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Abstract We prove the existence of infinitely many periodic solutions for periodically
forced radially symmetric systems of second-order ODE’s, with a singularity of repulsive
type, where the nonlinearity has a superlinear growth at infinity. These solutions have periods,
which are large integer multiples of the period of the forcing, and rotate exactly once around
the origin in their period time, while having a fast oscillating radial component. Analogous
results hold in the case of an annular potential well.
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1 Introduction

We consider the system
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182 A. Fonda et al.

where g :]a, b[ — R is a continuous superlinear function, with 0 < a < b < 400, and
e : Rx Ja, b[ — R is a Carathéodory bounded function, T -periodic in its first variable. Here,
and in the following, |x| denotes the Euclidean norm of x € RV .

The solutions x(#) € R are functions which never attain the singularity set, in the
sense that

|x(t)| €la, b[, foreveryt e R. )

There is a large literature on this kind of problems. The case ¢ = 0, b = 400 has been
studied, mainly by the use of variational methods, assuming that O is a singularity, which
can be either of attractive or of repulsive type. A classical model for the attractive case is
the Newton equation describing the motion of a body in a gravitational central field. Starting
with Gordon [25], many attempts have been done in order to deal with periodically perturbed
systems of this type, even without radial symmetry. See, e.g., [1,8,12,37] and the refer-
ences therein, for the variational approach, and [9,26,29,39], where topological methods
were employed, instead. The repulsive case, modelling the Coulomb equation governing the
motion of electrical charges, has been treated, e.g., in [10,16,26,38].

Recently, exploiting the radial symmetry of system (1), the existence of infinitely many
periodic solutions was proved in [18-21], both in the attractive and in the repulsive case. The
main idea there was to split the system into its radial and angular component and to consider
the (scalar) angular momentum as a parameter. A rather precise description of the structure
of the solution set was also obtained in [22].

In the above quoted references, having in mind, as a model, the Newton or the Coulomb
equations, the nonlinearity was always assumed to be of sublinear type, or having at most a
linear growth at infinity. In this situation, it is often possible to obtain some a priori bounds
on the periodic solutions of the system and to recover the compactness, which is usually
required in order to apply the standard variational or topological methods.

In this paper, we assume that the nonlinearity is of superlinear type. In order to explain
what we mean, let us first focus on what happens at b. Let G : ]Ja, b[ — R be a primitive of
§>¢.8.

,
G(r) = /g(p) dp, 3)
7
where 7 is a fixed value in Ja, b[. If b = 400, we will assume the standard superlinear

condition

im £ _ 4o, 4)

r—>+o00 r
which, by de I’Hopital’s rule, also yields
G
im S0 o )

r—>—+00 r2

We recall that there have been many papers dealing with scalar superlinear equations with-
out singularities (see, e.g., [5,13,14,27,30,33]), which can be motivated by physical models
involving nonlinear elasticity (see, e.g., [41]), or Bose-Einstein condensates in periodic lat-
tices (see, e.g., [34]). In these papers, different methods have been used to detect the existence
of periodic solutions, among which degree theory, the Poincaré-Birkhoff fixed point theorem
and KAM theory (see also [36], and the references therein, for the use of variational methods
in the framework of Hamiltonian systems). The main feature of these equations is that the

@ Springer



Periodic solutions of singular radially symmetric systems with superlinear growth 183

large-amplitude solutions exhibit very fast oscillations. As observed in [17], when b < +o0,
in order to have the same type of fast oscillations of the solutions which come close to the
singularity, conditions (4) and (5) at b have to be replaced by

lim g(r) = +o0, lim G(r) = 4o0. (6)
r—b- r—b-
Similarly, the condition to be assumed at a will be

lim g(r) = —o0, lim G(r) = +o0. (7)
r—at r—at

Notice that, with these assumptions, we have a singularity of repulsive type at a, and we
are dealing with a potential well. More general types of potential wells have been consid-
ered, e.g., in [3,11,15], where variational methods have been used to prove the existence of
periodic solutions.

A major difficulty when dealing with such kind of equations is that there is no a priori
bound on the periodic solutions’ set, so that more subtle arguments need to be developed.
In order to overcome this lack of compactness, when dealing with the scalar equation, the
method proposed in [5] and developed in [4,6,7,23] was to distinguish the solutions by their
number of oscillations: as it is well known, the set of periodic solutions having a prescribed
number j of oscillations is indeed bounded.

In this paper, we will combine this method with a perturbation argument introduced in
[20], to find infinitely many periodic solutions of (1) with a prescribed number of oscillations.
In order to do this, we will need to assume that the function e(¢, r) is even in ¢, so to reduce
the study of the radial equation to a Neumann problem, for which the topological degree will
be proved to be different from zero. For the computation of the degree, different methods can
be used. The one we choose here, based on the evaluation of winding numbers in the phase
plane, has the advantage of being geometrically intuitive.

Let us now describe our main result, in the case a = 0 and b = +4-00. The solutions we find
have a planar orbit and rotate slowly around the origin. At the same time, these solutions have
a fast oscillating radial component. Precisely, our solutions will be denoted by xy, ;, where
k is a large integer telling us that the time needed to make a complete revolution around the
origin is exactly k7', and the integer j is used to distinguish the solutions by counting the
number of their radial oscillations.

Theorem 1 Let the following assumptions hold.
(H1) lim g(r) = —oo;

r—0t
(H2) lim G(r) = 4o0;

r—0t

(H3) Ilim 8 = +00;

r—>+4o00 1
(H4) There isn € L'(0, T) such that
le(t,r)| < n(t), fora.e.t € [0, T]andeveryr > 0;
(H5) The function e(t,r) is evenint, i.e.,
e(—t,r)=e(t,r), forae.t € Randeveryr > 0.

Let 7 be a fixed number in 10, +00[ . Then, for every integer N > 1 there exists a ky > 1 such
that, for everyintegerk > ky, system (1) has at least N periodic solutions xx 1(t), xk2(t), ...,
Xk, n (t), with minimal period kT, which make exactly one revolution around the origin in the
period time kT. Moreover, these solutions have the following properties:
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(1) the function |xy j(t)| is T -periodic and even;
(ii) there is an integer J > 1 such that the equality |xi j(t)| = r holds for
exactly J + j values of t in [0, g[ ;
(iii) there is a constant Cy > 0 such that

1
— < i(t)] < Cpn,
Cn |k, j (£)] N

foreveryt € R, every j =1,2,..., N, and every k > ky;
(iv) if uk,j denotes the angular momentum associated with x ;(t), then
lim g ; =0.
k— 00
The solutions found in Theorem 1 thus have a periodic radial component of the same
period T of the forcing term e(t, r), which oscillates rapidly in the period time 7. They
remain confined in a bounded annulus and have a small angular momentum.
The proof of Theorem 1 will be given in Sect. 2. We will show in Sect. 3 how to improve
the above statement in order to obtain indeed rwo families of solutions, distinguished by
having the value |x; ;(0)| either smaller, or larger than 7 (see Theorem 2). We will also show

that, in the general situation where 0 < a < b < +00, a completely analogous result holds,
as stated in Theorem 3.

2 Proof of Theorem 1

In this section, we provide a detailed proof of Theorem 1. Since the system is radially sym-
metric, the orbits of the solutions lie on a plane (see, e.g., [18, Appendix A]), so we will
assume, without loss of generality, that N = 2.

For simplicity, we take 7 = 1.

We can assume, without loss of generality, that

g(r)(r—1) >0, foreveryr # 1. (8)

Let us explain why. First of all, by (H1) and (H3), there is a @ > 1 such that g(r) < —1
for every r € ]0, é], and g(r) > 1 for every r > «o. We can now easily construct a
function g(r), which coincides with g(r) on |0, é] U [a, +00[, and satisfies (8). Setting
e(t,r)y = e(t,r) + g(r) — g(r), we have that g and ¢ still verify all the assumptions of
Theorem 1.

By this construction, the function g can also be assumed, without loss of generality, to be

continuously differentiable in a neighbourhood of the point 1, with
2
0<g(l)< (%) . )

After these modifications, by (8), the point 1 is a minimum point for G. We can assume,
defining G as in (3), with ¥ = 1, that G(1) = 0.
We may write the solutions of (1) in polar coordinates:

x(1) = p(t)(cos ¢(t), sinp(1)), (10
and (2) is satisfied if p(t) > 0, for every ¢. Equation (1) is then equivalent to the system
"—M—2+ (p) =e(t, p)
102 ' ,03 8(p) = > P)s (S)
PP =W,
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Periodic solutions of singular radially symmetric systems with superlinear growth 185

where u is the (scalar) angular momentum of x (7). Recall that u is constant in time along
any solution, as %[,oz(t)gb(t)] = 0 for every ¢, cf. [2]. In the following, when considering a
solution of (S), we will always implicitly assume that & > 0 and p > 0. The case u < 0
is completely similar and would lead to a symmetric class of solutions rotating around the
origin in the opposite sense.

We will look for solutions for which p(¢) is T-periodic. More precisely, we consider the
Neumann problem

e
6 — —% =e(t, p),
pP=3 g(p) =e(t, p) (P
pO) =4 (%) =0.
By (HS), and by the periodicity of e(z, x) in ¢, every solution of (P,,) can be extended to the
whole real line to a T-periodic solution, with p(t) = p(—1).
The strategy of the proof is to consider u as a parameter. We first study the case u = 0,
introduce a further parameter A € [0, 1] and consider the Neumann problem
o+ 8(p) = re(t, p), 5
. . P
‘p<0>=p(§)=0. ()
By the use of degree theory, we will be able to develop a double continuation argument: first,
for 4 = 0 and A going from O to 1; then, for A = 1 and & moving from O to some small
positive value.

Let us remark that exploiting the symmetry of the forcing term to find periodic solutions
through the Neumann problem is a classical idea, which has been used by many authors.
Recently, e.g., Llibre and Ortega have developed in [31] continuation arguments for the
Neumann problem in order to obtain periodic orbits of the Sitnikov problem with a pre-
scribed number of zeros.

Since it has to be p(¢) > 0, when considering the phase plane, we are led to the set

S={(u,v) eR?:u > 0}.
We introduce the function N : § — R, defined by

1

1
N(u’v)=(ﬁ+”2+vz)2

It is easy to see that min A" = A(1, 0) = v/2.

Since we are not assuming the uniqueness of the solutions to the Cauchy problems asso-
ciated with our differential equations, some care will be needed, in the following, in order to
obtain uniform estimates on all the possible solutions.

Lemma 1 Foreveryc; > V2 thereisacy > ¢ such that, if N(ug, vo) < cy, then, for every
re|0,1]andty € [0, g], if pa(t) is a solution of the Cauchy problem

‘ P+ g(p) = re(t, p),
p(to) = up, p(to) = vo,

then p; (t) is globally defined, and
N(pa (1), pp (1)) < c2,
foreveryt € [0, %]
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Proof Let us define the function V : S — R as
V) = 207 + Glu) + -
u,v) = -v u)+ =.
2 2

The solution p; (¢) is defined on a maximal interval ]z, , t; [. By (H4) we have

d
aV(pA(t), m(l))‘ = 160.(0)2.() + g (pr (1)) pr (1)

= A0 ()e(t, pr(1))]
= 0OV (pr @), pr.(1)),

for almost every ¢ € ¢, ", t;f [. Hence, forevery t €]t, ", t; [,

1

V(pr(t), pa.(t)) < V(uo, vo) exp /H(S)ds .

fo

As a consequence, we see that it has to be ]z, , t;r[ =]— 00, +o9.
Let ¢; > +/2 be given. By the properties of A" and V, there is a ¢} > 0 such that, for
(u,v) €8,

N(u,v) <c; = V(u,v) <cj.
Hence, if N (ug, vo) < ¢y, then

V(3 (1), p.(1)) < cyexp(linl),
for every ¢ € [0, £]. Since, by (H2) and (H3),

xl_i)n(r)1+ G(x) = xEToo G(x) = +oo,
there is a ¢ > 0 such that, for (u, v) € S,
V(u,v) < ciexp(Inll) = N, v) < cs.
1t follows that, if A (ug, v9) < c1, then
N(pr(2), p2.(1)) < c2,
forevery t € [O, %], thus completing the proof. O
As an immediate consequence of Lemma 1, for the Cauchy problem

[ B+ g(p) = hre(t, p),

p0) = up, p(0) = vy, (CPy)

we have the following.

Lemma 2 Foreverycy > V2 thereisacy > ¢y such that, if N'(ug, vo) > c, then, for every
A € [0, 11, if py(t; ug, vo) is a solution of (C Py), then

N (op(t; uo, vo), p2.(t; uo, vo)) = ci,

foreveryt e [0, %]
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Periodic solutions of singular radially symmetric systems with superlinear growth 187

By Lemma 2, there is a ¢ > /2 such that, if N (ug, v9) > ¢, then, for any solution
P1.(t; ug, vo) of (CPy),

(02.(t5 g, v0), p2.(t5 o, vo)) # (1,0), forevery s € [0, Z]. (1)
In such a case, we can use polar coordinates
(15 ug, vo) = 14 r;.(t; ug, vo) cos(8 (t; ug, vo)),
Pa(t5 ug, vo) = r(t; ug, vo) sin(6;.(¢; ug, vo)).

In particular, there is a @ > 1 such that, if ug € [0, 2[ Ula, +oo[ and vy = 0, then (11)
holds.

Lemma 3 Ifvg = 0, we have

(@) lim N(pa(t; uo, 0), (15 10,0)) = Lim N (p;(: 1o, 0), p2(t; uo, 0)) = 400,
+ upy—+00

up—0
uniformly int € [0, g] ;

(b)uolg%+ 05 (55 u0,0) = uognlooek (£:u0,0) = —o0.

The above limits are uniform with respect to A € [0, 1] and to the set of all possible solutions
of the Cauchy problem (C Py.), with vg = 0.

Proof Property (a) is a direct consequence of Lemma 2. Let us prove (b). Consider the
problem

n=v+ }\Eu(t)7

b= —g(u), (cry)
u(0) = up, v(0) =0,

where

t

E, (1) =/e(s,u(s))ds.

0

We see that a solution of (C P;) is given by

uy (t; ug, 0) = p,.(¢; uo, 0),

t
v (t; ug, 0) = py.(t; uo, 0) —A/e(s,px(S;uo,O))dS-
0

Notice that u, is the same as p,. By (H4), for every continuous function u« : [0, 7] —
10, 4-00[ ,

lEulloe < lInll, (12)

so that the difference of v, from p, is bounded. Hence, by (a),

lim N (u;, (15 uo, 0), vi(t; uo, 0) ZMOE}EOON(M(H ug, 0), va(t; ug, 0)) =4o0,  (13)

uo—0t
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188 A. Fonda et al.

uniformly in 7 € [0, £] and 4 € [0, 1]. So, there is a B > 1 such that, if ug ¢ ], B[ , the
solution, which we denote by (u, (¢), v, (¢)) for simplicity, can be written in polar coordinates

up (1) = 1+ & () cos(Dr (1)), v (t) = & (1) sin(P5(2)).
We have

0, — 0y — 1) v 4 Aoa By, + 8(up)(up, — 1)

g = _
g (u), — )2+ vf () — D2 + v%

)

almost everywhere in [0, %] We will show that

lim 9 (L:u0,0) = lim 9 (%:u0.0) = —oo, (14)

uo—0t up——+00
i.e., that for every © > O there is a d > f§ such that, if ug ¢ ]5, d[ . then

% (£1u0,0) < —6.

40 +m)\?
C1=max{(T) 4t

We will evaluate the angular velocity outside a suitable rectangle in S, containing (1, 0). The
construction of such a rectangle is made in two steps.
By (H1) and (H3), there is a dj > 2 such that, if u ¢ ]7-, di [, then

Fix ® > 0 and set

g)(u —1) > Ci(u— 1%
Hence, as long as u; (1) ¢ |-, di[, since di = 2.and Cy > 4[|,

v,% + A Ey, + Cr(uy, — 1)2
(up = 1 + v}

_ v — il + Cr(w —1)?

N (s, — D2 + v}

- 1 v2 4+ Ci(u; — 1)?

T2 (- D240}

—13’/\ =

for almost every such 7. Let y; > 0 be such that, if u € [%, d 1], then

1
g —1) > SCi(u - 1 -y

Set

Dy =2\/y + Inll}.
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Periodic solutions of singular radially symmetric systems with superlinear growth 189

Then, as long as u; (1) € [dil,dl] and |v; (¢)| > Dy, using the inequality [vE,| < E2 + %vz
and (12), we get
. v+ Ap By, + 5C1(up — D2 =y}

(up, — D2 +v?
82 B + 101G~ 10— 2

(= 12 + v}
30} + 1DT — Inl + 5Ci(up — 1) — yf

(u, — D2+ 03

1 v2+Ci(uy, — 1)?
2 (- D240}

v

=

=

for almost every such ¢. Hence, for almost every ¢, if (u,(¢), v (1)) ¢ [i, dl] x [—Dy, D1},
then
L) + G -1 1

-9 — — (an? 2
0;.(1) > 2 w0 =12 + 020 2(sm 5.(t) + Cyicos” 9,(1)).

We have thus constructed the rectangle R = [% d] x [=Dy, Di].

Being N continuous, it is bounded on R. Hence, by (13), there is a d > 0 such that, if
uy & ]%, d[, then (1, (1), v, (t)) € R, for every t € [0, %] Therefore, 9 (t; ug, 0) < 0
for almost every t € [0, g] Hence, since 9, (- ; uo, 0) is absolutely continuous, it has to be
strictly decreasing.

We are now ready to evaluate 19(%; uo, 0), for ug ¢ ]é, d[ . To fix the ideas, assume
ug > d. Let t; > 0 be such that v, (1) = 0 and v, (¢) < O for every r € ]0, #1[ . Then, by the
choice of C1,

-7

—do 21 T
t] S 1 ) > = C < 5
/ 5(sin” 6 + Cj cos=0) V(1

Analogously, let t, > 1 be such that vy (t2) = 0 and v, (¢) > O for every ¢ € ]t1, 15[ . Then,

—2r

tz_tls/] I _om
i(sm2 0+ Cicos26) J/C

-7

Continuing in this way, we find ) < fp < -+ < 1, < % < tm+1, such that vy (t;) = 0 and

v has a constant sign on [, t;41[, fori = 1,2, ..., m. Hence,
T 2 2
ERRCT N
so that

I (%;uo,()) < -—-mr < — (szﬁ — 1)7‘[ < —-0.
The same conclusion is reached, analogously, if ug € ]0, 5] ‘We have thus proved (14). Since

p2.(t) = u;.(t) and | 53 (1) — v,.(1)| < IInl1, forevery ¢ € [0, Z], using (14) we conclude that
(b) holds, as well. m]
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Let us consider now the case A = 0, corresponding to the autonomous equation p + g(p)
= 0, for which the energy %,[)2(t) + G (p(t)) remains constant in ¢. The solution pg(¢; ug, vo)
to the Cauchy problem (C Py) is unique, and it is periodic. When considered in the phase
plane, its orbit rotates clockwise around the point (1, 0). Let us denote by t(ug, vg) the
minimal period of po(; ug, vo), for (1o, vo) # (1,0). By Lemma 3,

lim t(ug,0) = lim 7(up,0) =0, (15)
up——+00

up—0+
and, by (9),
2
V')

For every integer j > 1, we choose £; > 0 in such a way that

lim t(ug,0) =
up—1

> 2T. (16)

21 T — - - — - 3 - =
>T+4+¢e >1 &1 > + & > &y > + &3 > €3 > -,
! : 2 2 2 2 3 . 3 3

and consider the set
T T
gj:[(uo,vo)ES:j—sj<r(uo,vo)<7+8j]. a7

By (15) and (16), since (-, -) is a continuous function, the set G; must be nonempty, for
every j > 1, and it is bounded and bounded away from the line {uo = 0}. It has a finite, or
at most countable number of connected components, which are disjoint open annuli.

We are going to apply a duality principle from [28] in order to evaluate the topological
degree associated with our problem. To this aim, we define the function ¢/ : S — R?, as

U(uo, vo) = (o + vo. vo + po (5 uo. vo)).

In the following lemma, we compute the Brouwer degree of I — U/ on the set G;.

Lemma 4 Forevery j > 1,

dp(I —U,Gj) =2(=1)’.
Proof We first verify that the degree is well-defined. Indeed, if (I — U)(ug, vo) = 0 and
(ug, vo) € ?J-, then v9p = 0 and ,[)0(%; up, 0) = 0, so that the corresponding solution is
T -periodic, and it has to be T (ug, vg) = % Hence, 0 ¢ (I —U)(3G;).

Let us denote the connected components of G; by G 11 G2, .... We claim that we can find
a finite number m ; of them so that

dg(l =1, G =dp (I UG} UGIU---UG}).

Indeed, since 0 & (I —U)(3G;), by continuity there is a § > 0 such that
dist ((uo, v0), 0G;) < 8 = (I —U)(uo, vo) # 0.

Since G; is bounded, there will be an integer m; such that, if k > m, then all points
(ug, vo) € g’; are such that dist((«g, vo), 9G;) < 8. The claim then follows by the excision
property of the degree.

We can assume that the sets g}, QJZ, R g;.”-/' are ordered by increasing amplitude.
Notice that

dg(I —U,Gj) =dgU — 1, G)),
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Periodic solutions of singular radially symmetric systems with superlinear growth 191

and
U — I)(uo, vo) = (vo, po (5 uo. vo)).

In order to compute the degree, it is convenient to introduce the function F : § — RZ,
defined as

F(uo, v0) = (bo (4 uo. v0). vo) - (18)
Then,
dg (U —1,Gj) = —dp (F,Gj). 19)
We want to evaluate
dy (F.;) =dy (F.0}) +ds (F.G2) ++ - +ds (F.6}").
Notice that F = (Fy, F»), with
Fi(uo, v0) = fo (5:u0.v0).  Faluo, vo) = vo.

Let us compute the degree dp (F, gj? ),fork =1,2,..., mj, evaluating the winding numbers
on the outer and inner boundaries of gk

Assume that t equals +¢&;j on the inner boundary, and = — ¢; on the outer boundary
of g" To compute the wmdmg number, let us start by takmg the point (g, vg) equal to
(u,, 0) on the outer boundary, with u > 1. Here ‘L'(Lt 0) = 7 — &, so that, in the time

T, the solution vector (pg(t; ik i ,0), po(t us, 0)) rotates around the point (1, 0) more than
j times, and less than j + 1 times. Since, by symmetry, the time to make half a rotation is
exactly half of the time needed to perform a complete rotation, we have that, in the time %
the solution vector makes more than j half-rotations, and less that j + 1 half-rotations.

Assume first that j is odd. Then, Fy(i%, 0) > 0, so that F(i¥, 0) lies on the half-line
10, +o0o[ x{0}. Since F does not change the second coordinate, while going around the
outer boundary of gj? in clockwise direction with the point (g, vg), the vector F(ug, vo)
will lie in the lower half-plane, until the point (i, vo) reaches the point (i}, 0), with & €
10, 1[, such that G (&%) = G (ii%)). Here, Fi (i}, 0) < 0, so that F (i%, 0) lies on the half-line
] —o00, O[ x{0}. Continuing in this way, we see that, as (1, vo) performs a clockwise rotation
around the outer boundary of G the vector F (uo, vo) also makes a single rotation, and in
clockwise direction, too. So, if j is odd, we see that the winding number corresponding to
the outer boundary of gj? is +1.

On the contrary, if j is even, then Fj (zl’;., 0) < 0,and F (12’;, 0) lies on the half-line ] — 0o
O[ x{0}. So, the opposite situation is encountered: this time the vector F (ug, vo) will make
a single rotation, but in counter-clockwise direction, and the winding number is —1.

Let us consider now the inner boundary. If we start from the point (ﬁ'j‘., 0) on the inner

boundary, with ﬁ’l‘. > 1, we have t(ﬁ’/‘., 0O=TI4¢ ;- This means that, in the time %, the
solution makes more than j — 1 half-rotations, and less that j half-rotations. We are in the
opposite situation with respect to what happens on the outer boundary, so we can conclude
that the winding number is —1 if j is odd, and +1 if j is even.

Combining this information, and using the additivity property of the degree, we conclude
that, if equals = + & on the inner boundary, and = — g on the outer boundary of GX, then

a (r.0f) = ot

—2 if jiseven.
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A similar argument shows that, if T equals § — & on the inner boundary, and % +¢; onthe
outer boundary of g’;, then

O [ =2 if jis odd,
i (F g/) - ‘ +2 if jis even.

Analogously, one sees that, if T has the same values on the inner and outer boundaries, then
dp (F g’;) —0.

So, without loss of generality, for the computation of the degree, we can assume that on each
annulus G the values of 7 at the inner and outer boundaries are different. Assuming this, we
now claim that, for j large enough, the number m  is odd.

Let us start taking u( near the point 1. Then, by (16), t(ug, 0) is larger than 27. Let-
ting uo increase, when we meet the first annulus G Jl., the values of 7 at the inner and outer
boundaries must be % +¢; and § — ¢, respectively. There will be a “first instant” i ; when
T(ﬁ}-, 0) = % +¢j and t(ug, 0) < § + ¢ for all u¢ in a small right-neighbourhood of 12}
For those ug, we have that the point (uq, 0) is in gjl.. We will say that ﬁ(l) is the “entrance
point” in g}. Continuing in letting u increase, we will remain inside Q} for a while, and
eventually go out at some “exit point” i F after, where 1:(12}) = § —gj.

It could then happen that the function T remains below the value % —¢j, forevery ug > 12(1).
In this case, m; = 1, and we have proved the claim. Assume now m ; > 2.
The opposite situation is encountered for G f : there is an entrance point at which the value

oftis L — ¢, and an exit point at which the value of 7 is % + &j. So, by (15), it cannot be
thatm; = 2. Ithastobem; > 3.
This alternating behaviour is repeated for every Qj? . In particular, the value of t at the exit

point is § — ¢ if k is odd, and % + ¢ if k is even. But, by (15), at the exit point of g}"" the

value of T must be § — ¢;. Hence, m has to be odd.

Consequently,
mj
dy(F.G)) = > dp (F.0¥) =2(~1)/*".
k=1
Combining this with (19), we have the conclusion. ]

Let X = C' ([0, %]), and set
X+ ={p € X :minp > 0}.
Define the linear operator
L:D(L)cC X — L'0,T),
D(L) = {p e W0, T): $(0) = 4 (%) =0},
Lp=p,
and the Nemytzkii operator
N:X.x[0 11— L'©,T),
N(p, (1) = =g(p(1)) + he(t, p(0)).-
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Taking o € R not belonging to the spectrum of L, we have that (£;) can be translated to the
fixed point problem

p=(L— 01)_1 (N(-, A) — 01) p.
Define the set

Q= {p € Xy :(p(), p(t) €Gj, foreveryt [0, %]}

This is an open and bounded set in X, and its closure is contained in X . We want to compute
the Leray-Schauder degree d. s of I — (L — o I)~'(N(-,0) — o ) on the set ;. We will use
the notation

Dy (L= RC0,9)) =dus (1= (L =D N0 = oD, ),
coming from the coincidence degree theory, cf. [24].

Lemma 5 Forevery j > 1,
Dy (L — X, 0), Qj) —2(=1)/.

Proof It is readily seen that the sets €2; and G; have a common core with respect to the
Neumann problem (ﬁo), cf. [28]. This means that
(i) Lp # N(p, 0), for every p € 0L2;;

(ii) U(uo, vo) # (uo, vo) for every (uo, vo) € 9G;;
(iii) the set of those (ug, vo) € G; such that /(ug, vo) = (up, vo) coincides with the set of

initial values (0 (0), 0(0)) of the functions p € 2 ; which are solutions of Lp = N (p,0).
Hence, using [28, Theorem 29.4],

Dy (L= N(.0.92)) =ds ~U.G).
The conclusion follows, by Lemma 4. O

We now use the approach introduced in [5] and developed in [4,6,7]. Let us define the
function x : X4 x [0, 1] - Ras

T/2
1 / PA() + (8(p(1) — Ae(t, p()(p(t) — 1)
k(p,A) = — dr.
u max{(p(t) — D + p2(1). 3}

It is a continuous function. By the properties of A/, there is a constant d; > /2 such that
1
N@,v) >d = u—1)>+0v> > 1

By Lemma 2, there is a dy > d; such that, if p, € X4 is a solution of (C P;), with A € [0, 1]
and N (uo, vo) = da, then N (01 (1), £.()) = di, hence (p;(1) = 1)* + 47 (1) = , for every
t € [0, £], so that

dr

T/2
conn =1 / (1) + (8(pr (1)) — ke, pa (1)) (p2.(1) = 1)
S () — D2+ A2()

GO -0.(3).
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By the definition of the function N, the following two implications are easy to verify:
0e || > N0 = 0)

and

Nw,0)>dV2=u¢ [di dz] . @21
2

As a consequence of (20), if p; solves the Neumann problem (ﬁl), with

1
p:.(0) & ]472 25) [

then « (p;,, A) counts the number of half-rotations around (1, 0) of (0, (¢), 5 (¢)), in the phase
plane, as ¢ varies from O to %

Lemma 6 There is a k1 > 0 such that, if p,, € X4 is a solution of (C P) with A € [0, 1]
and N (uo, vo) < da~/2, then k(py, A) < k1.

Proof By Lemma 1, there is a dj > d> such that, if N(ug,vp) < dr~/2, then
N (pr (D), pr(t)) < dj, for every t € [O, %] By the Carathéodory conditions, there is a
telLl (O T) such that

£2(1) + (8(.(1) — he(t, p3. (D)) (pr(t) — 1)
max{(px(t) — )2+ p2(1), §}

<L),

for almost every ¢ € [0, £]. Taking 1 = L]/¢]|;, we have the conclusion. o

Lemma 7 There is a constant Cj > 0 such that, if p; solves the Neumann problem (13;\),
with A € [0, 1] and « (p, X)) = j, then

N (i (1), pr.(t)) < Cj, foreveryt e [0, %]

Proof By Lemma 3, there is a ¢; > 0 such that, if p3(0) = ug & ] ,cj[ and $,.(0) =

vp = 0, then the solutlon makes more than j rotations around (1, 0), m the phase plane,
as ¢t varies from O to 2 On the other hand, by Lemma 1, there is a C; > 0 such that, if

N(px(t0), pa(to)) = C; for some ty € [ g ], then N (p,.(0), 9,.(0)) > c]f. Taking into
account that g, (0) = 0, we have, as in (21), that p, (0) & ]i, cj [ , hence the conclusion. O

Define the set

1
=[(p,k)€X+X[O,1]:K(p,A)€]j—4,1+ [p(0)¢[ ]

. T
and N (p(1), p(t)) < C;, forevery t € |:O, Ei“ (22)

It is open and bounded in X x [0, 1]. Let us denote by 6/’ and d0; the closure and the
boundary of O; in X x [0, 1]. Notice that 6j C X4 x [0, 1].
After noticing that

7= inf[t(uo,O):uoe [di,l[U]l,dz]] > 0, (23)
;)

let us fix an integer J > max{k, T /T}, where k| is given by Lemma 6.
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Lemma 8 If j > J and p; solves the Neumann problem (13;\), with A € [0, 1] and (p;, 1) €

0j, then (p;, )) € ;.

Proof Tf (px, %) € O;, we have that k (o1, %) € [j — 1,/ + 4], 2.0) € |3, [, and

N(pp (), p.(1)) < Cj,foreveryt € [O, %] Being p; a solution of (f’;\), by the choice of d
we know that k (p;, A) is an integer which counts the number of half-rotations around (1, 0) of
(py. (1), p5.(1)), in the phase plane, as ¢ varies from 0 to % Hence, it has to be « (p;, A) = j.

Therefore, by Lemma 7, N'(p;.(¢), p»(t)) < Cj, for every t € [O, %] Since j > i, by
Lemma 6, it has to be AV(p; (0), 0,.(0)) > d»~/2, hence, since 0,(0) = 0, by (21) we have
that p;.(0) & [é dz]. We have thus proved that (p;., 1) € O;. O

We have thus shown that 0 ¢ (I — (L — o)™} (IQ —0o1))(00;),forevery j > J.Bya
classical result in the Leray-Schauder degree theory, cf. [35, Lemma 1.8], denoting by Oj\.

the set of those p such that (o, 1) € O}, we have that Dy (L — N(-, A, (’)?) is independent
of A € [0, 1]. Hence,

Dy (L= N1, 0})) =D (L—R(.0).09).
Lemma 9 Forevery j > J,

Dy (L — N (., 0), 09) —2(=1)/.

Proof We claim that, if p is a solution of (Py), then, forj > J,
pE (’)F} & p €.

Indeed, if p € (’)(}, since it solves the Neumann problem, it has to be «(p,0) = j. Recall

that a solution of (ﬁo) can be naturally extended to a T-periodic and even function. Hence,
extending p in such a way, it has minimal period § so that the orbit (p(¢), p(¢)) belongs to
G;, for every ¢. This means that p € Q;.

On the other hand, if p € Q;, then the periodic extension of p has minimal period §
Since j > J > T/%, we have that p(0) ¢ [%, d>], hence (p(t) — 1)? + p2(t) > % for
every ¢, so that it has to be «(p,0) = j. By Lemma 7, N(px (1), p5.(t)) < C;, for every
t€[0, %] S0, p € 9.

Having proved this, we then have that

Dy (L= R(.0,00) =Dy (L~ N(,0,2)).
The conclusion follows, by Lemma 5. O
So, in particular, we have that
DL (L — NG, 0}) £0.
We now follow the argument in [20, Theorem 2]. Let
Ny : Xy — L0, T),

2

N S
Nup)O) = 5

—8(p(1) +e(t, p(1)).
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Problem (P,,) is then equivalent to
Lp = Nyp. (24)

Taking o € R not belonging to the spectrum of L, we have that (24) can be translated to the
fixed point problem

p=(L—-al) (N, —ol)p.

Since O! is uniformly positively bounded below, the closure of O! is contained in X, . We
first prove that there exists a constant M; > 0 such that for every u € [0, M] there is
no solution of (24) on the boundary 8(’)}.. Indeed, by contradiction, assume there are two

sequences (iy), and (py), such that u, — 0, p, € 8(’)}, and

pn=(L—=0l)""(Ny, —c1)py.

Then, (o,), and (1/p,), are uniformly bounded, so that ((N, — o1)p,), is bounded in
LY, T). Being (L — oD LY, T) > X a compact operator, there exists a subse-
quence, still denoted by (o), for which (L — ol )_I(Nﬂn — ol)p, converges to some
p € X.Hence p, — p, as well, and, being 8(9} closed, p € 30}. Since p, — p uniformly,
and p € X, we deduce from the definition of N, that p = (L — o)™Y(Ng — o )p, so that
p solves (24) with i = 0, a contradiction with the assumptions.

By the global continuation principle of Leray-Schauder (see e.g. [40, Theorem 14.C], or
[32, Theorem 2.2]), for every j > J, there is a continuum C; in [0, M;] x (’)]1. connecting

{0} x O} with {M;} x (9}, whose elements (i, p) satisfy (P,). We now extend p(7) on

[—Z. Z] as an even function, with p(—) = p(t), and then extend it further to the whole
real line, by T-periodicity. Then, the first equation in (S) is satisfied, for all # € R. Let us

consider the function ® : C; — R, defined by

T
_ I
i, p) = 0/ s

It is continuous and defined on a compact and connected domain, so its image is a compact
interval. Since (0, p) = 0, and @ is not identically zero, this interval is of the type [0, 6 il
for some 6 > 0.

Given 0 € [0, 5.,-], there are (i, p) € C; such that

T

/ X _dar=o.
p=(1)

0

1

_ 122
o0 ‘/ 20 ©

0

Defining

the second equation in (S) is also satisfied and

t+T T

s u
T) — = ———ds = ds =6,
et +T)— () ,/'OZ(S) s 0/p2(s) s
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forevery t € R. Then, forevery 6 € [0, 6 i1, the solution of system (S) found above provides,
through (10), a solution to system (1) such that

x(t+T)=¢%%@), (25)

for every t € R (for briefness we used here the complex notation).

In particular, if 0 = 27” for some integer k > 1, then x(¢) is periodic with minimal period
kT, and rotates exactly once around the origin in the period time k7. Hence, for every j > J
and every integer k > 27/ 6 ;, we have such a kT -periodic solution, which we denote by
Xk, j(t). Let (o, (1), g, j(t)) be its polar coordinates, and (i, ; be its angular momentum.

By the above construction, (i, j, Ok, j» @k, ;) verify system (S), (i, j, ok, ;) € Cj, and
T

i 2
/ /;k” ar =L
/Ok’j(t) k

0

Since ok, j € O}, and O} is bounded in C ([0, T']) and uniformly bounded below, there is a
constant ¢; > 0 such that

1
— =< (1) < cj,
Cj

for every ¢ € [0, T]. Hence,

T
27 Mk, j Uk, j
- _ ’ > 7 25T
k / 'Olg (1) dr = 2’
o ki j

so that limy ug ; = 0.
Given a positive integer N, taking

Oy=min{0;:j=J+1,J+2,....J+N},
for every integer k > 27/ Oy there will be at least N periodic solutions

Xk, J+1s Xk, J4+25 -+ s Xk, J+N>»

of minimal period k7', which rotate exactly once around the origin in their period time.
Setting

Cy=max{cj:j=J+1,J+2,....,J+N}
the proof is readily completed, after relabelling the indices of xi, ;. O

Remark 1 The solutions satisfying (25) are quasi-periodic with 7 -periodic radial component,
and mean angular velocity, on every time interval of length 7', equal to 6/T.

3 Refinements of Theorem 1

In this section, we will show how to improve the information on the topological degree, in

order to obtain the existence of rwo distinct families of solutions with the properties listed in
the statement of Theorem 1. We will prove the following result.
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Theorem 2 Let the assumptions (H1)-(H5) hold. Let r be a fixed number in 10, +o00[ . Then,

for every integer N > 1 there exists a ky > 1 such that, for every integer k > ky, system (1)
has at least 2N periodic solutions x,E’)l (1), x,E’)Q(t),..., x,E’)N(t), with i € {1, 2}, having mini-

mal period kT, which make exactly one revolution around the origin in the period time kT .
These solutions have the properties (i)-(iv) stated in Theorem 1 and, moreover,

o <7 o= 7

Proof As in the previous section, we assume 7 = 1, and we introduce the sets G, as in (17).
Recall that they are the finite or at most countable union of open annuli in R2. As seen in
Lemma 5, for every j > 1, setting

Q= {p € Xy : (p(t), p(t)) € Gj, forevery t € [0, %]},

we have
Dy (L — R, 0), Qj) —2(=1)/.
We now define the sets
Q ={peQ:p0) <1}, Q ={pe;:p0)>1}
Since there are no solutions of ( 130) in ; with p(0) = 1, we have that
D1 (L NG, 0), szj) - D (L NG, 0), sz;) + Dy (L — NG, 0), Qj)

We will now show that these two last degrees have the same value.
Lemma 10 Forevery j > 1,

Dr(L = N(-,0),Q;) = Dr(L — N(-,0), ]) = (=1)/.
Proof Let us denote by PG the projections of the sets G; on the horizontal axis:

xePiGj < 3y: (x,y) €g;.
We consider the open sets
Pig; ={xePiG;:x <1}, PG ={xePiG;:x>1}.
We want to compute the degree of the function f : ]0, +-o0[ — R, defined by
fo) = p (% u0.0),

on those sets P1Q; and Py Q;.r. Notice that f(ug) = Fi(ug,0), where F is the function
defined in (18).

In order to compute the degrees dg(f, P ng), one can use an argument similar to the
one developed in the proof of Lemma 4. Let us summarize it briefly. The sets P gj‘ and

Pi gj are the finite or at most countable union of open intervals. However, the computation
of the degree can be reduced to the case when there are only a finite number of them, and the
function f changes sign at their end points. In this situation, since f(u#g) = Fj(ug, 0), the
same argument used to compute the degree of F' in Lemma 4 shows that the number m ; of
such intervals must be odd, and one proves that

dy (1. P107) = dp (£.P1GT) = (=1)/.
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Itis readily seen that the sets Q,i and P, gj.[ have a common core with respect to the Neumann
problem (Pp), cf. [6]. This means that
(i) Lp # N(p, 0), for every p € 0T,
(i1) f(up) # O for every ug € 9P| jS;
(ii1) the set of those ug € P Qf such that f' (1) = 0 coincides with the set of initial values
p(0) of the functions p € Qf which are solutions of Lp = N (p, 0).

Hence, using [6, Theorem 3] (see also [5], for the periodic problem), the following equal-
ities hold true:

Dy (L= R(.0.97) =ds (£.7:G;).
DL (L — N(, 0), Qj) = dp (f, Plgj).
The proof is thus completed. O

Consider the set O, introduced in (22), and define
_ 1
o; = [(p,x) €0; :p(0) < % ] oj ={(p,2) €0 : p(0) > dr }.

These are open and bounded sets in X x [0, 1]. Let us denote by 51-_ and 8(9]7 the closure
and the boundary of (’); in X x [0, 1], and similarly for (’);L. Notice that O ; and 5; are
contained in X x [0, 1].

Let us fix an integer J > max{xi, T/t}, where k1 is given by Lemma 6 and 7 is defined
in (23). We now concentrate on the set OJ._, ie.,

1
0; = [(p,k) € X x[0,11:x(p, e j— L j+ 1 p0 < &
and N (p(1), (1)) < C;, forevery t € [0, T]}.

Lemma 11 Ifj > J and p;, solves the Neumann problem (13,\), with A € [0, 1]and (p;, 1) €
51-_, then (py., 1) € O}

Proof If (py,A) € 6]_, we have that k(py, A) € [j — %,j—i— %], p(0) < %, and

N(pp (1), pr.(1)) < Cj, for every t € [0, %] Being p; a solution of (P,), by the choice

of dy we know that k (p;, 1) is an integer which counts the number of half-rotations around
(1,0) of (p,.(t), ps(r)), in the phase plane, as ¢ varies from O to % Hence, it has to be
k(px, 2) = j. By Lemma 7, it has to be N'(p, (¢), p1(t)) < C; , forevery t € [0, %] Since
Jj = J > k1, by Lemma 6, it has to be N'(p; (0), 0,(0)) > dr~/2, hence, since g, (0) = 0,

we have p; (0) < i. We have thus proved that (p;., 1) € O] . O

So, we have that 0 ¢ (I — (L — ol)’l(ﬁ — oI))(an_), for every j > J. By [35,
Lemma 1.8], denoting by (9;?’7 the set of those p such that (p,A) € O;, we have that
Dy (L — ]\7(-, A, (’)’,\f—) is independent of A € [0, 1]. Hence,

Dy (L — NG, D, ojl.") - D, (L — N(., 0, O?’_).
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Lemma 12 Forevery j > J,

Dy (L — (., 0, 0?") — (—1)/.

Proof We claim that, if p is a solution of (Py), then, for j > J,
0,— _
pE (’)j & p e Qj .

Indeed, if p € (99’_, since it solves the Neumann problem and p(0) < diz, it has to be

k(p,0) = j. Recall that a solution of (ﬁo) can be naturally extended to a T-periodic and
even function. Hence, extending p in such a way, it has minimal period %, so that the orbit

(p(t), p(1)) belongs to G;, for every t. This means that p € Q/_

On the other hand, if p € Q;, then the periodic extension of p has minimal period §
Since j > J > T /7, we have that p(0) < diz Jhence (p(t) — D2 + p2(1) > }1 for every ¢,
so that it has to be  (p, 0) = j. By Lemma 7, N'(px(t), f3(t)) < C; , forevery ¢ € [0, T].
So, p € O?’f.

Having proved this, we then have that

Dy (L NG, 0), 02’*) - Dy (L — NG, 0), Q;).
The conclusion follows, by Lemma 10. O

An analogous argument can be used for (’)j’, so we can conclude, using the same notations,
that

Dy (L — NG, o}") £0, Dy (L — NG, o}*) £0.

The proof of Theorem 2 now continues following the lines of the proof of Theorem 1,
thus obtaining two branches of solutions for (1) with small angular momentum, one coming
from O/l.’_ and the other one coming from Ojl.’+. O

We conclude this section by considering the general situation, where the functions g and
e are defined on an interval ]a, b[, with 0 < a < b < 400, with g being “superlinear” both
in @ and in b, and e being bounded. We already analysed the case a = 0, b = 4-00. The
assumptions at a are now the following:
(H1) lim+g(r) = —00,

r—a
(H2) lim G(r) = +o0,

r—a

where G :]a, b[ — R is a primitive of g. As shown in [17], the same type of behaviour of
the solutions p(#) of the radial equation, as described in the previous section, is met when
the superlinear assumption (H3) is replaced, when b < 400, by the two assumptions

(H3) lim g(r) = +oo0,
r—b-
(H3”) lim G(r) = +oo.
r—b—
We can then state the following general result.
Theorem 3 Assume (H1"), (H2'), and, either (H3) if b = +o00, or (H3") and (H3") if b <

+400. Concerning the function e(t,r), assume (H4) and (HS). Let v be a fixed number in
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la, b[. Then, for every integer N > 1 there exists a ky > 1 such that, for every integer

k > ky, system (1) has at least 2N periodic solutions x,ﬁi)l(t), x(l) (1),..., x,il}v(t), with

i € {1,2}, having minimal period kT, which make exactly one revolutzon around the origin
in the period time kT. Moreover, these solutions have the following properties:

(i) the function |xkl) (t)| is T-periodic and even;

(ii) there is an integer J > 1 such that the equality |xkl) (t)| = r holds for

exactly J + j values of t in [0, 5 [,
(iii) there are two constants ¢y, ¢y such that

a<iy< |x£’}(z)| <éy <b,

foreveryt e R every j =1,2,..., N, and every k > ky;

ry ryJ

{iv) i M(l) denotes the angular momentum associated with x.” (1), then
8 k,j

hm u(') 0;
(v) one has
DO <7 xCO)] >

Proof We just give a sketch, since, in view of [17], the arguments are completely analogous
to the ones in the proofs of Theorems 1 and 2. In the phase plane, we work in the set

S:{(u,v)e]Rz:a<u<b},

and we introduce the function A : S — R, defined by

1
((ufla)2 ot + Uz) 2 if b= +oo,
N(u,v) = |

1 1 2\2 .
(m+m+v) lfb<+OO.
Lemmas 1 and 2 then hold exactly the same.
Recall that, in the case a = 0, b = 400, we have chosen 7 = 1, for simplicity. This will

not be the case now (unless we perform a change of variable, so to have thata < 1 < b).
Moreover, we have often made use of intervals of the type I; = [[11 ] for some d > 1,

which now need to be replaced by 1; = [a + = d] if b = 4-00,andby I = [a + ,b— ]
if b < +o0, withd > 1suchthatr € I;. Takmg into account these modifications, Lemma 3
holds, where (a) and (b) now read as

(a) lim N(Px(f uo, 0), p.(t; up, 0)) = llm N (pa(t; uo, 0), pa(t; uo, 0)) = +o0,

up—a
uniformly in ¢ € [O, 7]'
(b) lim 63 (5:u0,0) = lim 6; (53 uo,0) = —cc.

up—a uo—)b

The sets G are defined as in (17), and Lemma 4 is proved exactly as before.
The set X will now be defined as

Xy ={peX:a<minp <maxp < b},
so that, again,

Qj={peXy:(p@),p®) €G;, foreveryt €0, %]}’
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and we define the sets
Q;:{per:p(O)d}, Qj:{pesz,»:p(obf}.
Lemma 10 is now proved as above. We define the function « : X4 x [0, 1] - R as

T/2
_ 1 P2(1) + (g(p (1)) — he(t, p(1))(p(1) = F)
K(p,)») -

dr.
™ max{(p(r) — 72+ p2(t), s min{F —a, b —7}} '

The two implications (20) and (21) now read as

g Iy = N, 0) > d,
and
Nw,0)>doV2 = u &y,

respectively. Lemmas 6 and 7 then hold.
Define the sets

07 ={(p. 1) € Xy x[0. 1] :k(p. 2)€ Jj — 4. j + 1[. p(0) < min L,
and N'(p(1), p(1)) < C;, foreveryt € [0, %] |

OF = {(o. 1) € X4 x [0.11:c(p. W)€ Jj = L. j + 1. p(0) > max Iy,
and N'(p(1), 6(1)) < C;, forevery t € [0, 2]}

and denote by O?’i the set of those p such that (p, A) € Of. Lemmas 11 and 12 then hold,
yielding

Dy (L — NG, o}’*) £0, Dy (L — NG, o}x*) £0.

The proof is concluded following the lines of the proof of Theorem 1, thus obtaining, like in
Theorem 2, two branches of solutions for (1), with small angular momentum. O

Remark 2 Notice that, in particular, when 0 < a < b < +00, we are in the situation of an
annular potential well. The existence of periodic solutions in the case of a potential well for
more general domains in RY has been proved by the use of variational methods by several
authors, see, e.g. [3,11,15].
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