A lower /upper solutions result for generalised
radial p-Laplacian boundary value problems

Alessandro Fonda, Natnael Gezahegn Mamo,
Franco Obersnel, and Andrea Sfecci

Abstract
We provide some existence results to a class of planar problems, in
presence of lower and upper solutions. Our results apply in particular
to a class of systems generalising radial elliptic equations driven by the
p-Laplace operator.

1 Introduction

The lower and upper solutions method is a classical tool for studying bound-
ary value problems associated with ordinary and partial differential equations
of different types. Since the pioneering works by E. Picard [11], G. Scorza
Dragoni [13], M. Nagumo [10], thousands of papers have employed it to study
existence, multiplicity, localisation and stability properties of the solutions of
first and second order problems. See e.g. [4] for a classical monograph on the
topic. To present a simple but illustrative example, let us consider the Neumann
problem

2 =g(t,z), 2'(0)=2'(1)=0. (1)
For this problem a lower solution « : [0,1] — R is defined as a C?-function
satisfying o(t) > g(t,a(t)), for every ¢ € [0,1], and o/(0) > 0 > a/(1). An
upper solution S is similarly defined by reversing the inequalities. If we set
y = 2/, problem (1) is equivalent to the planar system

o =fty), Y =gtz), y0)=y1)=0, (2)
where f(t,y) = y. The relations defining o and 8 translate into
Ya(t) > g(t,a(t)), forevery t € [0,1], 5a(0) >0 >ya(l),
where y, = o/,
ys(t) < g(t,B(t)), foreveryte[0,1], ys(0) <0<yg(l),
where yg = /.

With similar models in mind, A. Fonda and R. Toader in [8] have extended
to planar systems the definitions of lower and upper solutions for a wide class
of problems and for general equations of the form

x':f(t,x,y), y/:g(tazay)a

see also [5, 6, 7|. Keeping ourselves in the setting of problem (2), the definitions
of a lower solution « and an upper solution [ are given as follows.



Definition 1. A continuously differentiable function « : [0,1] — R is said to
be a lower solution for problem (2) if the following properties hold:

e there exists a unique function y, : [0,1] = R such that

y<yalt) = flt,y) <(t),
y>ya(t) = flt,y) >

e y, is continuously differentiable, and

Ya(t) = g(t,at)),  for everyt € [0,1];

® 4a(0) >02>yq(1).

Definition 2. A continuously differentiable function § :[0,1] — R is said to be
an upper solution for problem (2) if the following properties hold:

e there exists a unique function yg : [0,1] — R such that

y<ys(t) = flt,y) <p'(t),
y>ys(t) = f(ty) >p'(1);

o yg is continuously differentiable, and
ys(t) < g(t,B(t)),  for everyt € [0,1];

e y3(0) <0 <yg(l).

Concerning problem (2), in [7], assuming the existence of a lower solution «
and an upper solution 3, with a < 3, it is proved that there exists a solution
(z,y) of (2) satisfying o < x < . In this paper we are interested in extending
this result to systems of the type

o =flty),  (at)y) =g(t,z), (5)

motivated by the study of radial weighted p-Laplacian differential equations, as
considered, e.g., in [1, 2, 3, 9]. Consider, without loss of generality, the equation
in the unitary ball £

div (n(|2]) [Vo["=*Vv) = (|2, ), (6)

where 77 : [0,1] — R* is a strictly positive smooth radial weight, h : [0,1] x R —
R is continuous, and p > 1. We are interested in finding radial solutions of (6)
of the form v(z) = u(|z|) = u(r), with u : [0,1] — R a C?-function satisfying
uw'(0) = 0. If v(z) = u(]z|) is a solution of (6), then the function u = u(r) is a
solution of the equation

(a(r) [u'[P~*d) = g(r,u), 7 €]0,1], (7)

with a(r) = »V~1n(r) and g(r,u) N=1h(r,u). Denoting by ¢ > 1 the

=r
conjugate exponent of p, satisfying ]% + % = 1, equation (7) is equivalent to the
system
u =1yl y, (a(r)y) = g(ru),



which is a special form of (5). Note that the function a(r) vanishes at r = 0,
creating a singularity for our problem, and this fact generates a main difficulty
in our study. The problem of the presence of the singularity, concerning exis-
tence, uniqueness and continuous dependence on initial data, for the Cauchy
problems associated with the second order differential equation (7), was already
faced in [9], see also [2, 3, 4]. In the appendix of this paper we present the cor-
responding discussion for system (5). Moreover, we also consider the possibility
of having a second singularity at » = 1.

We now state our main results for system (5). We consider the following
mixed boundary conditions:

y(0) =0 =z(1) sinf + y(1) cosb, (8)

with 6 €] -7, §]. Having in mind the radial problem, it is natural to assume the
Neumann condition y(0) = 0 at the left endpoint of our interval. Concerning
the right endpoint, notice that, in case § = 0, (8) represents a Neumann-type
boundary condition, while in case § = 7 it represents a Dirichlet-type condition.

Let a : [0,1] — R satisfy the following assumptions:
(A1) a € CL([0,1]);
(A2) a(t) >0, for all t €]0,1];
(A3) a(0) =0, and there exists pg €]0, 1] such that

a'(t) >0, foreveryt € |[0,po.

Remark 3. Assume N > 2 and n : [0,1] — RT is strictly positive and contin-

uously differentiable on [0,1]. Then, the function a(r) = rN=1n(r) introduced

in (7) satisfies assumptions (A1), (A2) and (A3).
We now give the definitions of lower and upper solution for problem (5)-(8).

Definition 4. A continuously differentiable function « : [0,1] — R is said to
be a lower solution for the problem (5)-(8) if the following properties hold:

(i) there exists a unique function y, : [0,1] = R such that (3) holds;

(i) yo is continuously differentiable, and
(a(t)ya(t)) > g(t,a(t)),  for everyt € [0,1];

(#91) yo(0) >0 and (1) sinf + y, (1) cosd < 0.

Definition 5. A continuously differentiable function B :[0,1] — R is said to be
an upper solution for the problem (5)-(8) if the following properties hold:

(j) there exists a unique function yg : [0,1] — R such that (4) holds;

(#7) yg is continuously differentiable, and
(a(t)ys(t)) < g(t,B(t)), for everyt € [0,1]; )

(417) yp(0) <0 and B(1) sinf + yg(1) cosd > 0.



Here is our first result.

Theorem 6. Assume f,g : [0,1] Xx R — R are continuous, locally Lipschitz
continuous in the second variable, and a : [0,1] — R satisfies (A1), (A2) and
(A3). Assume that the function § :]0,1] x R — R, defined by

1
g(t = ——g(t 10
i(t2) = o o(t,2). (10)
can be continuously extended to [0,1] x R. Suppose further that there exist a
lower solution « and an upper solution 8 for problem (5)-(8), satisfying o < .
Then, the problem (5)-(8) has a solution (x,y) such that « <z < 3.

Concerning the proof of the above theorem, we present an alternative ap-
proach to the standard application of degree theory, based on a shooting method,
after a careful phase plane analysis of the solutions.

Remark 7. We underline that if we replace assumptions (A2) and (A3) with
the hypothesis a(t) > 0, for all t € [0,1], then the conclusion of Theorem 6 can
be proved with simpler computations.

If we are only interested in the Neumann problem (5)-(8), with 6 = 0, we
can weaken the assumptions on the function a by allowing a(1) = 0. We shall
assume that a : [0, 1] — R satisfies (A1) and

(A2)" a(t) > 0, for all ¢ €]0,1[;
(A3)" a(0) =0, a(1) =0, and there exist py < p; in ]0, 1] such that

a'(t) >0 for every t € [0, po] and a'(t) <0 for every ¢ € [p1,1].

An example of a function a satisfying these assumptions is
a(t) = sin"~?(xt). (11)

It arises, e.g., when dealing with the Laplace-Beltrami operator on the sphere
Sn—1 C R”, if we are looking for solutions depending only on the latitude ¢ = 7t
(asking for symmetry with respect to all the other angle variables). In this case
the problem we need to solve is the following

(sin™?(rt) x’)/ = sin""2(7t) g(t, x) (12)
2(0) = 0 = 2/(1),

which is a special form of (5)-(8), with 8 = 0, the function a defined by (11)
and the function g replaced by sin"~2(7t) g(t, x).

Concerning this new setting, we can state our second result.

Theorem 8. Assume f,g : [0,1] x R = R are continuous, locally Lipschitz
continuous in the second variable, and a : [0,1] — R satisfies (A1), (A2) and
(A3)'. Assume that the function § :]10,1[ xR — R, defined by (10) can be
continuously extended to [0,1] x R. Suppose further that there exist a lower
solution « and an upper solution B for problem (5)-(8), with 6 = 0, satisfying
a < B. Then, the problem (5)-(8) with @ = 0 has a solution (x,y) such that
a<zx<p.



The proof of this second theorem will be provided through a double shooting
method.

Remark 9. If the functions f and g are only continuous, similar results can
still be proved, adapting the approximation technique used in [8]. However, in
this case we need to assume the existence of strict lower and upper solutions o
and B satisfying a(t) < B(t) for all t €]0,1[.

2 Preliminary results

In this section we provide some results which will be later used to prove the
main theorems.

Proposition 10. Suppose that a : [0,1] — R satisfies (A1), (A2) and (A3).
Then there exists C > 0 such that

¢
/a(s) ds < Caflt), foreverytel0,1].
0

On the other hand, if a : [0,1] — R satisfies (A1), (A2)" and (A3)', then there
exists C > 0 such that

¢
a(s)ds < Caf(t), for everyt € [0,3],

[}
—

a(s)ds < Cal(t), foreveryte [5,1].

t

Proof. Assume a satisfies (A1), (A2)" and (A3)’, the former case being easier.
Consider the functions ¢, : [0,1[— R and 5 :]0,1] — R defined by

"a(s)ds "a(s)ds
Yi(t) = foait)) >0, Po(t) = ¢ aEt)) t<1, (13)
0 t=0; 0 t=1.
These functions are continuous, since by (A3)’, we have
P1(t) <t forallt € [0, pol; a(t) <1—t forallte[p,1]. (14)
Then, the conclusion easily follows. O
We set
M =max{|§(t,z)] : 0<t <1, at) <z<B(t)}, (15)
where § was defined in (10), and take a constant K satisfying
K > max{[[o/||oc, [|5'llso; [1Yalloc, ¥3lloc, CM} (16)

where C' is the constant introduced in Proposition 10.



We first modify the functions f(t,y) and g(t, x) as follows. Define g : [0,1] x
R — R by

g(t,a(t) +at)(x —a(t)), ifz<alt),
g(t,.’L‘) = g(tﬂ 'T) ) ifa(t) <z< /B(t) ) (17)
g(t, B(t)) +at)(x — B(t), ifx>pB(1),

and f:[0,1] x R — R by

Yy, lfyngfla
) fEy)(Q1+K+y) —yy+K), if —K-1<y<-K,
f(tay)* f(t7y)7 if _K§y§K7 (18)
fE,y(1+K—-y)+yly—K), fK<y<K-+1,
Y, ify>K+1.

g t > ) (a(.t> y)/ = g(t’x)’ (]5)
y(0) =0 =2(1) sinf + y(1) cosb.

We shall prove the existence of a solution of (]5) and then verify that such a
solution is indeed a solution of problem (5)-(8). To this aim we define some
regions in the space [0,1] x R x R and prove some invariance properties of them
with respect to the solutions of the planar system

x' = f(t7y) ) (a(t) y)/ =gt ). (S)
We set
Ane ={(t,z,y) : 1 €[0,1], x> B(t), y > ys(t)}, (19)
ASE = (tw,y) te [O’ 1] , T > 6(t>7 y < y5<t)}a
Asw ={(t,z,y): t€[0,1], 2 <alt), y <walt)},
Ayw ={(t,z,y) : t € [0,1], z < a(t), y > ya(t)}

Lemma 11. Let (z,y) be a solution of (S) defined at a point ty € [0,1]. We
have:

i) if y(to) > yp(to) , then 2'(to) > B'(t0);
it) if y(to) < ys(to), then z'(to) < B'(to);
i) if y(to) > ya(to) , then x'(to) > o/ (to) ;

w) if y(to) < ya(to), then ='(to) < o/ (to) .

(
(
(
(

Proof. We only prove (i), as the other assertions follow in a similar way. Assume
y(to) > yp(to). Note that, as [|ysllcc < K, we have —K < yg(to) < y(to)-

Suppose first that y(t9) < K. Then f(to,y(to)) = f(to,y(to)) and hence,
from (4), we get

(z — B) (to) = f(to,y(to)) — B'(to) > 0.



Suppose next that K < y(tp) < K + 1. Then, using (4) again and the fact that
18 loo < K, we obtain

(= B)'(to) = f(to,y(to)) (1 + K —y(to)) + y(
> B (to)(1 + K —y(to)) + K(y(to) —
= B'(to) (K — y(to)) + K(y(to) — K)
= (K = B'(to))(y(to) — K) > 0.

Suppose finally that y(tg) > K 4+ 1. Then
(z — B) (to) = y(to) — B'(to) > K +1— ' (tg) > 0.
Therefore, z’'(tg) > B’ (to). O

to)(y(to) — K) — ' (to)
K) — f'(to)

Lemma 12. Let (z,y) be a solution of (S) defined at a point to € [0,1], and
suppose that both z(ty) > B(to) and y(to) = ya(to) hold. We have:

(i) if to €]0,1[, then y'(to) > ys(to);
(i7) if to =0, then there exists § > 0 such that y(t) > yg(t) for all t €]0,4][;
(i40) ifto =1, then there exists § > 0 such that y(t) < yp(t) for allt €]1—-4,1].

Proof. We first consider case (). We recall that, from (9), we have

(a(to) ys(to))' < g(to, B(to) .

Furthermore, we compute

(a(t)(y(t) - yﬁ(t)))/ li=to = d'(to) (y(to) —ys(to)) + alto) (¥ (to) — yj(to))
=alto) (¥ (to) — yp(to)) - (20)
Since (to) > f(to), we have §(to, z(to)) = glto, B(to)) + alto)(x(to) — Blto)),
hence we obtain, using (20),
a(to) (y'(to) — yjs(to)) = (alto) y(t))" — (a(to) ys(to))’
> g(to, z(to)) — g(to, B(to)) = alto)(z(to) — :
Since a(ty) > 0, we conclude that y'(to) — yj(to) > x(to) — B(to) > 0.
)

We consider now case (44). Let us set z(t) = a(t) (y(t) —ys(t)). Since z(0) >
B(0), there exists § > 0 such that z(s) > 5(s), for all s € [0,4d]. Pick ¢ €]0, J[.
Then, we have

()= [ #5)ds = [ (als)wls) ~ s (s)) ds
0 0
> / (g(s x(s)) —g(s,x(s))) ds = /a(s)(x(s) B(s))ds >0
0 0

hence y(t) — yg(t) > 0 for all t €]0, J].



Case (#i7) can be proved in a similar way. O

The following symmetric result can be proved similarly for the lower solu-
tion a.

Lemma 13. Let (z,y) be a solution of (S) defined at a point ty € [0,1], and
suppose that both x(to) < a(ty) and y(to) = ya(to). We have:

(i) if to €]0,1[, then y'(to) <y, (to);
(1) if to =0, then there exists § > 0 such that y(t) < ya(t) for all t €]0,6];
(130) ifto = 1, then there exists 6 > 0 such that y(t) > yo(t) for allt €]1-9,1].

The previous results allow us to prove some invariance properties of the
regions Ang, Ase, Anw, Asw introduced in (19). To this aim, in the following
statement, we consider a solution (z,y) of (S) defined in a maximal interval of
existence Z. Notice that, due to the linear growth of the functions f and g, if
(A1), (A2) and (A3) hold, we can have the following two alternatives:

T=100,1, T=101].

On the other hand, if (A1), (A2)" and (A3)’ hold, we can have the following
four alternatives:

z=10,1, Z=]0,1], ZI=]0,1], Z=10,1].
We use the conventional notation [s, s| = {s}, whenever s € R.

Lemma 14. Let (z,y) : T — R2 be a solution of (S) defined at a point ty €
[0,1]. We have:

Z) Zf (to,l‘(to),y( )) € AnNE B then (t ZZ?( ) (t)) € AnE fO?” allt € [to, 1] NZ;
ZZ) Zf (to,x(to),y(to)) € Agg , then (t .Z‘( ) (t)) € Asg for all t € [O,to] NZ,

(
(
(#32) if (to,x(to),y(to)) € Asw , then (t,z(t),y(t)) € Asw for allt € [to,1]NT;
(1) if (to, x(to),y(to)) € Anw , then (t,z(t),y(t)) € Anw for allt € [0,to]NT.
Proof. Let us prove the first assertion, the others follow similarly.

Let (to,z(to),y(to)) € Ang for some tg € [0,1]. By contradiction, assume
that there exists t1 €]tg,1] N Z such that (¢, z(t),y(t)) € Ang, for every ¢ €
[to, t1], and (t1,2(t1),y(t1)) € Ang. In particular we have either z(t1) = B(t1),
or y(t:) = ys(tr).

Since y(to) > ys(to), recalling Lemma 11, we have z’(t) > §'(t), for every
t € [to,t1]; therefore the first alternative is forbidden.

Finally, using Lemma 12 (i), we get a contradiction also in the case y(t1) =

ys(th). O

Lemma 15. Let (z,y) be a solution of (S), defined on a nontrivial interval
[t1,t2] € [0,1], satisfying a(t1) < z(t1) < B(t1) and aftz) < z(t2) < B(ta).
Then a(t) < z(t) < B(t), for all t € [tq,ta].



Proof. We assume, by contradiction, that there exists to € J¢1,t2] with z(to) >
B(to).

Suppose first that y(to) > ya(to). Then (to,z(t0),y(to)) € Ang. From
Lemma 14, we have (tg,x(t2),y(t2)) € Anyp. In particular, x(t2) > B(t2), a
contradiction.

Suppose now that y(ty) = ys(to). From Lemma 12, we see that y(t) > ys(t)
in a right neighbourhood of ¢y, and we conclude as before.

Finally, if y(to) < yg(to), we have (to,z(t0),y(to)) € Asg. From Lemma 14,
we have (t1,z(t1),y(t1)) € Asp. In particular, z(t1) > 5(¢1), again a contradic-
tion.

Hence, we conclude that z(t) < g(t) for every t € [t1,12].

In a similar way we can prove that z(t) > a(t) for every ¢ € [t1,t2], thus
concluding the proof. O

Lemma 16. Let (z,y) be a solution of (S), defined on an interval [0,t5] C [0,1],
satisfying the following properties:

y(0) =0, «(0) <z(0) <B(0), aftz) <w(t2) < B(t2).
Then |y(t)| < K, for all t € [0, 13].

Proof. By Lemma 15 we have that a(t) < z(t) < g(t), for every t € [0,t2]. In

particular,
g9(t,z(t)) = g(t, x(t)) = a(t) §(t, x(t)) ,
for all t € [0,¢2]. Let us set z(t) = a(t) y(t). Then, for all ¢ € [0, ta],

0= [ 2605 = [ atsno)ds = [ o) ato.006)) s

Recalling the definition (15) of M and Proposition 10, we deduce that
z(t)] < /Ma(s) ds < MCa(t) . (21)

Therefore, a(t) |y(t)] < MC a(t) for all ¢ € [0,¢2]. If a(t) # 0, we obtain
ly(t)| < MC < K,

for every t €10, t5]. This inequality is trivially satisfied also in case t = 0, hence
the lemma is completely proved. O

Arguing similarly we can prove the following result.

Lemma 17. Assume (A1), (A2) and (A3)'. Let (z,y) be a solution of (S),
defined in an interval [t1,1] C [0, 1], satisfying the following properties:

y(1) =0, alt) <z(t) <Bt), o) <z(l) <B(1).
Then |y(t)| < K, for all t € [t1,1].

So far we have proved the following a priori bounds.



Proposition 18. Assume (A1), (A2) and (A3). If (z,y) is a solution of (P),
satisfying a(0) < z(0) < 8(0) and (1) < x(1) < B(1), then (z,y) is a solution
of problem (5)-(8) and satisfies a(t) < x(t) < B(t), for all t € [0, 1].

Proof. Tt is an immediate consequence of the application of Lemma 15 with
[t1,t2] = [0,1] and Lemma 16 with [0, t2] = [0, 1]. O

Proposition 19. Assume (A1), (A2) and (A3)'. If (x,y) is a solution of (P),
with @ = 0, satisfying, for a certain to €10, 1[,

a(0) < z(0) < B(0), alto) < x(to) < B(to), 1) <z(1) <B(1);
then (x,y) is a solution of problem (5)-(8), with 6 = 0, and satisfies a(t) <
x(t) < B(t), for all t € [0,1].
Proof. We need to apply twice Lemma 15 with [t1, 2] = [0,] and [t1,t2] =

[to,1]. Then we apply Lemma 16 with [0,¢2] = [0,%o] and Lemma 17 with
[t1,1] = [to, 1]. O

Summing up, in order to prove Theorem 6, we need to find a solution of (ﬁ)
satisfying the assumptions of Proposition 18. Similarly, to prove Theorem 8,
we need to find a solution of (P), with § = 0, satisfying the assumptions of
Proposition 19.

3 Proof of the theorems

3.1 Proof of Theorem 6

To prove our result we shall apply a shooting argument, with the aim of finding
o € R such that the solution (x,y) of the Cauchy problem

v =fty), (at)y) =3(t.x),
{:E(O) =0, y(0)=0 2

also satisfies x(1) sinf + y(1) cosd = 0.

We start by defining the flow associated with system (S). Let X be the set
of initial data

X = {(to,o,7) €[0,1] x R? : 7 =0 if t; = 0},
and consider the solution
(@(-),y()) = ®(-5t0,0,7) = (P1(-5t0,0,7) , Pa(-;t0,0,7))

of (S) satisfying x(t9) = o and y(ty9) = 7. The proof concerning the existence
of such a solution, which is not completely standard due to the presence of the
singularity at 0, is given in the Appendix. This solution will be proved to be
defined on )0, 1], thanks to the linear growth of the functions f and g, but not
necessarily at ¢ = 0. However, if {5 = 0, the solution is defined in the whole
interval [0,1]. We denote by D C R* the domain of the flow ® = ®(t;tg, 0, 7).
We have
10,1] x X CDCJ0,1] x X.

The continuity of the flow @ follows from the continuous dependence of the
solutions of (S) on the initial data. Again, the proof of this fact is given in the
Appendix.
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Let us fix Uy > 0 such that
—Uy < Oé(O) < B(O) < Uy, (23)
and define the continuous curve

€ : [-Uo,Ug] — R?
€(0) = (z4(0),ye(0)) := ©(1;0,0,0).

The following proposition localises the curve %.

Proposition 20. Let € be the curve defined by (24). Then, the following
properties hold:

(i) (1,%(0)) € Asw for every o € [~Up, a(0)[;
(ii) (1,€(c)) € Ang for every o €]8(0), Up);
(7i1) (1,%(0)) & Ayw U Agg for all o € [-Up, Uy .

Proof. Let us prove (i). Let (x,y) be the solution of (S) satisfying z(0) = o <
a(0) and y(0) = 0. Recall that, by the definition of lower solution, ¥, (0) > 0.
Assume first that y,(0) > 0. Then (0,2(0),y(0)) € Asw. By Lemma 14, we
have that (t,x(t),y(t)) € Agw for all t € [0,1] and, in particular, (1,%(0)) =
(1’ .Z‘(l), y(l)) € ASW-

Assume next that y,(0) = 0. Then, by Lemma 13, there exists § > 0 such
that y(t) < ya(t) for all ¢ €]0,d[. By continuity, we can find ¢; €]0, [ such that
(t1,2(t1),y(t1)) € Asw. Therefore, by Lemma 14, we have (¢, z(t),y(t)) € Asw
for all ¢ € [t1,1] and, in particular, (1,%(c)) € Asw.

The proof of (i) is similar, hence we omit it, for briefness.

Let us prove (ii). Suppose, by contradiction, that there is o € [—Uy, U]
such that (1,‘5(0)) € Anw U Agg. Let (z,y) be the solution of (5) satisfying
2(0) = o and y(0) = 0.

Suppose first that (1,%(c)) € Anw. Since (1,z(1),y(1)) € Anw, by
Lemma 14, we have that (¢,2(t),y(t)) € Ayw for all ¢ € [0,1] and, in particu-
lar, (0,0’, 0) € Anw. This is a contradiction, since any point (0,0,y) € Anw
satisfies y > y4(0) > 0.

Suppose now that (1, CK(U)) € Agg. Then, by Lemma 14 again, we have that
(t, ac(t),y(t)) € Agg for all t € [0,1] and, in particular, (070, 0) € Asg. This is
a contradiction, since any point (0,0,y) € Agg satisfies y < yz(0) < 0. O

We shall consider the restriction of € on some intervals [0y, 0,] so that
a(l) < z¢(o) < B(1) for all o € [0y, 0,]. To this aim, we set

o¢ =min{o € [—Up, Up] : z¢(s) > a(l) for all s € [o,Uy] };
or = max{o € [-Up, U] : x%(s) < (1) for all s € [-Up,0]}.

Observe that, from Proposition 20 (7)-(i7), we have
OZ(O) Sop<or < ﬂ(O), (25)
and

x%(og) = Oé(l), l‘cg(Jr) = B(l) .
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Then, by Proposition 20 (iii), we have
ye(or) <ya(l),  yelor) 2 ys(1).
Since cos 6 > 0, we get both
2 (00) sin @ + yg(or) cos < a(1) sinf + y (1) cosd <0,

and
x (o) sinf + yg (o) cosd > B(1) sinh + yg(1) cosd > 0.

Since the curve % is continuous, we can find o € [0y, 0,] such that
x%(0) sinf + yx (o) cosd =0.

Therefore, the function (z,y) = ®(-;0,0,0) is a solution of problem (]3) Notice
that we have both a(0) < z(0) = ¢ < $(0), from (25), and (1) < z(1) =
xg (o) < B(1), from the definition of the interval [0y, 0,]. By Proposition 18,
(x,y) is a solution of problem (5)-(8) and satisfies a(t) < z(t) < B(t), for all
t € [0,1]. The proof of Theorem 6 is thus completed.

3.2 Proof of Theorem 8

To prove our second result we shall apply a double shooting argument, with the
aim of finding o € R such that the solution (x,y) of the Cauchy problem (22)
also satisfies y(1) = 0.

In order to define the flow associated with the system (§ ) under assumptions
(A1), (A2)" and (A3)’, the set of possible initial data is now

X = {(to,o,7) €[0,1] xR? : 7 =01if to =0 or tx = 1}.

The solutions are defined on ]0,1[, but not necessarily at ¢ = 0 or ¢t = 1.
See the Appendix for details. We denote by D C R* the domain of the flow
b = &(t;tg,0,7). We have

10,1[xX CDC[0,1] x X.
Let us fix Uy > 0 such that
—Up < min{(0), (1)} <max{B(0), S(1)} < Uy. (26)

For any ¢, 01 € [-Up, Up|, we consider the the initial value problem

.1?/ = f(ta y) ) (a(t) y)/ - Q(t,x) s
{ 2(0) =09, y(0)=0, (27)

and the final value problem

o = fty), (a®)y) =it ),
{x(l)Ula y(1) =0. 2%)

We use a shooting argument to find a solution (zs,,¥s,) of (27) (defined on
[0,1]), and a solution (z°*,y°") of (28) (defined on |0, 1]), satistying

(Zo0(3): Y0 (3)) = (27 (3),57(3)) -

12



Clearly, the function (z,y) defined by

(%00 (), Yoo (1)), O <E< 3,
()l = { o et (29)
(z71(t),y7 (1)), if 53 <t <1,
will be the solution of (ﬁ) we are looking for.
Let us define two continuous curves 6y, 6 : [—Uy, Up] — R? by
%0(0) = (24(0),y%(0)) = ©(5;0,0,0), (30)

©1(0) = (17(0), 45 (0)) == 0(31,0,0).

The following statement describes some localisation properties of the curves

Cgo and %1.

Proposition 21. Let 4y and %1 be the curves defined by (30). Then, the
following properties hold:

(i) (3.%0(0)) € Asw and (L,%61(0)) € Axw for every o € [~Up, a(0)];
(ii) (%,%60(0)) € Anp and (3,%1(0)) € Asg for every o €]3(0), Up];
(iii) (3,%60(0)) € Anw U Agg for all o € [~Uy, Up) ;

(iv) (3,61(0)) & Asw U Ang for all o € [~Up, Up) .

The proof can be adapted from the one of Proposition 20. We prove now
that the two curves have a common value.

Proposition 22. Let 6y and &) be the curves defined by (30). Then there are
00,01 6] — Uy, Uo[ such that %0(0’0) = %1(0’1).

Proof. We shall consider the restriction of 4, and %) on some intervals [07,0?]

and [0}, 0}], respectively, so that a(3) < a%(c) < B(3) for all o € [0f,00] and

a(3) < al(o) < B(3) for all o € [0}, 0}]. To this aim, we set

for all s € [0,Up) };

o %)
0 B %) for all s € [-Up,0l};
)

o = min{o € [~Uy, Up] : 2%(5s)
0 = max{o € [~Up, Up)] : 2%
o} = min{o € [~Uy, Up] : x4 (s)

or = max{c € [~Up, Up] : v (s)

a(d) for all s € [o,Up] };
B(3) forall s € [~Uy,0]}.

Observe that, from Proposition 21 (7)-(i7), we have
a(0) <o) <o <B(0) and «(l) <o} <ot <B(1). (31)

Moreover,

vy (07) = a(3) = 23(0;) and 2%(0)) = B(3) = 17(0;).

By Proposition 21 (#ii)-(iv), we have
Yo (00) < ya(3) S yelor) and yg (o)) > ys(3) = ye(or)-
Since the curves are continuous, they must cross each other at some point

(2% (00), % (00) = (2&(01), y&(01), with o9 € [07,0Y] and 01 € [0}, 0}]. O
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The parameters oo, 01 obtained in Proposition 22 permit us to define the
solution (z,y) of problem (P) as in (29). In particular, we have

a(0) <z(0) =00 < B(0), «a(l)<z(l)=0 <),

from (31), and

a(3) < (3) < B(3),
from the definition of the intervals [¢?, 0%] and [0}, 0}]. By Proposition 19, (z,y)
is a solution of problem (5)-(8), with 8 = 0, and satisfies a(t) < x(t) < 5(t), for
all t € [0,1]. The proof of Theorem 8 is thus completed.

4 Further examples

In this section we suggest other possible applications of our results. In (6), we
have considered for simplicity a differential equation ruled by the p-Laplacian.
In a similar way, we can consider a double-weighted ¢-Laplace equation, in the
unitary ball, of the type

div (n(la]) o (m(|z)) Vo(x)) ) = h(la], o) (32)
where n,m : [0,1] — R* are positive continuous functions, ¢(w) = w(|w|)|1w7‘,
being ¥ : I C R — R an odd increasing diffeomorphism, and A : [0, 1] xR — R is
continuous and locally Lipschitz continuous with respect to the second variable.
In the case of the p-Laplacian mentioned in the Introduction, we have m = 1
and ¥(y) = yly|P~2. Another example is the relativistic curvature

Y
V) = == ek
cf. [1], where I =] — 1,1[. The study of radial solutions of equation (32) leads
to the equivalent equation
(Yt wlm(r)u)) = N th(ra), e e [0.1], (33)

Equation (33) can be written as a planar system of the form

P =w®e ), () =tV ), (34)
where w(t) = 1/m(t), which is a special case of (5).
Theorem 6 may be applied to study the boundary value problem

{x' =wt) M y), () y) =N h(t ),

y(0) =0 =2(1) sinf + y(1) cosh. (35)

Notice that all the regularity assumptions required in Theorem 6 immediately
hold. So, if we are able to provide a well-ordered couple of lower /upper solutions
for problem (35), then we can successfully apply it.

14



The following statement describes a possible example of application in the
case of constant lower and upper solutions.

Corollary 23. Let § € [0,5], and assume the existence of some constants
a <0< g suchthat h(t, ) <0 < h(t,B) for everyt € [0,1]. Then, problem (35)
has a solution (x,y) such that o < xz(t) < 3, for every t € [0, 1].

Proof. Tt is easy to verify that the constant function o and $ fulfill the conditions
in Definitions 4 and 5 with the choice yo, = yg = 0. Then, Theorem 6 applies,
thus completing the proof. O

In particular, the previous corollary permits us to find an existence result
for equation (32) with Dirichlet or Neumann boundary condition on the unitary
ball £.

Corollary 24. Assume the existence of some constants a < 0 < 3 such that
h(r,a) <0 < h(r,B) for every r € [0,1], then problem

div (n(lal) o(m(lal) Vo) ) = h(lel, o(x)), in B
v=20 on 0A

has a solution v such that o < v(x) < B for every x € A.

Corollary 25. Assume the existence of some constants a < 0 < f such that
h(r,a) <0 < h(r,B) for every r € [0,1], then problem

div (n(lz)) 6 (m(la]) Vo)) ) = h(lal, vo(z)), in 2
d,v=0 on 0%

has a solution v such that o < v(z) < B for every x € A.

Analogous considerations allow to generalize problem (12), providing further
applications of Theorem 8. We do not enter into details, for briefness.

A Appendix

In this appendix we prove the continuity of the flow ® : D C [0,1] x X — R?,
introduced in Section 3.1, associated to the system (S). Then, we will provide
the corresponding result for the situation treated in Section 3.2.

Because of the presence of the singularity at ¢ = 0, we provide a proof
of existence, uniqueness and continuous dependence on initial data properties
of the solutions of the Cauchy problems (22). Similar properties have been
studied for second order differential equations presenting a singularity. See
e.g. [9, Appendix] or [2, 3, 4, 12].

We recall that, under the assumptions of Theorem 6, the function a : [0, 1] —
R is of class C!, positive in the interval ]0, 1], increasing in [0, po] C [0,1], and
satisfies a(0) = 0. In order to simplify the notation, we consider the Cauchy
problem

u' = F(t7 y) ) (a(t) y)/ = a(t) G’(t7 x) ,
{U(O) =up, y(0)=0, (36)



where f(t,y) = F(t,y) and §(t,z) = a(t) G(t,z). Since, by construction, both
F and G are locally Lipschitz continuous with respect to the second variable
and they have an at most linear growth, we can assume that there exists A > 0
such that

|F(ty)l <A +1yl), (Gt z)| < AL+ |z]), (37)

for every ¢t € [0,1] and z,y € R.
At first we notice that, for ¢ €10, 1], the differential system in (36) can be
rewritten as

! t)
"=F(t,y), =2 ( G(t,z),
thus obtaining a planar system for which we can easily verify local existence
and uniqueness of the solutions for the Cauchy problems. Moreover, since (37)
holds, such solutions are globally defined in 10, 1].
Hence, in what follows, we focus our attention on Cauchy problems of the

form
' = F(ty), (alt)y) =a(t)Glt,),
z(0) = zo, y(0) =0,

(38)

where xg € R. In particular, it will be sufficient to prove existence, uniqueness
and continuous dependence on initial data for such Cauchy problems only in a
right neighborhood of 0. Since the functions F and G satisfy (37), we can then
easily recover these properties in the whole interval [0, 1].

We start by stating the local existence and uniqueness theorem.

Theorem 26. For every g € R there exists T > 0 such that there is a unique
solution (x,y) : [0,7] — R? of the Cauchy problem (38).

Proof. Since the functions F' and G are continuous and locally Lipschitz con-
tinuous with respect to the variables z,y, we can find constants M and L such
that, for every s € [0, 1],

lyl <1 = [F(s,y)| <M,

|t — 20| <1 = |G(s,z)] <M,

ly1] < 1land |y2| <1 = |F(s,y1) — F(s,92)| < Lly1 — v/,

|1 — 20l <1and |ze — 29| <1 = |G(s,21) — G(s,22)| < L|zy — 24| .

Pick a constant 7 satisfying

1 1
7 < max pOaMaz )

and introduce the Banach space X = CY([0,7],R?), endowed with the norm
(2, )l x = max{|lz]leo, [lylloc }- Set

B={(z,y) € C°([0,7],R?) : ||z — 2oloc <1 and [|y[loc <1},
and define the function 7' : B — B by

T(:L‘,y)[t] = (T1($7y)[t] ) Tg(l‘,y)[t]) )
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where

1t
o /0 a(s) G(s,x(s))ds.

Tt =a0+ [ Flsy)ds. Tolewl = o

Notice that T'(z,y) € B, for every (x,y) € B. Indeed, for every ¢t €]0,7], we
have both

el =l = | [ Flso)as| <em <1,

and, recalling (A3),

1t
—/0 a(s) G(s,x(s))ds

|T2($ay)[t]| = a t)

¢
SL/ a(s) Mds <tM < 1.
a(t) Jo

Let us prove that the function 7T is a contraction. We set K = 7 L < 1. Then,
given any (z1,11), (x2,y2) € B and for every ¢ € [0, 7], we have both

Ame»w@mmw

<tLlyr — y2llee < K [[(21,91) — (72, 92)|Ix

T (21, y0)[t] = Th (2, y2)[1]

and, recalling (A3),

1 t
|To (21, y1)[t] — To(w2, y2)[t]| = @/0 a(s) (G(s,z1(s)) — G(s,x2(s))) ds
1 t
< @/0 a(s) L|z1 — 22|00 ds

<tLllzy — 2allee < K [[(z1,91) — (22,92)] x -

Hence, since T is a contraction, there is a unique fixed point of 7', thus conclud-
ing the proof. O

Let us now face the problem of the continuous dependence on initial data.
We recall that all solutions of (38) can be extended onto the whole interval [0, 1]
thanks to the linear growth condition (37).

Theorem 27. For every xg € R and every € > 0 there exists 6 > 0 such that, if
Zo € R satisfies |xg — Zo| < 0, then the solution (x,y) of (38) and the solution

(2,9) of

{wf:m,y), (a(t) )’ = alt) Gt ), (39)

satisfy
lz(t) —2@) <e,  |yt) —9(t)| <e,
for every t € [0, pol.
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Proof. Fix xg € R. We first prove that there exists M > 0 such that
if |xg — Zo| < 1, then |£(t)] < M and |§(t)| < M, for every t € [0, po] .
We can compute, recalling (37), both
t t
|2()] < |Zol +/ [F(s,3(s))[ ds <1+ |zol +/ AL+ [5(s)]) ds
0 0
t
<Lt fool +Apo+ 4 [ [a(o)]ds.
0

for every ¢ € [0, po|, and, recalling assumption (A3),

X I . I .
300)) < o5 / a()[G(s. (5] ds < V() + At / a(s)|i(s)] ds

t
< Apo +A/ |2(s)| ds,
0
for every t € [0, po]. Hence, setting z(t) = max{|Z(¢)|, |(t)| }, we have
¢
2(t) < (14 [zol + Apo) +A/ +(s)ds,
0

so that, by Gronwall Lemma, we deduce that

2(t) < M := (1 + |zo| + Apg) e??0.

(40)

Hence, (40) holds. Therefore, we can consider a Lipschitz constant L > 0 such

that, for every s € [0, po],

lyi| < M and |yo| < M = [F(s,y1) — F(s,92)| < L|y1 — 2!,
|z1] < M and |z2] < M = |G(s,21) — G(s,22)| < L|xy — 2.

Then, we can compute, for every t € [0, pg],
t
o(0) = 5(0)] < oo a0l + | Lints) — 5(5)| s,
0

ly(t) = 9(1)] < L/ a(s)L|z(s) — @(s)[ds < / Llz(s) — &(s)| ds,

a(t) Jo 0
so that, defining z(t) = max{|z(t) — 2(t)|, |y(t) — §(¢)|}, we find
t
z(t) < |xg — &o| + L/ z(s)ds,
0
and therefore
2(t) < |zo — ZolelPo < delro . for every t € [0, po] .

Then, setting § < min{1,ee~L?°}, we conclude the proof.

O

We have proved the continuous dependence on initial data for (38) in a right
neighborhood of 0. Since the functions F' and G satisfy (37), we can easily

recover this property in the whole interval [0, 1].
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We now consider the situation treated in Section 3.2. In order to prove the
continuity of the flow ® we need to state the analogues of Theorems 26 and 27
for the final value problems

o' =Fty), (at)y) =alt) G z),
z(1) =zo, y(1)=0,

where 2y € R. Their proofs can be provided by the change of variable t — 1 —¢.

Acknowledgments

Natnael Gezahegn Mamo expresses his gratitude to the Department of Mathe-
matics, Addis Ababa University and International Science Program (ISP), Up-
psala University, for their financial support for the research visit at the Depart-
ment of Mathematics and Geosciences of the University of Trieste. In addition,
he would like to thank the Department for graciously hosting him from May to
August 2022.

References

[1] BEREANU, C., JEBELEAN, P., AND MawHIN, J. Radial solutions for
Neumann problems involving mean curvature operators in Euclidean and

Minkowski spaces. Math. Nachr. 283, 3 (2010), 379-391.

[2] BOSCAGGIN, A., CoLASUONNO, F., AND NoRis, B. Multiple positive

solutions for a class of p-Laplacian Neumann problems without growth
conditions. ESAIM: COCV 24, 4 (2018), 1625-1644.

[3] CorTAZAR, C., DOLBEAULT, J., GARCIA-HUIDOBRO, M., AND MANA-
SEVICH, R. Existence of sign changing solutions for an equation with a
weighted p-Laplace operator. Nonlinear Anal. 110 (2014), 1-22.

[4] DE COSTER, C., AND HABETS, P. Two-point Boundary Value Problems:
Lower and Upper Solutions. Elsevier, Amsterdam, 2006.

[5] Fonpa, A., KLUN, G., OBERSNEL, F., AND SFECCI, A. On the Dirich-
let problem associated with bounded perturbations of positively-(p, q)-
homogeneous Hamiltonian systems. J. Fized Point Theory Appl.. to appear.

[6] Fonpa, A., KLUN, G., AND SFECCI, A. Well-ordered and non-well-
ordered lower and upper solutions for periodic planar systems. Adv. Nonlin.
Stud. 21 (2021), 397-419.

[7] FonDA, A., SFEcCI, A., AND TOADER, R. Two-point boundary value
problems for planar systems: A lower and upper solutions approach. J.
Differential Equations 308 (2022), 507-544.

[8] FonDA, A., AND TOADER, R. A dynamical approach to lower and upper
solutions for planar systems. Discrete Contin. Dyn. Syst. 41 (2021), 3683—
3708.

19



[9] FraNCHI, B., LANCONELLI, E., AND SERRIN, J. Existence and uniqueness
of nonnegative solutions of quasilinear equations in R™. Adv. in Math. 118,
2 (1996), 177-243.

[10] Nacumo, M. Uber die Differentialgleichung y” = f(t,y,y’). Proc. Phys-
Math. Soc. Japan 19 (1937), 861-866.

[11] PrcArD, E. Sur lapplication des méthodes d’approximations successives
a ’étude de certaines équations différentielles ordinaires. J. Math. Pures
Appl. 9 (1893), 217-271.

[12] REICHEL, W., AND WALTER, W. Radial solutions of equations and in-
equalities involving the p-Laplacian. J. Inequal. Appl. 1, 1 (1997), 47-71.

[13] Scorza DRAGONI, G. Il problema dei valori ai limiti studiato in grande
per le equazioni differenziali del secondo ordine. Math. Ann. 105 (1931),
133-143.

Authors’ addresses:

Alessandro Fonda

ORCID: 0000-0001-6230-3101
Dipartimento di Matematica e Geoscienze
Universita degli Studi di Trieste

Via Valerio 12/1, 34127 Trieste, Italy
e-mail: a.fonda@units.it

Franco Obersnel

ORCID: 0000-0003-3005-0095
Dipartimento di Matematica e Geoscienze
Universita degli Studi di Trieste

Via Valerio 12/1, 34127 Trieste, Italy
e-mail: obersnel@units.it

Andrea Sfecci

ORCID: 0000-0002-8580-3026
Dipartimento di Matematica e Geoscienze
Universita degli Studi di Trieste

Via Valerio 12/1, 34127 Trieste, Italy
e-mail: asfecciQunits.it

Natnael Gezahegn Mamo

ORCID: 0000-0002-3765-103X
Department of Mathematics

Addis Ababa University

Adwa Street, 1176, Addis Ababa, Ethiopia
email: natnael.gezahegn@aau.edu.et

20



