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1. Introduction

We consider weak solutions u of

(1.1) dw((‘c‘ s )vu) =0,

in a connected open set Q of R? , with coefficients a,b,c,de L°°(Q) satisfying the uniform ellipticity

condition
(1.2) ME2+7%)<ag? +(b+)én+dn SXHE2+0?) | for every (&,n)€R?
where X, 0<A<1, is a given constant. We prove the following unique continuation theorem.

Theorem 1.1 Let (ro,yo)EQ If ue Wllo’CQ(Q) is a solution of (1.1} and if, for every positive integer

N | there exists a posilive number CN such that

(1.3) J |Vu|2dzd§§ CNRN , for every R>0 ,
QnBR(zo’yo)

then u 1s constant in .

Our approach is based on proving that u is the first component of a quasiregular mapping f=u+ v
and showing that if Vu vanishes of infinite order at ( mo,yo) , in the average sense expressed by (1.3),
then f— ﬂzo, yo) vanishes of infinite order at the same point, thus yielding that f must be constant.

The approach through quasiconformal mappings, and more generally, complex analytic methods, to the
treatment of elliptic equations in two variables has been known for a long time and it has proven useful
in many situations. More specifically, with regards to theorems about unique continuation, let us recall
that Bers and Nirenberg [B-N] proved that, for nondivergence elliptic equations with bounded

measurable coefficients, the gradient of any solution is a quasiregular mapping.




Curiosly enough, it appears that this method has not been applied to the equations under consideration
here. Let us mention that, in case the coefficients a,b,c,d in (1.1) are Holder continuous, and b=c ,
the unique continuation property has been proven by Schulz [S] quite recently.

On the other hand, the validity of the unique continuation property for equation (1.1) with
discontinuous coefficients is particularly useful in the treatment of the inverse problem of determining
the location of jumps in the coefficients when one knows Cauchy data for one specific solution.

More specifically, consider a subdomain D of Q , suppose that 4D is C? —smooth and suppose that
the coefficients in (1.1) are given by a= d=l+xD , b=c=0 . One would like to determine D by
the knowledge of Us50 and ('),,u|6Q for one nontrivial solution = of (1.1), here 8, denotes the
normal derivative. For such a problem, local uniqueness theorems have been recently proven by
Bellout, Friedman and Isakov [B-F-I] and by Powell [P] provided that 8D is an analytic closed curve.
But, in these papers, it is evident that, if the unique continuation property would hold, then the

analiticity hypothesis could be removed. Theorem 1.1 above provides then the appropriate tool.

Ackowledgements. This problem was proposed to the author by Victor Isakov. The author wishes to

thank him for the encouragement received.

2. Proof of Theorem 1.1

With no loss of generality we can assume that (J:O,yo):O , Q is a disk BRO(O) for some
positive R, , and also that u€ W1'2(Q) , 4(0)=0.
We start by constructing a function v associated to u in a way that generalizes the notion of
conjugate harmonic function, we might call v the stream function associated to u , in analogy with
the theory of gas dynamics, see for instance Bergman and Schiffer [B-S]. Equation (1.1) can be
rephrased by saying that the 1—form w=—(cuz+duy)dr+(auy+buy)dy is closed in £ and
therefore we can find v€ Wl’z(Q) such that w=dv . In other words, u and v satisfy the following

elliptic system

(2.1a) vy = — cug —duy

(2.1b) vy=aug+buy ,

notice that this one is nothing but a special case of the elliptic systems studied by Bers and Nirenberg
[B-N]. Thus we can follow their computations, and, by setting :=z4iy , f=u+1v, (2.1) takes the

form



(2.2a) ffzﬂfz'i"/(f_z) ;
where

_d—a—i(b+c) _l—ad+be+4(b-c)
u_l+a+d+ad—-bc ’ V“1+a+d+ad——bc ’

(2.2b)

and the following estimate can be easily obtained

FlLag%—2as

2.3
(23) S

Consequently, being fe W1’2(Q,C) , (2.2) tells us that f is a quasiregular mapping, or, as is the same,
a quasiconformal function, see for instance, Lehto and Virtanen [L-V]. For the sake of rigor, the
procedure we have just outlined should be preceded by a regularization of the coefficients and then by
considering u as a classical solution, finally, by a passage to the limit, one could show that the whole
construction above is justified also when no additional smoothness assumption is made. We omit the
details.

Notice also that (2.1) implies that v is a solution of the following equation

(2:4) dw(adibc( ‘I: :1,’ )V'v) =0,

which is too uniformly elliptic, with ellipticity constant A .
Now we show that if (1.3) holds for all N then f has to be a constant. We make use of the local
boundedness estimate for (1.1) and (2.4), see [G-T, Theorem 8.17], along with the Poincaré inequality.

There exists A , only depending on A, such that, for every R<R, we have

2.5 mazr |u—uplP<A J |Vul?dedy |
(2.5) B 2(0)| RIS y
R/ BR(0)

here

and the analogous estimate holds for v .

We may set »(0)=0 . From (1.3), (2.1) and (2.5) we have that up and vp vanish of infinite order




as R—0 . Applying once more (2.5) we obtain

(2.6) mazx [f]2§ 8ACNRN .
B o(0)

If f were not identically zero, then the well-known factorization theorem of quasiregular mappings, see

[L-V], gives us that there exists P, 0<p<Ry , a quasiconformal mapping X: Bp(0)- By(0) , with
x(0)=0, and a positive integer M such that

M
f(z):[x(:)] for every :€B,(0) .
Being x"! Hélder continuous with some exponent o<1 , for some positive constant K we have
M
(2.7) |f(z)|2K|:| /e for every :€B,(0) .

Now (2.7) gives a contradiction with (2.6) and hence f vanishes identically. O
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