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Abstract
We provide some existence results to a class of planar problems, in

presence of lower and upper solutions. Our results apply in particular
to a class of systems generalising radial elliptic equations driven by the
p-Laplace operator.

1 Introduction
The lower and upper solutions method is a classical tool for studying bound-
ary value problems associated with ordinary and partial differential equations
of different types. Since the pioneering works by E. Picard [11], G. Scorza
Dragoni [13], M. Nagumo [10], thousands of papers have employed it to study
existence, multiplicity, localisation and stability properties of the solutions of
first and second order problems. See e.g. [4] for a classical monograph on the
topic. To present a simple but illustrative example, let us consider the Neumann
problem

x′′ = g(t, x) , x′(0) = x′(1) = 0 . (1)

For this problem a lower solution α : [0, 1] → R is defined as a C2-function
satisfying α′′(t) ≥ g

(
t, α(t)

)
, for every t ∈ [0, 1], and α′(0) ≥ 0 ≥ α′(1). An

upper solution β is similarly defined by reversing the inequalities. If we set
y = x′, problem (1) is equivalent to the planar system

x′ = f(t, y) , y′ = g(t, x) , y(0) = y(1) = 0 , (2)

where f(t, y) = y. The relations defining α and β translate into

y′α(t) ≥ g(t, α(t)) , for every t ∈ [0, 1] , yα(0) ≥ 0 ≥ yα(1) ,

where yα = α′,

y′β(t) ≤ g(t, β(t)) , for every t ∈ [0, 1] , yβ(0) ≤ 0 ≤ yβ(1) ,

where yβ = β′.

With similar models in mind, A. Fonda and R. Toader in [8] have extended
to planar systems the definitions of lower and upper solutions for a wide class
of problems and for general equations of the form

x′ = f(t, x, y) , y′ = g(t, x, y) ,

see also [5, 6, 7]. Keeping ourselves in the setting of problem (2), the definitions
of a lower solution α and an upper solution β are given as follows.
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Definition 1. A continuously differentiable function α : [0, 1] → R is said to
be a lower solution for problem (2) if the following properties hold:

• there exists a unique function yα : [0, 1] → R such that{
y < yα(t) ⇒ f(t, y) < α′(t) ,

y > yα(t) ⇒ f(t, y) > α′(t) ;
(3)

• yα is continuously differentiable, and

y′α(t) ≥ g(t, α(t)) , for every t ∈ [0, 1] ;

• yα(0) ≥ 0 ≥ yα(1) .

Definition 2. A continuously differentiable function β : [0, 1] → R is said to be
an upper solution for problem (2) if the following properties hold:

• there exists a unique function yβ : [0, 1] → R such that{
y < yβ(t) ⇒ f(t, y) < β′(t) ,

y > yβ(t) ⇒ f(t, y) > β′(t) ;
(4)

• yβ is continuously differentiable, and

y′β(t) ≤ g(t, β(t)) , for every t ∈ [0, 1] ;

• yβ(0) ≤ 0 ≤ yβ(1) .

Concerning problem (2), in [7], assuming the existence of a lower solution α
and an upper solution β, with α ≤ β, it is proved that there exists a solution
(x, y) of (2) satisfying α ≤ x ≤ β. In this paper we are interested in extending
this result to systems of the type

x′ = f(t, y) , (a(t) y)′ = g(t, x) , (5)

motivated by the study of radial weighted p-Laplacian differential equations, as
considered, e.g., in [1, 2, 3, 9]. Consider, without loss of generality, the equation
in the unitary ball B

div
(
η(|x|) |∇v|p−2∇v

)
= h(|x|, v) , (6)

where η : [0, 1] → R+ is a strictly positive smooth radial weight, h : [0, 1]×R →
R is continuous, and p > 1. We are interested in finding radial solutions of (6)
of the form v(x) = u(|x|) = u(r), with u : [0, 1] → R a C2-function satisfying
u′(0) = 0. If v(x) = u(|x|) is a solution of (6), then the function u = u(r) is a
solution of the equation

(a(r) |u′|p−2u′)′ = g(r, u) , r ∈ ]0, 1] , (7)

with a(r) = rN−1 η(r) and g(r, u) = rN−1h(r, u). Denoting by q > 1 the
conjugate exponent of p, satisfying 1

p + 1
q = 1, equation (7) is equivalent to the

system
u′ = |y|q−2y , (a(r) y)′ = g(r, u) ,
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which is a special form of (5). Note that the function a(r) vanishes at r = 0,
creating a singularity for our problem, and this fact generates a main difficulty
in our study. The problem of the presence of the singularity, concerning exis-
tence, uniqueness and continuous dependence on initial data, for the Cauchy
problems associated with the second order differential equation (7), was already
faced in [9], see also [2, 3, 4]. In the appendix of this paper we present the cor-
responding discussion for system (5). Moreover, we also consider the possibility
of having a second singularity at r = 1.

We now state our main results for system (5). We consider the following
mixed boundary conditions:

y(0) = 0 = x(1) sin θ + y(1) cos θ , (8)

with θ ∈ ]− π
2 ,

π
2 ]. Having in mind the radial problem, it is natural to assume the

Neumann condition y(0) = 0 at the left endpoint of our interval. Concerning
the right endpoint, notice that, in case θ = 0, (8) represents a Neumann-type
boundary condition, while in case θ = π

2 it represents a Dirichlet-type condition.

Let a : [0, 1] → R satisfy the following assumptions:

(A1) a ∈ C1([0, 1]) ;

(A2) a(t) > 0, for all t ∈ ]0, 1] ;

(A3) a(0) = 0, and there exists ρ0 ∈ ]0, 1] such that

a′(t) ≥ 0 , for every t ∈ [0, ρ0] .

Remark 3. Assume N ≥ 2 and η : [0, 1] → R+ is strictly positive and contin-
uously differentiable on [0, 1]. Then, the function a(r) = rN−1η(r) introduced
in (7) satisfies assumptions (A1), (A2) and (A3).

We now give the definitions of lower and upper solution for problem (5)-(8).

Definition 4. A continuously differentiable function α : [0, 1] → R is said to
be a lower solution for the problem (5)-(8) if the following properties hold:

(i) there exists a unique function yα : [0, 1] → R such that (3) holds ;

(ii) yα is continuously differentiable, and

(a(t) yα(t))
′ ≥ g(t, α(t)) , for every t ∈ [0, 1] ;

(iii) yα(0) ≥ 0 and α(1) sin θ + yα(1) cos θ ≤ 0.

Definition 5. A continuously differentiable function β : [0, 1] → R is said to be
an upper solution for the problem (5)-(8) if the following properties hold:

(j) there exists a unique function yβ : [0, 1] → R such that (4) holds ;

(jj) yβ is continuously differentiable, and

(a(t) yβ(t))
′ ≤ g(t, β(t)) , for every t ∈ [0, 1] ; (9)

(jjj) yβ(0) ≤ 0 and β(1) sin θ + yβ(1) cos θ ≥ 0 .
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Here is our first result.

Theorem 6. Assume f, g : [0, 1] × R → R are continuous, locally Lipschitz
continuous in the second variable, and a : [0, 1] → R satisfies (A1), (A2) and
(A3). Assume that the function ĝ : ]0, 1]× R → R, defined by

ĝ(t, x) =
1

a(t)
g(t, x) , (10)

can be continuously extended to [0, 1] × R. Suppose further that there exist a
lower solution α and an upper solution β for problem (5)-(8), satisfying α ≤ β.
Then, the problem (5)-(8) has a solution (x, y) such that α ≤ x ≤ β.

Concerning the proof of the above theorem, we present an alternative ap-
proach to the standard application of degree theory, based on a shooting method,
after a careful phase plane analysis of the solutions.

Remark 7. We underline that if we replace assumptions (A2) and (A3) with
the hypothesis a(t) > 0, for all t ∈ [0, 1], then the conclusion of Theorem 6 can
be proved with simpler computations.

If we are only interested in the Neumann problem (5)-(8), with θ = 0, we
can weaken the assumptions on the function a by allowing a(1) = 0. We shall
assume that a : [0, 1] → R satisfies (A1) and

(A2)′ a(t) > 0, for all t ∈ ]0, 1[ ;

(A3)′ a(0) = 0 , a(1) = 0 , and there exist ρ0 ≤ ρ1 in ]0, 1[ such that

a′(t) ≥ 0 for every t ∈ [0, ρ0] and a′(t) ≤ 0 for every t ∈ [ρ1, 1] .

An example of a function a satisfying these assumptions is

a(t) = sinn−2(πt) . (11)

It arises, e.g., when dealing with the Laplace–Beltrami operator on the sphere
Sn−1 ⊆ Rn, if we are looking for solutions depending only on the latitude φ = πt
(asking for symmetry with respect to all the other angle variables). In this case
the problem we need to solve is the following{(

sinn−2(πt)x′
)′

= sinn−2(πt) g(t, x) ,

x′(0) = 0 = x′(1) ,
(12)

which is a special form of (5)-(8), with θ = 0, the function a defined by (11)
and the function g replaced by sinn−2(πt) g(t, x).

Concerning this new setting, we can state our second result.

Theorem 8. Assume f, g : [0, 1] × R → R are continuous, locally Lipschitz
continuous in the second variable, and a : [0, 1] → R satisfies (A1), (A2)′ and
(A3)′. Assume that the function ĝ : ]0, 1[×R → R, defined by (10) can be
continuously extended to [0, 1] × R. Suppose further that there exist a lower
solution α and an upper solution β for problem (5)-(8), with θ = 0, satisfying
α ≤ β. Then, the problem (5)-(8) with θ = 0 has a solution (x, y) such that
α ≤ x ≤ β.
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The proof of this second theorem will be provided through a double shooting
method.

Remark 9. If the functions f and g are only continuous, similar results can
still be proved, adapting the approximation technique used in [8]. However, in
this case we need to assume the existence of strict lower and upper solutions α
and β satisfying α(t) < β(t) for all t ∈ ]0, 1[.

2 Preliminary results
In this section we provide some results which will be later used to prove the
main theorems.

Proposition 10. Suppose that a : [0, 1] → R satisfies (A1), (A2) and (A3).
Then there exists C > 0 such that

t∫
0

a(s) ds ≤ C a(t) , for every t ∈ [0, 1] .

On the other hand, if a : [0, 1] → R satisfies (A1), (A2)′ and (A3)′, then there
exists C > 0 such that

t∫
0

a(s) ds ≤ C a(t) , for every t ∈ [0, 12 ] ,

1∫
t

a(s) ds ≤ C a(t) , for every t ∈ [ 12 , 1] .

Proof. Assume a satisfies (A1), (A2)′ and (A3)′, the former case being easier.
Consider the functions ψ1 : [0, 1[→ R and ψ2 : ]0, 1] → R defined by

ψ1(t) =


∫ t

0
a(s) ds

a(t)
t > 0 ,

0 t = 0 ;

ψ2(t) =


∫ 1

t
a(s) ds

a(t)
t < 1 ,

0 t = 1 .

(13)

These functions are continuous, since by (A3)′, we have

ψ1(t) ≤ t for all t ∈ [0, ρ0] ; ψ2(t) ≤ 1− t for all t ∈ [ρ1, 1] . (14)

Then, the conclusion easily follows.

We set

M = max{|ĝ(t, x)| : 0 ≤ t ≤ 1 , α(t) ≤ x ≤ β(t)} , (15)

where ĝ was defined in (10), and take a constant K satisfying

K > max{∥α′∥∞, ∥β′∥∞, ∥yα∥∞, ∥yβ∥∞, CM} , (16)

where C is the constant introduced in Proposition 10.
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We first modify the functions f(t, y) and g(t, x) as follows. Define g̃ : [0, 1]×
R → R by

g̃(t, x) =

 g(t, α(t)) + a(t)(x− α(t)) , if x < α(t) ,
g(t, x) , if α(t) ≤ x ≤ β(t) ,
g(t, β(t)) + a(t)(x− β(t)) , if x > β(t) ,

(17)

and f̃ : [0, 1]× R → R by

f̃(t, y) =


y , if y ≤ −K − 1 ,
f(t, y)(1 +K + y)− y (y +K) , if −K − 1 < y < −K ,
f(t, y) , if −K ≤ y ≤ K ,
f(t, y)(1 +K − y) + y (y −K) , if K < y < K + 1 ,
y , if y ≥ K + 1 .

(18)

Let us consider the correspondingly modified problem{
x′ = f̃(t, y) , (a(t) y)′ = g̃(t, x) ,

y(0) = 0 = x(1) sin θ + y(1) cos θ .
(P̃ )

We shall prove the existence of a solution of (P̃ ) and then verify that such a
solution is indeed a solution of problem (5)-(8). To this aim we define some
regions in the space [0, 1]×R×R and prove some invariance properties of them
with respect to the solutions of the planar system

x′ = f̃(t, y) , (a(t) y)′ = g̃(t, x) . (S̃)

We set

ANE = {(t, x, y) : t ∈ [0, 1] , x > β(t) , y > yβ(t)} , (19)
ASE = {(t, x, y) : t ∈ [0, 1] , x > β(t) , y < yβ(t)} ,
ASW = {(t, x, y) : t ∈ [0, 1] , x < α(t) , y < yα(t)} ,
ANW = {(t, x, y) : t ∈ [0, 1] , x < α(t), y > yα(t)} .

Lemma 11. Let (x, y) be a solution of (S̃) defined at a point t0 ∈ [0, 1]. We
have:

(i) if y(t0) > yβ(t0) , then x′(t0) > β′(t0) ;

(ii) if y(t0) < yβ(t0) , then x′(t0) < β′(t0) ;

(iii) if y(t0) > yα(t0) , then x′(t0) > α′(t0) ;

(iv) if y(t0) < yα(t0) , then x′(t0) < α′(t0) .

Proof. We only prove (i), as the other assertions follow in a similar way. Assume
y(t0) > yβ(t0). Note that, as ∥yβ∥∞ ≤ K, we have −K ≤ yβ(t0) < y(t0).

Suppose first that y(t0) ≤ K. Then f̃(t0, y(t0)) = f(t0, y(t0)) and hence,
from (4), we get

(x− β)′(t0) = f(t0, y(t0))− β′(t0) > 0 .
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Suppose next that K < y(t0) < K + 1. Then, using (4) again and the fact that
∥β′∥∞ < K, we obtain

(x− β)′(t0) = f(t0, y(t0)) (1 +K − y(t0)) + y(t0)(y(t0)−K)− β′(t0)

> β′(t0)(1 +K − y(t0)) +K(y(t0)−K)− β′(t0)

= β′(t0)(K − y(t0)) +K(y(t0)−K)

= (K − β′(t0))(y(t0)−K) > 0 .

Suppose finally that y(t0) ≥ K + 1. Then

(x− β)′(t0) = y(t0)− β′(t0) ≥ K + 1− β′(t0) > 0 .

Therefore, x′(t0) > β′(t0).

Lemma 12. Let (x, y) be a solution of (S̃) defined at a point t0 ∈ [0, 1], and
suppose that both x(t0) > β(t0) and y(t0) = yβ(t0) hold. We have:

(i) if t0 ∈ ]0, 1[ , then y′(t0) > y′β(t0) ;

(ii) if t0 = 0 , then there exists δ > 0 such that y(t) > yβ(t) for all t ∈ ]0, δ[ ;

(iii) if t0 = 1 , then there exists δ > 0 such that y(t) < yβ(t) for all t ∈ ]1−δ, 1[ .

Proof. We first consider case (i). We recall that, from (9), we have

(a(t0) yβ(t0))
′ ≤ g(t0, β(t0) .

Furthermore, we compute(
a(t)

(
y(t)− yβ(t)

))′ |t=t0 = a′(t0) (y(t0)− yβ(t0)) + a(t0)
(
y′(t0)− y′β(t0)

)
= a(t0)

(
y′(t0)− y′β(t0)

)
. (20)

Since x(t0) > β(t0), we have g̃(t0, x(t0)) = g(t0, β(t0)) + a(t0)(x(t0) − β(t0)),
hence we obtain, using (20),

a(t0)
(
y′(t0)− y′β(t0)

)
= (a(t0) y(t0))

′ − (a(t0) yβ(t0))
′

≥ g̃(t0, x(t0))− g(t0, β(t0)) = a(t0)(x(t0)− β(t0)) .

Since a(t0) > 0, we conclude that y′(t0)− y′β(t0) ≥ x(t0)− β(t0) > 0.

We consider now case (ii). Let us set z(t) = a(t) (y(t)− yβ(t)). Since x(0) >
β(0), there exists δ > 0 such that x(s) > β(s), for all s ∈ [0, δ[ . Pick t ∈ ]0, δ[ .
Then, we have

z(t) =

t∫
0

z′(s) ds =

t∫
0

(
a(s)(y(s)− yβ(s))

)′
ds

≥
t∫

0

(
g̃(s, x(s))− g(s, x(s))

)
ds =

t∫
0

a(s)(x(s)− β(s)) ds > 0 ,

hence y(t)− yβ(t) > 0 for all t ∈ ]0, δ[ .
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Case (iii) can be proved in a similar way.

The following symmetric result can be proved similarly for the lower solu-
tion α.

Lemma 13. Let (x, y) be a solution of (S̃) defined at a point t0 ∈ [0, 1], and
suppose that both x(t0) < α(t0) and y(t0) = yα(t0). We have:

(i) if t0 ∈ ]0, 1[ , then y′(t0) < y′α(t0) ;

(ii) if t0 = 0 , then there exists δ > 0 such that y(t) < yα(t) for all t ∈ ]0, δ[ ;

(iii) if t0 = 1 , then there exists δ > 0 such that y(t) > yα(t) for all t ∈ ]1−δ, 1[ .

The previous results allow us to prove some invariance properties of the
regions ANE , ASE , ANW , ASW introduced in (19). To this aim, in the following
statement, we consider a solution (x, y) of (S̃) defined in a maximal interval of
existence I. Notice that, due to the linear growth of the functions f̃ and g̃, if
(A1), (A2) and (A3) hold, we can have the following two alternatives:

I = [0, 1] , I = ]0, 1] .

On the other hand, if (A1), (A2)′ and (A3)′ hold, we can have the following
four alternatives:

I = [0, 1] , I = ]0, 1] , I = ]0, 1[ , I = [0, 1[ .

We use the conventional notation [s, s] = {s}, whenever s ∈ R.

Lemma 14. Let (x, y) : I → R2 be a solution of (S̃) defined at a point t0 ∈
[0, 1]. We have:

(i) if (t0, x(t0), y(t0)) ∈ ANE , then (t, x(t), y(t)) ∈ ANE for all t ∈ [t0, 1] ∩ I ;

(ii) if (t0, x(t0), y(t0)) ∈ ASE , then (t, x(t), y(t)) ∈ ASE for all t ∈ [0, t0] ∩ I ;

(iii) if (t0, x(t0), y(t0)) ∈ ASW , then (t, x(t), y(t)) ∈ ASW for all t ∈ [t0, 1]∩I ;

(iv) if (t0, x(t0), y(t0)) ∈ ANW , then (t, x(t), y(t)) ∈ ANW for all t ∈ [0, t0]∩I .

Proof. Let us prove the first assertion, the others follow similarly.
Let (t0, x(t0), y(t0)) ∈ ANE for some t0 ∈ [0, 1]. By contradiction, assume

that there exists t1 ∈ ]t0, 1] ∩ I such that (t, x(t), y(t)) ∈ ANE , for every t ∈
[t0, t1[ , and (t1, x(t1), y(t1)) /∈ ANE . In particular we have either x(t1) = β(t1),
or y(t1) = yβ(t1).

Since y(t0) > yβ(t0), recalling Lemma 11, we have x′(t) > β′(t), for every
t ∈ [t0, t1[ ; therefore the first alternative is forbidden.

Finally, using Lemma 12 (i), we get a contradiction also in the case y(t1) =
yβ(t1).

Lemma 15. Let (x, y) be a solution of (S̃), defined on a nontrivial interval
[t1, t2] ⊆ [0, 1], satisfying α(t1) ≤ x(t1) ≤ β(t1) and α(t2) ≤ x(t2) ≤ β(t2).
Then α(t) ≤ x(t) ≤ β(t), for all t ∈ [t1, t2].
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Proof. We assume, by contradiction, that there exists t0 ∈ ]t1, t2[ with x(t0) >
β(t0).

Suppose first that y(t0) > yβ(t0). Then (t0, x(t0), y(t0)) ∈ ANE . From
Lemma 14, we have (t2, x(t2), y(t2)) ∈ ANE . In particular, x(t2) > β(t2), a
contradiction.

Suppose now that y(t0) = yβ(t0). From Lemma 12, we see that y(t) > yβ(t)
in a right neighbourhood of t0, and we conclude as before.

Finally, if y(t0) < yβ(t0), we have (t0, x(t0), y(t0)) ∈ ASE . From Lemma 14,
we have (t1, x(t1), y(t1)) ∈ ASE . In particular, x(t1) > β(t1), again a contradic-
tion.

Hence, we conclude that x(t) ≤ β(t) for every t ∈ [t1, t2].
In a similar way we can prove that x(t) ≥ α(t) for every t ∈ [t1, t2], thus

concluding the proof.

Lemma 16. Let (x, y) be a solution of (S̃), defined on an interval [0, t2] ⊆ [0, 1],
satisfying the following properties:

y(0) = 0 , α(0) ≤ x(0) ≤ β(0) , α(t2) ≤ x(t2) ≤ β(t2) .

Then |y(t)| ≤ K, for all t ∈ [0, t2].

Proof. By Lemma 15 we have that α(t) ≤ x(t) ≤ β(t), for every t ∈ [0, t2]. In
particular,

g̃(t, x(t)) = g(t, x(t)) = a(t) ĝ(t, x(t)) ,

for all t ∈ [0, t2]. Let us set z(t) = a(t) y(t). Then, for all t ∈ [0, t2],

z(t) =

∫ t

0

z′(s) ds =

∫ t

0

g̃(s, x(s)) ds =

∫ t

0

a(s) ĝ(s, x(s)) ds .

Recalling the definition (15) of M and Proposition 10, we deduce that

|z(t)| ≤
t∫

0

M a(s) ds ≤MCa(t) . (21)

Therefore, a(t) |y(t)| ≤MC a(t) for all t ∈ [0, t2]. If a(t) ̸= 0, we obtain

|y(t)| ≤MC < K ,

for every t ∈ ]0, t2]. This inequality is trivially satisfied also in case t = 0, hence
the lemma is completely proved.

Arguing similarly we can prove the following result.

Lemma 17. Assume (A1), (A2)′ and (A3)′. Let (x, y) be a solution of (S̃),
defined in an interval [t1, 1] ⊆ [0, 1], satisfying the following properties:

y(1) = 0 , α(t1) ≤ x(t1) ≤ β(t1) , α(1) ≤ x(1) ≤ β(1) .

Then |y(t)| ≤ K, for all t ∈ [t1, 1].

So far we have proved the following a priori bounds.
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Proposition 18. Assume (A1), (A2) and (A3). If (x, y) is a solution of (P̃ ),
satisfying α(0) ≤ x(0) ≤ β(0) and α(1) ≤ x(1) ≤ β(1), then (x, y) is a solution
of problem (5)-(8) and satisfies α(t) ≤ x(t) ≤ β(t), for all t ∈ [0, 1].

Proof. It is an immediate consequence of the application of Lemma 15 with
[t1, t2] = [0, 1] and Lemma 16 with [0, t2] = [0, 1].

Proposition 19. Assume (A1), (A2)′ and (A3)′. If (x, y) is a solution of (P̃ ),
with θ = 0, satisfying, for a certain t0 ∈ ]0, 1[ ,

α(0) ≤ x(0) ≤ β(0) , α(t0) ≤ x(t0) ≤ β(t0) , α(1) ≤ x(1) ≤ β(1) ;

then (x, y) is a solution of problem (5)-(8), with θ = 0, and satisfies α(t) ≤
x(t) ≤ β(t), for all t ∈ [0, 1].

Proof. We need to apply twice Lemma 15 with [t1, t2] = [0, t0] and [t1, t2] =
[t0, 1]. Then we apply Lemma 16 with [0, t2] = [0, t0] and Lemma 17 with
[t1, 1] = [t0, 1].

Summing up, in order to prove Theorem 6, we need to find a solution of (P̃ )
satisfying the assumptions of Proposition 18. Similarly, to prove Theorem 8,
we need to find a solution of (P̃ ), with θ = 0, satisfying the assumptions of
Proposition 19.

3 Proof of the theorems

3.1 Proof of Theorem 6
To prove our result we shall apply a shooting argument, with the aim of finding
σ ∈ R such that the solution (x, y) of the Cauchy problem{

x′ = f̃(t, y) ,
(
a(t) y

)′
= g̃(t, x) ,

x(0) = σ , y(0) = 0
(22)

also satisfies x(1) sin θ + y(1) cos θ = 0.

We start by defining the flow associated with system (S̃). Let X be the set
of initial data

X = {(t0, σ, τ) ∈ [0, 1]× R2 : τ = 0 if t0 = 0},
and consider the solution

(x(·), y(·)) = Φ( · ; t0, σ, τ) =
(
Φ1( · ; t0, σ, τ) , Φ2( · ; t0, σ, τ)

)
of (S̃) satisfying x(t0) = σ and y(t0) = τ . The proof concerning the existence
of such a solution, which is not completely standard due to the presence of the
singularity at 0, is given in the Appendix. This solution will be proved to be
defined on ]0, 1], thanks to the linear growth of the functions f̃ and g̃, but not
necessarily at t = 0. However, if t0 = 0, the solution is defined in the whole
interval [0, 1]. We denote by D ⊆ R4 the domain of the flow Φ = Φ(t; t0, σ, τ).
We have

]0, 1]×X ⊆ D ⊆ [0, 1]×X .
The continuity of the flow Φ follows from the continuous dependence of the
solutions of (S̃) on the initial data. Again, the proof of this fact is given in the
Appendix.
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Let us fix U0 > 0 such that

−U0 < α(0) ≤ β(0) < U0 , (23)

and define the continuous curve

C : [−U0, U0] → R2

C (σ) = (xC (σ), yC (σ)) := Φ(1; 0, σ, 0) .
(24)

The following proposition localises the curve C .

Proposition 20. Let C be the curve defined by (24). Then, the following
properties hold:

(i)
(
1,C (σ)

)
∈ ASW for every σ ∈ [−U0, α(0)[ ;

(ii)
(
1,C (σ)

)
∈ ANE for every σ ∈ ]β(0), U0] ;

(iii)
(
1,C (σ)

)
̸∈ ANW ∪ASE for all σ ∈ [−U0, U0] .

Proof. Let us prove (i). Let (x, y) be the solution of (S̃) satisfying x(0) = σ <
α(0) and y(0) = 0. Recall that, by the definition of lower solution, yα(0) ≥ 0.
Assume first that yα(0) > 0. Then (0, x(0), y(0)) ∈ ASW . By Lemma 14, we
have that

(
t, x(t), y(t)

)
∈ ASW for all t ∈ [0, 1] and, in particular,

(
1,C (σ)

)
=(

1, x(1), y(1)
)
∈ ASW .

Assume next that yα(0) = 0. Then, by Lemma 13, there exists δ > 0 such
that y(t) < yα(t) for all t ∈ ]0, δ[ . By continuity, we can find t1 ∈ ]0, δ[ such that(
t1, x(t1), y(t1)

)
∈ ASW . Therefore, by Lemma 14, we have

(
t, x(t), y(t)

)
∈ ASW

for all t ∈ [t1, 1] and, in particular,
(
1,C (σ)

)
∈ ASW .

The proof of (ii) is similar, hence we omit it, for briefness.
Let us prove (iii). Suppose, by contradiction, that there is σ ∈ [−U0, U0]

such that
(
1,C (σ)

)
∈ ANW ∪ ASE . Let (x, y) be the solution of (S̃) satisfying

x(0) = σ and y(0) = 0.
Suppose first that

(
1,C (σ)

)
∈ ANW . Since

(
1, x(1), y(1)

)
∈ ANW , by

Lemma 14, we have that
(
t, x(t), y(t)

)
∈ ANW for all t ∈ [0, 1] and, in particu-

lar,
(
0, σ, 0

)
∈ ANW . This is a contradiction, since any point (0, σ, y) ∈ ANW

satisfies y > yα(0) ≥ 0.
Suppose now that

(
1,C (σ)

)
∈ ASE . Then, by Lemma 14 again, we have that(

t, x(t), y(t)
)
∈ ASE for all t ∈ [0, 1] and, in particular,

(
0, σ, 0

)
∈ ASE . This is

a contradiction, since any point (0, σ, y) ∈ ASE satisfies y < yβ(0) ≤ 0.

We shall consider the restriction of C on some intervals [σℓ, σr] so that
α(1) ≤ xC (σ) ≤ β(1) for all σ ∈ [σℓ, σr]. To this aim, we set

σℓ = min{σ ∈ [−U0, U0] : xC (s) ≥ α(1) for all s ∈ [σ, U0] } ;
σr = max{σ ∈ [−U0, U0] : xC (s) ≤ β(1) for all s ∈ [−U0, σ]} .

Observe that, from Proposition 20 (i)-(ii), we have

α(0) ≤ σℓ ≤ σr ≤ β(0) , (25)

and
xC (σℓ) = α(1) , xC (σr) = β(1) .

11



Then, by Proposition 20 (iii), we have

yC (σℓ) ≤ yα(1) , yC (σr) ≥ yβ(1) .

Since cos θ ≥ 0, we get both

xC (σℓ) sin θ + yC (σℓ) cos θ ≤ α(1) sin θ + yα(1) cos θ ≤ 0 ,

and
xC (σr) sin θ + yC (σr) cos θ ≥ β(1) sin θ + yβ(1) cos θ ≥ 0 .

Since the curve C is continuous, we can find σ ∈ [σℓ, σr] such that

xC (σ) sin θ + yC (σ) cos θ = 0 .

Therefore, the function (x, y) = Φ( · ; 0, σ, 0) is a solution of problem (P̃ ). Notice
that we have both α(0) ≤ x(0) = σ ≤ β(0), from (25), and α(1) ≤ x(1) =
xC (σ) ≤ β(1), from the definition of the interval [σℓ, σr]. By Proposition 18,
(x, y) is a solution of problem (5)-(8) and satisfies α(t) ≤ x(t) ≤ β(t), for all
t ∈ [0, 1]. The proof of Theorem 6 is thus completed.

3.2 Proof of Theorem 8
To prove our second result we shall apply a double shooting argument, with the
aim of finding σ ∈ R such that the solution (x, y) of the Cauchy problem (22)
also satisfies y(1) = 0.

In order to define the flow associated with the system (S̃) under assumptions
(A1), (A2)′ and (A3)′, the set of possible initial data is now

X = {(t0, σ, τ) ∈ [0, 1]× R2 : τ = 0 if t0 = 0 or t0 = 1}.

The solutions are defined on ]0, 1[ , but not necessarily at t = 0 or t = 1.
See the Appendix for details. We denote by D ⊆ R4 the domain of the flow
Φ = Φ(t; t0, σ, τ). We have

]0, 1[×X ⊆ D ⊆ [0, 1]×X .

Let us fix U0 > 0 such that

−U0 < min{α(0) , α(1)} ≤ max{β(0) , β(1)} < U0 . (26)

For any σ0, σ1 ∈ [−U0, U0], we consider the the initial value problem{
x′ = f̃(t, y) ,

(
a(t) y

)′
= g̃(t, x) ,

x(0) = σ0 , y(0) = 0 ,
(27)

and the final value problem{
x′ = f̃(t, y) ,

(
a(t) y

)′
= g̃(t, x) ,

x(1) = σ1 , y(1) = 0 .
(28)

We use a shooting argument to find a solution (xσ0
, yσ0

) of (27) (defined on
[0, 1[ ), and a solution (xσ1 , yσ1) of (28) (defined on ]0, 1]), satisfying

(xσ0
( 12 ), yσ0

( 12 )) = (xσ1( 12 ), y
σ1( 12 )) .

12



Clearly, the function (x, y) defined by

(x(t), y(t)) =

{
(xσ0(t), yσ0(t)), if 0 ≤ t ≤ 1

2 ,

(xσ1(t), yσ1(t)), if 1
2 < t ≤ 1,

(29)

will be the solution of (P̃ ) we are looking for.
Let us define two continuous curves C0,C1 : [−U0, U0] → R2 by

C0(σ) = (x0C (σ), y0C (σ)) := Φ(12 ; 0, σ, 0) ,

C1(σ) = (x1C (σ), y1C (σ)) := Φ(12 ; 1, σ, 0) .
(30)

The following statement describes some localisation properties of the curves
C0 and C1.

Proposition 21. Let C0 and C1 be the curves defined by (30). Then, the
following properties hold:

(i)
(
1
2 ,C0(σ)

)
∈ ASW and

(
1
2 ,C1(σ)

)
∈ ANW for every σ ∈ [−U0, α(0)[ ;

(ii)
(
1
2 ,C0(σ)

)
∈ ANE and

(
1
2 ,C1(σ)

)
∈ ASE for every σ ∈ ]β(0), U0] ;

(iii)
(
1
2 ,C0(σ)

)
̸∈ ANW ∪ASE for all σ ∈ [−U0, U0] ;

(iv)
(
1
2 ,C1(σ)

)
̸∈ ASW ∪ANE for all σ ∈ [−U0, U0] .

The proof can be adapted from the one of Proposition 20. We prove now
that the two curves have a common value.

Proposition 22. Let C0 and C1 be the curves defined by (30). Then there are
σ0, σ1 ∈ ]− U0, U0[ such that C0(σ0) = C1(σ1).

Proof. We shall consider the restriction of C0 and C1 on some intervals [σ0
ℓ , σ

0
r ]

and [σ1
ℓ , σ

1
r ], respectively, so that α( 12 ) ≤ x0C (σ) ≤ β( 12 ) for all σ ∈ [σ0

ℓ , σ
0
r ] and

α( 12 ) ≤ x1C (σ) ≤ β( 12 ) for all σ ∈ [σ1
ℓ , σ

1
r ]. To this aim, we set

σ0
ℓ = min{σ ∈ [−U0, U0] : x

0
C (s) ≥ α( 12 ) for all s ∈ [σ, U0] } ;

σ0
r = max{σ ∈ [−U0, U0] : x

0
C (s) ≤ β( 12 ) for all s ∈ [−U0, σ]} ;

σ1
ℓ = min{σ ∈ [−U0, U0] : x

1
C (s) ≥ α( 12 ) for all s ∈ [σ, U0] } ;

σ1
r = max{σ ∈ [−U0, U0] : x

1
C (s) ≤ β( 12 ) for all s ∈ [−U0, σ]} .

Observe that, from Proposition 21 (i)-(ii), we have

α(0) ≤ σ0
ℓ ≤ σ0

r ≤ β(0) and α(1) ≤ σ1
ℓ ≤ σ1

r ≤ β(1) . (31)

Moreover,

x0C (σ0
ℓ ) = α( 12 ) = x1C (σ1

ℓ ) and x0C (σ0
r) = β( 12 ) = x1C (σ1

r) .

By Proposition 21 (iii)-(iv), we have

y0C (σ0
ℓ ) ≤ yα(

1
2 ) ≤ y1C (σ1

ℓ ) and y0C (σ0
ℓ ) ≥ yβ(

1
2 ) ≥ y1C (σ1

ℓ ) .

Since the curves are continuous, they must cross each other at some point(
x0C (σ0), y

0
C (σ0

)
=

(
x1C (σ1), y

1
C (σ1

)
, with σ0 ∈ [σ0

ℓ , σ
0
r ] and σ1 ∈ [σ1

ℓ , σ
1
r ].
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The parameters σ0, σ1 obtained in Proposition 22 permit us to define the
solution (x, y) of problem (P̃ ) as in (29). In particular, we have

α(0) ≤ x(0) = σ0 ≤ β(0) , α(1) ≤ x(1) = σ1 ≤ β(1) ,

from (31), and
α( 12 ) ≤ x( 12 ) ≤ β( 12 ) ,

from the definition of the intervals [σ0
ℓ , σ

0
r ] and [σ1

ℓ , σ
1
r ]. By Proposition 19, (x, y)

is a solution of problem (5)-(8), with θ = 0, and satisfies α(t) ≤ x(t) ≤ β(t), for
all t ∈ [0, 1]. The proof of Theorem 8 is thus completed.

4 Further examples
In this section we suggest other possible applications of our results. In (6), we
have considered for simplicity a differential equation ruled by the p-Laplacian.
In a similar way, we can consider a double-weighted ϕ-Laplace equation, in the
unitary ball, of the type

div
(
η(|x|)ϕ

(
m(|x|)∇v(x)

))
= h(|x|, v(x)) , (32)

where η,m : [0, 1] → R+ are positive continuous functions, ϕ(w) = ψ(|w|) w
|w| ,

being ψ : I ⊆ R → R an odd increasing diffeomorphism, and h : [0, 1]×R → R is
continuous and locally Lipschitz continuous with respect to the second variable.
In the case of the p-Laplacian mentioned in the Introduction, we have m ≡ 1
and ψ(y) = y|y|p−2. Another example is the relativistic curvature

ψ(y) =
y√

1− y2
,

cf. [1], where I = ]− 1, 1[ . The study of radial solutions of equation (32) leads
to the equivalent equation(

rN−1η(r)ψ(m(r)u′)
)′

= rN−1h(r, u) , r ∈ [0, 1] , (33)

Equation (33) can be written as a planar system of the form

x′ = ω(t)ψ−1(y) ,
(
tN−1η(t) y

)′
= tN−1h(t, x) , (34)

where ω(t) = 1/m(t), which is a special case of (5).

Theorem 6 may be applied to study the boundary value problem{
x′ = ω(t)ψ−1(y) , (tN−1η(t) y)′ = tN−1h(t, x) ,

y(0) = 0 = x(1) sin θ + y(1) cos θ .
(35)

Notice that all the regularity assumptions required in Theorem 6 immediately
hold. So, if we are able to provide a well-ordered couple of lower/upper solutions
for problem (35), then we can successfully apply it.
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The following statement describes a possible example of application in the
case of constant lower and upper solutions.

Corollary 23. Let θ ∈ [0, π2 ], and assume the existence of some constants
α ≤ 0 ≤ β such that h(t, α) ≤ 0 ≤ h(t, β) for every t ∈ [0, 1]. Then, problem (35)
has a solution (x, y) such that α ≤ x(t) ≤ β, for every t ∈ [0, 1].

Proof. It is easy to verify that the constant function α and β fulfill the conditions
in Definitions 4 and 5 with the choice yα = yβ ≡ 0. Then, Theorem 6 applies,
thus completing the proof.

In particular, the previous corollary permits us to find an existence result
for equation (32) with Dirichlet or Neumann boundary condition on the unitary
ball B.

Corollary 24. Assume the existence of some constants α ≤ 0 ≤ β such that
h(r, α) ≤ 0 ≤ h(r, β) for every r ∈ [0, 1], then problem{

div
(
η(|x|)ϕ

(
m(|x|)∇v(x)

))
= h(|x|, v(x)) , in B

v = 0 on ∂B

has a solution v such that α ≤ v(x) ≤ β for every x ∈ B.

Corollary 25. Assume the existence of some constants α ≤ 0 ≤ β such that
h(r, α) ≤ 0 ≤ h(r, β) for every r ∈ [0, 1], then problem{

div
(
η(|x|)ϕ

(
m(|x|)∇v(x)

))
= h(|x|, v(x)) , in B

∂νv = 0 on ∂B

has a solution v such that α ≤ v(x) ≤ β for every x ∈ B.

Analogous considerations allow to generalize problem (12), providing further
applications of Theorem 8. We do not enter into details, for briefness.

A Appendix
In this appendix we prove the continuity of the flow Φ : D ⊆ [0, 1] × X → R2,
introduced in Section 3.1, associated to the system (S̃). Then, we will provide
the corresponding result for the situation treated in Section 3.2.

Because of the presence of the singularity at t = 0, we provide a proof
of existence, uniqueness and continuous dependence on initial data properties
of the solutions of the Cauchy problems (22). Similar properties have been
studied for second order differential equations presenting a singularity. See
e.g. [9, Appendix] or [2, 3, 4, 12].

We recall that, under the assumptions of Theorem 6, the function a : [0, 1] →
R is of class C1, positive in the interval ]0, 1], increasing in [0, ρ0] ⊆ [0, 1], and
satisfies a(0) = 0. In order to simplify the notation, we consider the Cauchy
problem {

u′ = F (t, y) , (a(t) y)′ = a(t)G(t, x) ,

u(0) = u0 , y(0) = 0 ,
(36)
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where f̃(t, y) = F (t, y) and g̃(t, x) = a(t)G(t, x). Since, by construction, both
F and G are locally Lipschitz continuous with respect to the second variable
and they have an at most linear growth, we can assume that there exists A > 0
such that

|F (t, y)| ≤ A(1 + |y|) , |G(t, x)| ≤ A(1 + |x|) , (37)

for every t ∈ [0, 1] and x, y ∈ R.
At first we notice that, for t ∈ ]0, 1], the differential system in (36) can be

rewritten as
x′ = F (t, y) , y′ = −a

′(t)

a(t)
y +G(t, x) ,

thus obtaining a planar system for which we can easily verify local existence
and uniqueness of the solutions for the Cauchy problems. Moreover, since (37)
holds, such solutions are globally defined in ]0, 1].

Hence, in what follows, we focus our attention on Cauchy problems of the
form {

x′ = F (t, y) , (a(t) y)′ = a(t)G(t, x) ,

x(0) = x0, y(0) = 0 ,
(38)

where x0 ∈ R. In particular, it will be sufficient to prove existence, uniqueness
and continuous dependence on initial data for such Cauchy problems only in a
right neighborhood of 0. Since the functions F and G satisfy (37), we can then
easily recover these properties in the whole interval [0, 1].

We start by stating the local existence and uniqueness theorem.

Theorem 26. For every x0 ∈ R there exists τ > 0 such that there is a unique
solution (x, y) : [0, τ ] → R2 of the Cauchy problem (38).

Proof. Since the functions F and G are continuous and locally Lipschitz con-
tinuous with respect to the variables x, y, we can find constants M and L such
that, for every s ∈ [0, 1],

|y| ≤ 1 ⇒ |F (s, y)| ≤ M ,

|x− x0| ≤ 1 ⇒ |G(s, x)| ≤ M ,

|y1| ≤ 1 and |y2| ≤ 1 ⇒ |F (s, y1)− F (s, y2)| ≤ L|y1 − y2| ,
|x1 − x0| ≤ 1 and |x2 − x0| ≤ 1 ⇒ |G(s, x1)−G(s, x2)| ≤ L|x1 − x2| .

Pick a constant τ satisfying

τ < max

{
ρ0 ,

1

M
,
1

L

}
,

and introduce the Banach space X = C0([0, τ ],R2), endowed with the norm
∥(x, y)∥X = max{ ∥x∥∞ , ∥y∥∞ }. Set

B = {(x, y) ∈ C0([0, τ ],R2) : ∥x− x0∥∞ ≤ 1 and ∥y∥∞ ≤ 1} ,

and define the function T : B → B by

T (x, y)[t] =
(
T1(x, y)[t] , T2(x, y)[t]

)
,
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where

T1(x, y)[t] = x0 +

∫ t

0

F (s, y(s)) ds , T2(x, y)[t] =
1

a(t)

∫ t

0

a(s)G(s, x(s)) ds .

Notice that T (x, y) ∈ B, for every (x, y) ∈ B. Indeed, for every t ∈ ]0, τ ], we
have both ∣∣T1(x, y)[t]− x0

∣∣ = ∣∣∣∣∫ t

0

F (s, y(s)) ds

∣∣∣∣ ≤ tM < 1 ,

and, recalling (A3),

∣∣T2(x, y)[t]∣∣ = ∣∣∣∣ 1

a(t)

∫ t

0

a(s)G(s, x(s)) ds

∣∣∣∣
≤ 1

a(t)

∫ t

0

a(s)M ds ≤ tM < 1 .

Let us prove that the function T is a contraction. We set K = τ L < 1. Then,
given any (x1, y1), (x2, y2) ∈ B and for every t ∈ [0, τ ], we have both

∣∣T1(x1, y1)[t]− T1(x2, y2)[t]
∣∣ = ∣∣∣∣∫ t

0

F (s, y1(s))− F (s, y2(s)) ds

∣∣∣∣
≤ t L ∥y1 − y2∥∞ < K ∥(x1, y1)− (x2, y2)∥X ,

and, recalling (A3),

∣∣T2(x1, y1)[t]− T2(x2, y2)[t]
∣∣ = ∣∣∣∣ 1

a(t)

∫ t

0

a(s)
(
G(s, x1(s))−G(s, x2(s))

)
ds

∣∣∣∣
≤ 1

a(t)

∫ t

0

a(s)L∥x1 − x2∥∞ ds

≤ t L ∥x1 − x2∥∞ < K ∥(x1, y1)− (x2, y2)∥X .

Hence, since T is a contraction, there is a unique fixed point of T , thus conclud-
ing the proof.

Let us now face the problem of the continuous dependence on initial data.
We recall that all solutions of (38) can be extended onto the whole interval [0, 1]
thanks to the linear growth condition (37).

Theorem 27. For every x0 ∈ R and every ε > 0 there exists δ > 0 such that, if
x̂0 ∈ R satisfies |x0 − x̂0| < δ, then the solution (x, y) of (38) and the solution
(x̂, ŷ) of {

x′ = F (t, y) , (a(t) y)′ = a(t)G(t, x) ,

x(0) = x̂0 , y(0) = 0
(39)

satisfy
|x(t)− x̂(t)| < ε , |y(t)− ŷ(t)| < ε ,

for every t ∈ [0, ρ0].
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Proof. Fix x0 ∈ R. We first prove that there exists M > 0 such that

if |x0 − x̂0| < 1, then |x̂(t)| ≤M and |ŷ(t)| ≤M, for every t ∈ [0, ρ0] . (40)

We can compute, recalling (37), both

|x̂(t)| ≤ |x̂0|+
∫ t

0

|F (s, ŷ(s))| ds ≤ 1 + |x0|+
∫ t

0

A(1 + |ŷ(s)|) ds

≤ 1 + |x0|+Aρ0 +A

∫ t

0

|ŷ(s)| ds ,

for every t ∈ [0, ρ0], and, recalling assumption (A3),

|ŷ(t)| ≤ 1

a(t)

∫ t

0

a(s)|G(s, x̂(s))| ds ≤ Aψ(t) +A
1

a(t)

∫ t

0

a(s)|x̂(s)| ds

≤ Aρ0 +A

∫ t

0

|x̂(s)| ds ,

for every t ∈ [0, ρ0]. Hence, setting z(t) = max{|x̂(t)| , |ŷ(t)| }, we have

z(t) ≤ (1 + |x0|+Aρ0) +A

∫ t

0

z(s) ds ,

so that, by Gronwall Lemma, we deduce that

z(t) ≤M := (1 + |x0|+Aρ0) e
Aρ0 .

Hence, (40) holds. Therefore, we can consider a Lipschitz constant L > 0 such
that, for every s ∈ [0, ρ0],

|y1| ≤M and |y2| ≤M ⇒ |F (s, y1)− F (s, y2)| ≤ L |y1 − y2| ,
|x1| ≤M and |x2| ≤M ⇒ |G(s, x1)−G(s, x2)| ≤ L |x1 − x2| .

Then, we can compute, for every t ∈ [0, ρ0],

|x(t)− x̂(t)| ≤ |x0 − x̂0|+
∫ t

0

L|y(s)− ŷ(s)| ds ,

|y(t)− ŷ(t)| ≤ 1

a(t)

∫ t

0

a(s)L|x(s)− x̂(s)| ds ≤
∫ t

0

L|x(s)− x̂(s)| ds ,

so that, defining z(t) = max{|x(t)− x̂(t)| , |y(t)− ŷ(t)|}, we find

z(t) ≤ |x0 − x̂0|+ L

∫ t

0

z(s) ds ,

and therefore

z(t) ≤ |x0 − x̂0|eLρ0 ≤ δ eLρ0 , for every t ∈ [0, ρ0] .

Then, setting δ < min{1, ε e−Lρ0}, we conclude the proof.

We have proved the continuous dependence on initial data for (38) in a right
neighborhood of 0. Since the functions F and G satisfy (37), we can easily
recover this property in the whole interval [0, 1].
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We now consider the situation treated in Section 3.2. In order to prove the
continuity of the flow Φ we need to state the analogues of Theorems 26 and 27
for the final value problems{

x′ = F (t, y) , (a(t) y)′ = a(t)G(t, x) ,

x(1) = x0 , y(1) = 0 ,

where x0 ∈ R. Their proofs can be provided by the change of variable t 7→ 1− t.
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