v(t)) € Ayw for everyt < ty,
(to,u(to),v(to)) € Asg = (t,u(t),v(t)
(to,u(to),v(to)) € Ang = (t,u(t),v(t)

), u(t

(to,u(to),v(to)) € Asw = (t,u(t),v(t)) € Asw for everyt>to.

)

) € Agp for everyt < tg,
)€ ANg for everyt > ty,
)

Proof. We only prove the first assertion, since the remaining ones can be

proved similarly. We suppose on contrary that there exists t; < tg such that
(t(]a u(t(]), U(tO)) € Anw,

(t,u(t),v(t)) € Anw, fort€lty,tof,

and
(tl, u(tl), U(tl)) € 8ANW .

Notice that

DANw = {t,u,v) €R3 : u=a(t), v>v5(t)}
U{t,u,v) €R® : uw<a(t), v=15(t)}. (3.19)

Assume v(t1) > v5(t1). Without loss of generality, we may assume that
there exists 6 > 0 such that [t1,t; + 0] C [t1, o[ and v(t) > v5(t) for every
t € [t1,t1 + 0]. Now define w : [t1,t1 + 0] = R by w(t) = u(t) — a(t). Then,
we have that w(t; +0) < 0 and, by Lemma 3.2,

W(t) = u(t) — a(t) = f(t,v) + £ Pt ut), v(t) — 6(t) > 0,

for every t €]t1,t1 + d] and |e| small enough. Hence, w(t;) < 0, implying
that u(t) < «a(t) for every t € [t1,t1 + 6]. Then, by (3.19), we necessarily
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have that v(¢1) = v5(t1). Now if we define the map G(t) = v(t) —v5,(t), then
G is continuous on [t1, o], G(t1) = 0 and G(t) > 0 for every ¢ €]t1,t0]. But
then, using (3.17) and the fact that u(t) < a(t) for every ¢ € [t1,to], we have

G(tl) = v(tl) - fo(tl) = g(tlvu(tl)) - 8au‘P(ta q,p,u,v) - v(i(tl) <0,
for |e| small enough; a contradiction. O

We now define the sets

Aw = {(t,u,v) €R3 : u < alt), v
Ap = {(t,u,v) €R3 : u > B(t), v

va(t)}
vg(t)} -

Lemma 3.4. If z = (¢,p,u,v) is a solution of system (3.7) such that
(to,u(to),v(tog)) € Aw, then there exists a § > 0 such that

t€to—0,tol = (t,u(t),v(t)) € Avw,
t E]to,to + (5[ = (t,u(t),v(t)) € Agw .

Similarly, if (to,u(to),v(to)) € Ag, then there exists a 6 > 0 such that

t G}to —(5,t0[
t E]to,to —f—(S[

= (t, u(t), U(t)) € Ask ’

= (t,u(t),v(t)) € ANg.

Proof. We give only the proof of the first part, the proof of the second part
being similar. Let z = (q,p,u,v) be a solution of system (3.7) such that
(to,u(to),v(to)) € Aw. Then v(tg) = v (to) and u(tp) < a(tp). Let us define
a map G(t) = v(t) — v5(t). Then, G is continuous with G(t9) = 0, and
by (3.17) we have

= g(to,u(to)) — € duP(to, q(to), p(to), u(to), v(to)) — 5 (to) <0,

for |e| small enough. So, there exists § > 0 such that G(t) > 0 for every
t €ty — 4, to[, and u(t) < a(t) for every t € [to — d,t9 + d]. The conclusion
is thus proved. O

Lemma 3.5. If z = (q,p, u,v) is a T-periodic solution of system (3.7), then
(t,2(t)) €V, for every t € R.
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Proof. Let us first prove that, for every t € R, we have

a(t) < u(t) < B(t). (3.20)

Suppose that there exists a solution z = (q,p,u,v) of system (3.7) such
that u(tp) < a(tp) for some to € [0,7]. If (to,u(to),v(to)) € Anw, then
from Lemma 3.3 we have that (¢, u(t),v(t)) € Anyw for every t < ty. Then,
by (3.15), we have

 (u—a)(t) = f(t,0(0)) + £ uP(t,u(t), (1) — (1) > 0,

for || small enough and every ¢ < t(, which is clearly a contradiction, because
u— « is a periodic solution. The same reasoning applies if (tg, u(to),v(t)) €
Agw. Finally, if (to,u(to),v(to)) € Aw, then by Lemma 3.4 we know that
the solution will be in Agy or in Anw at some time near tg, hence we obtain
a contradiction again. Then, u(t) > «(t) for every t € [0,T]. In a similar

way we can prove that u(t) < B(t) for every t € [0, T].
Finally we prove that

- (u(t)) < o(t) < 7 (ult)). (3.21)

For such a solution z = (g, p, u,v), by (3.2) and (3.20) we see that (¢, u(t)) =
g(t,u(t)). Now, define the T-periodic function H_(t) = v(t) —v—(u(t)). Let

€ [0,T] be such that H_(t,,) = min H_ and assume by contradiction
that H_(t,,) < 0. Then,

H_(tm) = 0(tm) — 7~ (u(tn))i(tn)
= g(tm, u(tm)) — € OuP (t,q(tm), p(tm), w(tm), v(tm)) — pie(tm)
= g(tm, u(tm)) = if (b, 0(tn))
=€ (OuP (tm, q(tm), p(tm), ultm), v(tm)) + O P (tm, ultm), v(tm))) -

We now consider the following cases:

Case 1. If —d < v(tp) < - (u(tm)), then f(tm,v(tm)) = f(tm, v(tm)) and

so we have

H (ty) <C—p-(—c)
—& (OuP(tm, q(tm), p(tm), w(tm), v(tm)) + p Op P(tm, u(tm), v(tm)))
<0,

for |e] small enough, since g(t,, u(ty,)) < C and p < —%.
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Case 2. If v(ty,) < —d — 1, then f(tpm,v(tm)) = v(ty) and so we have

H_(ty) <C — po(ty)
=€ (0uP(tm, q(tm), p(tm), u(tm), v(tm)) + 1 0p P (tm, ultm), v(tm)))
<C—p-(-d-1)
=€ (0uP(tm, q(tm), p(tm), u(tm), v(tm)) + 1 0o P(tm, u(tm), v(tm)))
<0,
for |e| small enough, since g(tm,u(tm)) < C and d > C/|pul.
Case 3. If —d—1< V(ty) < —d, then f(tm,v(tm)) is a linear interpolation
between f(tm, v(tm)) and v(ty,), hence

Win{ f (tm, 0(tm)), 0(tm) } < f(tm, v(tm)) < max{f(tm, v(tm)), v(tm)}

so we have

H (1) < € — prmnasc{ f (b, 0(tm), 0(tm)]}
=€ (OuP(tm, q(tm); P(tm ), u(tm), v(tm)) + 1 0u P (tm, ultm), v(tm))) -
If f(tm,v(tm)) < v(ty), then
H_ (tp) <C+ ud
=€ (0uP(tm, q(tm); p(tm ), w(tm), v(tm)) + 1 0p P (b, ultm), v(tm)))
<0,
for |e| small enough, since d > ¢ and u < —C/c. On the other hand, if

V(tm) < f(tm,v(tm)), then again

H_(tm) <C—p-(—c)
—€ (OuP(tm, q(tm), p(tm), u(tm), v(tm)) + p Op P(tm, u(tm), v(tm)))
<0,

for || small enough.

In all the above three cases we obtain contradictions, hence we have
proved that v(t) > v_(u(t)), for every t € [0,T]. In a similar way we can
prove that v(t) < v4(u(t)), for every t € [0,T]. O

We have thus proved that, if z = (g, p, u,v) is a solution of system (3.7),
then (t,2(t)) € V, for every t € R, and so z is a solution of system (1.1).
This completes the proof of Theorem 2.5. O
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4 Consequences and applications of Theorem 2.5

Let ¢ : R — R be an increasing diffeomorphism with a bounded derivative,
such that ¢(0) = 0. Consider the system

G=0p,H(t,q,p) +c0pP(t,q,p,u),
p = _aqH(tv(Jap) _eaqp(t>Q7pau) 9 (41>
4 (p(w) = g(t,u) —uP(t, q,p,u),

where P = P(t,q,p,u) is a perturbation term which is 27-periodic in ¢ and
has a bounded gradient with respect to (¢, p,u). As a direct consequence of

the Theorem 2.5, we have the following result.

Corollary 4.1. Let Al and A2 hold. Moreover, let there exist two T -periodic
C?-functions a, B : R — R with a < 8, such that

SO > gltal),  LOEN < gl B0).

for everyt € [0, T]. Then there exists € > 0 such that, if |e| < &, system (4.1)
has at least two geometrically distinct T-periodic solutions, such that p(0) €
la,b[ and o < u < B.

Proof. Define vo,vg : R — R as

Setting f(t,v) = ¢~'(v), all the assumptions of Theorem 2.5 are satisfied,

and so the conclusion follows. O

Notice that, taking ¢(s) = s for all s € R, the last equation in (4.1)
becomes
i = g(t,u) —e 0, P(t,q,p,u) .

Example 4.2. Consider the following system

—§=asing+e0,P(t,q,u),

i q+e0P(t,q,u) (4.2)
—i = —g(t,u) + €0, P(t,q,u),

where @ > 0. Assume that P is 2m-periodic in g and has a bounded gradient

with respect to (g,u), and the function ¢ satisfies the Landesman—Lazer

condition

T T
/ limsup g(t, u)dt < 0 < / liminf g(t, u)dt . (4.3)
0 o v

U——00 —+00
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By using (4.3) and [14, Lemma 2|, we get a strict lower solution a and a
strict upper solution /3 of the equation i = g(t,u). So, Corollary 4.1 applies,

and thus system (4.2) has at least two geometrically distinct solutions.

5 The higher dimensional case

We now consider the following system

,

q¢=VpH(t,q,p) +eV,P(t,q,p,u,v),

p:_qu(taQ7p)_qup(tqupau7v)7 (5 1)
u'j:fj(t,vj)+58ij(t,q,p,u,v), jzla"'>L7

vj = g;(t, uy) —saujP(t,q,p,u,v), j=1,...,L.
For z = (q,p,u,v) € RY we write

q:(qla"'>qM)ERMa p:(pla"'apM)ERMa

uw=(u,...,ur) €ERE, v=(vy,...,v1) € RE.
We assume all the involved functions to be continuous, and T-periodic in
their first variable ¢.

We first recall the definition of lower and upper solution for the T-periodic

problem associated with the system

i = f;(t,v5), vj =g;(t,uj), j=1,...,L. (5.2)

Definition 5.1. A T-periodic C*-function o : R — RL is said to be a
“Dower solution” for the T-periodic problem associated with system (5.2) if
there exists a T-periodic C'-function vy : R — RE such that, for every
j=1,...,L we have

s < Ua,j(t) = fj(t, S) < OZj(t) , (53)
s > Umj(t) = fj(t, 8) > OZj(t) R
and
Va,j(t) > g;(t, a;(t)). (5.4)

The lower solution is “strict” if the strict inequalities in (5.4) hold.
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Definition 5.2. A T-periodic C'-function B : R — RE is said to be an
“upper solution” for the T-periodic problem associated with system (5.2) if
there exists a T-periodic C-function vg : R — REY such that, for every
j=1,...,L we have

s < U@j(t) = fj(t7 s) < Bj(t) )

' (5.5)
S > Ugd(t) = f]<t7 5) > 53@) )

and
i,5(t) < g5(, B;(1)) - (5.6)

The upper solution is “strict” if the strict inequalities in (5.6) hold.

In the sequel, inequalities of n-tuples will be meant componentwise. It
will be useful to introduce the vector I = (1,...,1) € RE,

We say that D is a convex body of RM if it is a closed convex bounded
subset of RM having nonempty interior. By assuming that D has a smooth
boundary, we denote the unit outward normal at { € 9D by vp(¢). Moreover,
we say that D is strongly convex if for any p € 0D, the map F : D — R
defined by F (&) = (¢ — p,vp(p)) has a unique maximum point at { = p.

Here are our hypotheses.
A1’. The function H(t,q,p) is 2r-periodic in each variable q1, ..., qy-

A2'. There are a strongly convex body D of R™ having a smooth boundary
and a symmetric regular M x M matrix A such that all the solutions (g, p)

of system
q = va(t) q,P) ) P = _qu(t7 q,p) s (57)

starting with p(0) € D are defined on [0, 7], and
p(0) €D = (¢(T) - q(0), Avp(p(0))) > 0.

A3'. There exist a strict lower solution o and a strict upper solution 3 for

the T-periodic problem associated with system (5.2), such that o < 3.

A4/, There exist positive constants c,d such that |&;(t)| < ¢, |8j(t)| < ¢ for
every t € [0,7T], and



for every j=1,..., L.
A5'. The second order partial derivatives 92 f;(t, s) and 9% f;(t, s) exist and

are continuous; moreover, there exists A > 0 such that
Dsfj(t,s) > X, forevery (t,s) € [0,T] x R,

for every j=1,..., L.

A6'. The function P(t,q,p,u,v) is 2w-periodic in qp,...,qy and has a
bounded gradient with respect to (g, p, u, v); moreover, the partial derivative
VP is independent of ¢ and p, and the map V,P(t,u,v) is continuously
differentiable.

Here is our first generalization of Theorem 2.5.

Theorem 5.3. Assume that A1" — A6’ hold true. Then there exists &€ > 0
such that, if |e| < &, there are at least M +1 geometrically distinct T -periodic
solutions of system (5.1), with p(0) € D and a < u < 3.

Proof. The arguments will be similar to the ones provided in Section 3, so

we will be very brief. Let A; = min o, Bj = maxf3;, for j =1,...,L, and
A =min{4,,..., AL}, B =max{B,...,Br}.
Then there exists a constant C' > 0 such that
lgj(t,s)| < C, forevery (t,s) € [0,T] x [A, B],

and every j = 1,..., L. We can find two straight lines 74 : R — R, whose

equations are
Yi(s)=ps+R, - (s)=ps—R,

where y < —C//c and R > 0 are chosen in such a way that
V-(u) < —=d <d <y4(u),

and

V- (W < &(t),va(t), B(t) , vp(t) < v ()T, (5-8)
for every (t,u) € [0,T] x [A, BJ.
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We define the set
V={(t,q,p,u,v) e R*NF : a(t) <u < B(t), y—(W)I < v < vy (w)I}.

We can choose a constant d > d such that d > C/|u|, d > ¢ and for every
s € [A, B] we have
—d < y_(s) < yi(s) <d.

Now for j =1,..., L we consider the function n; : R x R — R defined as

ai(t), ifs<alt),
nj(t,s) =< s, if a;(t) <s < pj(t),
Bi(t), ifs>p;t).
Now define the function §; : R x R — R as in (3.2) by using 7; instead of n

and fj : R xR — R as defined in (3.3). Similarly, by a cut-off function o as
in (3.6) we set

~

H(t,q,p) = o(lp)H(t,q,p) -

Then, H has a bounded gradient with respect to (¢,p). Consider now the

modified system

q = VPH(tv qvp) + Evpp(t7Q7p7uav) )
p = _qu<t7q7p) - quP(t, q,D, U/?U)’

R . (5.9)
U_j:fj(t,’l}j)+5avjp(t,q,p,u,’l}), ]:17"‘7‘[”

vj :gj(tvuj)_88ujp(tv%pau7v)’ Jj=1...,L,

where the new Hamiltonian function H : R x R2Y — R is defined as
L s s
~ ~ J ~ J ~
Ht,2) = Atap) + > ( | Besyas= [aes ds) FeP(t2),

where z = (q,p,u,v). The modified system (5.9) can be written as Z =
JVH (t,z), where J = ((I] 701 ) is the standard symplectic matrix. Notice
that

F(t2) = (102 — Jul?) + K (1, %),

2
where K is a function having a bounded gradient with respect to z. More-
over, by A2, since V,P and V,P are bounded, if || is small enough, for

any solution (g, p,u,v) of (5.9) one still has that

p(0) €D = (q(T) —q(0), Avp(p(0)) > 0.
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Then, by [12, Corollary 2.3|, we get that the modified system (5.9) has at
least M + 1 geometrically distinct T-periodic solutions such that p(0) € D,

provided that |¢| is small enough.
We can now prove the analogues of Lemmas 3.1, 3.2, 3.3, 3.4 and 3.5.

In particular, all the M + 1 geometrically distinct T-periodic solutions
of system (5.9) are solutions of system (5.1). Thus system (5.1) has at least
M + 1 geometrically distinct solutions, with p(0) € D and o < u < 3, and
this completes the proof of Theorem 5.3. O

We now consider some variants of Theorem 5.3. Let us first state the
following “avoiding rays” assumption.

A2". There exists a convex body D of R having a smooth boundary, such
that all the solutions (g, p) of system (5.7) starting with p(0) € D are defined
on [0,77, and

p(0)€dD = q(T)—q(0) ¢ {Avp(p(0)) : A >0}.

Theorem 5.4. If in the statement of Theorem 5.3 we replace assumption
A2 by A2", the same conclusion holds.

Proof. The argument of proof is the same as that of Theorem 5.3 with the
only difference that instead of applying [12, Corollary 2.3], we apply [12,
Corollary 2.1]. O

Now we consider the case when D is a rectangle in RM | i.e.
D = [al,bl] X oo X [aM,bM} .

We state the following assumption.

A2". There exists an M-tuple o = (o1,...,0n7) € {—1,1} such that all

the solutions (q,p) of system (5.7) starting with p(0) € D are defined on

[0,T], and, for every i = 1,..., M, we have

pi(0)
i

pi(0)

0i(q:(T) — 4:(0)) <0,

=
= 0i(¢(T) —¢i(0)) > 0.

a;
b

Theorem 5.5. If in the statement of Theorem 5.8 we replace assumption
A2" by A2", the same conclusion holds.
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Proof. The argument of proof is the same as that of Theorem 5.3 with the
only difference that instead of applying [12, Corollary 2.3], we apply [12,
Corollary 2.4]. m

Remark 5.6. Based on the Remark 2.7, we could have varying intervals
[ai(s),bi(s)] instead of the intervals [a;, b;] in the rectangle D, where a;,b; :

R — R are 2w-periodic continuous functions.
We now provide a higher dimensional version of the Theorem 2.8.

Theorem 5.7. Assume that A3 — A6’ hold true. Let ki,ks,... ky be
integers and assume that, for each i € {1,..., M}, there exist two planar

Jordan curves T4, T | strictly star-shaped with respect to the origin, with

0 € D(I'Y) € D(I'}) C DY),

such that the solutions of system (5.7) with (¢;(0),p;(0)) € D(T%) \ D(TY))
for every i € {1,..., M} are defined on [0,T] and satisfy

(Qi(t)7pi(t)) 7é (0’ 0)7 vt € [OvT] )
and

(qi(O),pi(O)) S Fil = Rot((qi,pi); [O,T]) < k;,

. (5.10)
(¢:(0),pi(0)) €Ty = Rot((g:pi); [0,T]) < k.

Then system (5.1) has at least M + 1 geometrically distinct T-periodic solu-
tions 2 (t) forn=1,...,M + 1 such that

a<u™ < g,

(¢ (0).p{"(0)) € DT} \ DT).
and
Rot((qf".p{"): 0.7]) = k.
fori=1,...,M. The same is true if for some i € {1,..., M} the assump-
tion (5.10) is replaced by the following

(2:(0),pi(0)) €T = Rot((g:,pi); [0, T1) < ki,
(2:(0),pi(0)) €T = Rot((gi, pi); [0, T1) > ki
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Example 5.8. Consider the following system

—d; = a; sin -—1—58'Pt, su), 1=1,...,M,
qz i di 0 P(t, q,u) . (5.11)
—uj:_gj(tvuj)+56ujp(tvq7u)v J=1...,L,

where a; > 0. Assume that P is 2m-periodicin ¢, ..., gy and has a bounded
gradient with respect to (¢, u), and for each j € {1,..., L}, the function g;
satisfies the Landesman—Lazer condition

T T
/ limsup g;(t,s)dt <0 < / lim inf g;(¢, s) dt . (5.12)
0 0

S§—»—00 s§—+00

By using (5.12) and [14, Lemma 2|, we get a strict lower solution «; and a
strict upper solution j3; of the equation u; = g;(t,u;), with a;(t) < §;(1).
So all the assumptions of Theorem 5.3 hold and thus system (5.11) has at

least M + 1 geometrically distinct T-periodic solutions.

6 Twist with Hartman type condition

R2M+2L

In this section we consider a system in of the type

q = VPH(t? Q7p) + Eva(t7 q, P, U) )

p=—VoH(t,qp) —eVyP(t qp u), (6.1)

U=, 0= V,G(t,u) +eV,P(t,q,p,u).
Here again all functions involved are assumed to be continuous, and T-
periodic in t. We will assume the periodicity condition A1’ and one of the
twist conditions A2', A2” or A2"” even if in the following statement we

concentrate on A2’. We also assume condition A6’ which, in this setting,

can be stated in the following simpler form.

A6". The function P(t,q, p,u) is 2m-periodic in qi, . . . , ¢ps and has a bounded
gradient with respect to (g, p, u).

Here is our statement, involving a Hartman-type condition (see |9, 19|

and the references therein).

Theorem 6.1. Assume that Al', A2" and A6” hold true and that there exists
R > 0 such that

lul=R = (V,G(t,u),u)>0. (6.2)
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Then there exists € > 0 such that for |e| < &, there are at least M + 1
geometrically distinct T-periodic solutions of system (6.1) such that p(0) € D
and |u(t)| < R for every t € R.

Proof. First of all, we modify the function G outside the ball B = {u :
|lu| < R}. By (6.2) and the continuity of the inner product, there exists
p >0 and § > 0 such that

R<|u|<R+p = (V,G(t,u),u)>74. (6.3)
We can assume without loss of generality that
G(t,u) <0, when R<|u|<R+p. (6.4)

Indeed, if it is not already the case, it is sufficient to replace G(t,u) by
G(t,u) — M, where

M =max{|G(t,u)| : 0<t<T, R<|ul<R+p}.

Its gradient will not be changed.

Moreover, as in the previous proofs, after a truncation we can from now

on assume that H has a bounded gradient with respect to (g, p).

Now choose a C*°-function 7 : R — R satisfying

n(s) =1, ifs<R,
n(s) <0, ifR<s<R+p,
n(s) =0, ifs>R+p,
and define the function
G(t,u), if lul <R,
G(tu) = n(ful) Gt u) + (L= n(u))3lul®, it R<|ul <R+ 7,
Flul?, if |u|>R+p.

Notice that, outside the ball Br,;, the system becomes almost linear.
We now consider the new system
¢=VpH(l,q,p) +cV,P(l,q,p,u),
p = _qu(ta Q7p) — € qu(tv q,D, ’LL) ’ (65>
i=v,  0=V,G(tu) +e VPt gpu),
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where the new Hamiltonian function is
H(t,q,p,u,v) = H(t,q,p) + %MQ + G(t,u) + e P(t,q,p, ).
Writing the modified system (6.5) as 7 = JVH(t, z), we see that
A(t,2) = (0l ~ ) + K(t,2),

with K (t,z) has a bounded gradient with respect to z = (¢q,p,u,v). Then,
by [12, Corollary 2.3|, the modified system (6.5) has at least M + 1 geomet-
rically distinct T-periodic solutions, such that p(0) € D, provided that |e| is

small enough.

We need to prove that the T-periodic solutions of system (6.5) we have
found are such that |u(t)| < R for every t € [0,T], so that they are indeed

solutions of system (6.1).

Assume by contradiction that there exists ty € R such that
lu(to)| = max{|u(t)| : t€[0,T]} > R.

Consider the function f(t) = |u(t)|?. We have that f(tg) = 0 and f(t) < 0.
Being f(t) = (2u(t), u(t)), we compute

F(8) = 20a(t), i) + 2 {u(t), ii(t))
= 2fi(t) 2 + 2 (u(t), VuG(t, u(t) + & VuP(ta(t), p(t), u(t)))

> 2 (u(t), VuG(t,u(t)) + & VuP(t (), p(t), u(t)) ) (6.6)
We have two cases.

Case 1. If |u(tg)| > R+ p, then by the Cauchy—Schwartz inequality and the
fact that |V, P(t,q,p,u)| < C, the inequality (6.6) implies that

f(to) = 2 (u(to), u(to) + & VuP(to, q(to), p(to), u(to)))
> 2lu(to)|* — 2elu(to)| |VuP(to, q(to), plto), u(to))|
> 2|u(to)|(|u(to)| — & [VuP(to, q(to), p(to), u(to))|)
> 2R* >0,

for |¢| small enough, a contradiction.
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Case 2. If R < |u(tp)| < R+ p, then again (6.6) implies that

0 Gt utte) + 1 (u(t0)) V.Gt o)

|
u(to)
|u(t0)| lu(to) + (1 n(yu(t0)|))u(t0)>
t

1
2
—2[u(to)le [VuP(to, q(to), p(to), u(to))]
= 20 (Ju(to)]) [u(to)|G(to, u(to)) + 21 (Ju(to)]) (u(to), VuG(to, u(to)))
=i (Ju(to)l) [uto)|® +2 (1 = n (|u(to)]) ulto)
—2[u(to)le [VuP(to, q(to), p(to), u(to))] -

By (6.3) and (6.4), since 7 (Ju(to)|) < 0 and

Fto) > 2 <u<to>,f7<|u<to>|>

1o <u(t0), i (Juto)])

1 (lu(to)]) (u(to), VuG(to, ulto))) + (1 = n (Ju(to)])) [u(to)|* > min{s, R*},
we have that
f(to) = 2min{s, R*} — 2(R + p)e [V P(to, q(to), p(to), u(to))| > 0,
when |e| is small enough, a contradiction. The proof is thus completed. [

Remark 6.2. In the case L = 1, writing g(t,u) = V,G(t,u), the Hartman
condition becomes

It is thus seen that « = —R and = R are constant strict lower/upper

solutions, with o < 3.

7 Perturbations of completely integrable systems

There is a very large literature on the periodic problem for perturbations
of completely integrable systems (see, e.g., [3, 12] and references therein),
starting from Poincaré, who referred to Hamiltonian perturbation theory as

the “Probléme général de la Dynamique”.

We will add now an extra term to the Hamiltonian function, involving a

Hartman-type situation. Consider the system

¢ =VK(I)+eVP(t,p,I,u), [=-eVyP(t,p,1,u),

(7.1)
— = VHG(t,U) + Evup(ta QO,I, u) ’
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where (p, 1) € R*M and u € R¥. As usual we assume that all the involved
functions are continuous and T-periodic in t. The perturbation function
P : R x R2M+L 4 R is assumed to have a bounded gradient with respect to

(¢, I,u). Moreover, it is 7;-periodic in each variable ¢;, i.e.
Pt,...,0i+Ti,...) =P(t,...,0i...),
and we assume that there exist some integers my, ..., mys such that
TVK(I°) = (mym,. .., mamar) -
We are thus dealing with a completely resonant torus. Here is our result.

Theorem 7.1. In the above setting, assume that there exist I° € RM ¢

symmetric invertible M x M matriz A and p > 0 such that
0<[I-1°1<p = (VKU)-VKUI"),AI-TI°)>0. (7.2)
Moreover, let there exist R > 0 such that
lul=R = (V,G(t,u),u)>0.

Then, for every o > 0, there exists € > 0 such that, for |g| < &, there are at

least M + 1 geometrically distinct solutions of system (7.1), with
ot +T) =) +TVKI®), ut+T)=ut), It+T)=1I)),

lp(t) = @(0) = tVEUI) + |1(t) — I°| < o,

and

lu®) < R,
for every t € R.

The proof is based on Theorem 6.1, following the same reasoning as in [10,

Theorem 23|, so we omit it, for briefness.

Remark 7.2. [t can easily be seen that assumption (7.2) is satisfied if the

function K is twice continuously differentiable at I°, with
det K" (1°) # 0.

It is indeed sufficient to choose A = K" (I°).

30



References

1]

2]

3]

4]

[5]

6]

7]

8]

9]

[10]

[11]

V.I. Arnold, Sur une propriété topologique des applications globale-
ment canoniques de la mécanique classique, C. R. Acad. Sci. Paris 261
(1965), 3719-3722.

V.I. Arnold, The stability problem and ergodic properties for classical
dynamical systems, in: Proc. Internat. Congr. Math. (Moscow, 1966),
pp. 387-392, Mir, Moscow, 1968 [in Russian, English translation in:
AMS Transl. Ser. 2, 70 (1968), 5-11].

D. Bernstein and A. Katok, Birkhoff periodic orbits for small per-
turbations of completely integrable Hamiltonian systems with convex
Hamiltonians, Invent. Math. 88 (1987), 222-241.

K.C. Chang, On the periodic nonlinearity and the multiplicity of so-
lutions, Nonlinear Anal. 13 (1989), 527-537.

F. Chen and D. Qian, An extension of the Poincaré-Birkhoff theo-
rem for Hamiltonian systems coupling resonant linear components with
twisting components, J. Differential Equations 321 (2022), 415-448.

C.C. Conley and E.J. Zehnder, The Birkhoff - Lewis fixed point theo-
rem and a conjecture of V.I. Arnold, Invent. Math. 73 (1983), 33—49.

C. De Coster and P. Habets, Two-Point Boundary Value Problems,
Lower and Upper Solutions, Elsevier, Amsterdam, 2006.

P.L. Felmer, Periodic solutions of spatially periodic Hamiltonian sys-
tems, J. Differential Equations 98 (1992), 143-168.

G. Feltrin and F. Zanolin, Bound sets for a class of ¢-Laplacian oper-
ators, J. Differential Equations 297 (2021), 508-535.

A. Fonda, M. Garzéon and A. Sfecci, An extension of the Poincaré—
Birkhoff Theorem coupling twist with lower and upper solutions,
preprint (2022).

A. Fonda and P. Gidoni, An avoiding cones condition for the Poincaré—
Birkhoff Theorem, J. Differential Equations 262 (2017), 1064-1084.

31



[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

A. Fonda and P. Gidoni, Coupling linearity and twist: an extension
of the Poincaré—Birkhoff Theorem for Hamiltonian systems, NoDEA -
Nonlin. Differential Equations Appl. 27 (2020), No. 55, 26 pp.

A. Fonda, G. Klun and A. Sfecci, Well-ordered and non-well-ordered
lower and upper solutions for periodic planar systems, Adv. Nonlinear
Stud. 21 (2021), 397-419.

A. Fonda, R. Toader, Periodic solutions of radially symmetric pertur-
bations of Newtonian systems. Proceedings of the American Mathe-

matical Society, 140(4) (2012), 1331-1341.

A. Fonda and R. Toader, A dynamical approach to lower and up-
per solutions for planar systems, Discrete Contin. Dynam. Systems 41
(2021), 3683-3708.

A. Fonda and A.J. Urena, A higher dimensional Poincaré—Birkhoff the-
orem for Hamiltonian flows, Ann. Inst. H. Poincaré Anal. Non Linéaire
34 (2017), 679-698.

A. Fonda and A.J. Urenia, A Poincaré-Birkhoff theorem for Hamilto-
nian flows on nonconvex domains, J. Math. Pures Appl. 129 (2019),
131-152.

G. Fournier, D. Lupo, M. Ramos and M. Willem, Limit relative cate-
gory and critical point theory, in: Dynamics Reported: Expositions in

Dynamical Systems, vol. 3, Springer, Berlin, 1994, pp. 1-24.

P. Hartman, On boundary value problems for systems of ordinary,
nonlinear, second order differential equations, Trans. Am. Math. Soc.

96 (1960), 493-509.

F.W. Josellis, Lyusternik-Schnirelman theory for flows and periodic
orbits for Hamiltonian systems on T™ x R™, Proc. London Math. Soc.
68 (1994), 641-672.

J.Q. Liu, A generalized saddle point theorem, J. Differential Equations
82 (1989), 372-385.

J.L. Massera, The existence of periodic solutions of systems of differ-
ential equations, Duke Math. J., 17 (1950), 457-475.

32



[23] J. Mawhin, Forced second order conservative systems with periodic
nonlinearity, Analyse non linéaire (Perpignan, 1987), Ann. Inst. H.
Poincaré Anal. Non Linéaire 6 (1989), suppl., 415-434.

[24] J. Moser and E.J. Zehnder, Notes on Dynamical Systems, Amer. Math.
Soc., Providence, 2005.

[25] M. Nagumo, Uber die Differentialgleichung 4" = f(t,y,’), Proc. Phys-
Math. Soc. Japan 19 (1937), 861-866.

[26] E. Picard, Sur l'application des méthodes d’approximations succes-
sives a I’étude de certaines équations différentielles ordinaires, J. Math.

Pures Appl. 9 (1893), 217-271.

[27] H. Poincaré, Sur un théoréme de géométrie, Rend. Circ. Mat. Palermo

33 (1912), 375-407.

[28] G. Scorza Dragoni, 11 problema dei valori ai limiti studiato in grande
per le equazioni differenziali del secondo ordine, Math. Ann. 105 (1931),
133-143.

Authors’ addresses:

Alessandro Fonda and Wahid Ullah

Dipartimento di Matematica e Geoscienze
Universita degli Studi di Trieste

P.le Europa 1, 34127 Trieste, Italy

e-mail: a.fonda@units.it, wahid.ullah@phd.units.it

Mathematics Subject Classification: 34C25.

Keywords: Hamiltonian systems; periodic boundary value problem; Poincaré—

Birkhoff Theorem; lower and upper solutions; Hartman condition.

33



