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A family of problems

(e

Consider a body 2 ¢ R" which might contain an unknown,
inaccessible, cavity D (or an inclusion). To detect the
presence and the shape of D from measurements taken
from the exterior, accessible, boundary of 2, when some
field (electric, electromagnetic, thermal, elastic, ...) is
applied to it.



A family of problems

e ) electrical conductor, D cavity with insulating
boundary,

e ) electrical conductor, D perfectly conducting inclusion,
Andrieux, Ben Abda, Jaoua (1993), Beretta, Vessella
(1996), Bukhgeim, Cheng, Yamamoto (1998, 1999, 2000)
Cheng, Hon and Yamamoto (2001), A., Beretta, Rosset,
Vessella (2000), A., Rondi (2001).

e () electrical conductor, D cavity with boundary
impedance,

Cakoni, Kress (2007), Rundell (2008), Bacchelli (2009),
Pagani, Pierotti (2009), Sincich (2010).
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Higashimori (2002), Morassi, Rosset (2004).
e  elastic body, D rigid inclusion,
Morassi, Rosset (2009).
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Higashimori (2002), Morassi, Rosset (2004).
e  elastic body, D rigid inclusion,
Morassi, Rosset (2009).
e () fluid container, D immersed body,
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A family of problems

e () elastic body, D cavity,

Higashimori (2002), Morassi, Rosset (2004).
e  elastic body, D rigid inclusion,
Morassi, Rosset (2009).
e () fluid container, D immersed body,

Alvarez, Conca, Friz, Kavian, Ortega (2005), Doubova,
Fernandez-Cara, Gonzéalez-Burgos, Ortega (2006),
Doubova, Fernandez-Cara, Ortega (2007), Ballerini (2010).
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The prototype.

insulating cavity in a conductor

Assume Q \ D connected.

Au =0, in Q\D,
Vu-v=0, on 0D,
Vu-v=1, on 0.

v exterior unit normal to 9(Q2\ D). [, v = 0.
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The prototype.

insulating cavity in a conductor

Assume Q \ D connected.

Au =0, in Q\D,
Vu-v=0, on 0D,
Vu-v=1, on 0.

v exterior unit normal to 9(Q2\ D). [, v = 0.

Find D given u|sq.
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Tt for sty A.—Rondi (2001)

The prototype.

instability

.Letn=2,Q = Bl(O), Do = 81/2(0),



The prototype.
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Insulating
cavity in a
conductor.
Strategy for

A.—Rondi (2001). Let n = 2, Q = B1(0), Do = By »(0),

denote z = x + iy and
fic(z) = z explex(z¢ — 2 7)),z £ 0,

with
=0k M2 eR, k=1,2,...

denote Dy = f(Dg). Then Dy are uniformly CM-smooth and
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d#(8Dg, ODk) ~ k™™ — 0 polynomially ,
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Tools for stability.

The prototype.

instability

d#(8Dg, ODk) ~ k™™ — 0 polynomially ,

whereas,
letting uk be the potential corresponding to Dy, k = 0,1, ...

[uk — UollL2(a0) ~ 6&/2 — 0 exponentially .
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Strategy for uniqueness.

Given two cavities D;, D5, and given a nontrivial boundary
current density 1, let uy, u, solve fori = 1,2

AUi = O, in Q \ﬁ,,

Vuj-v=0, on JDj,

Vuj-v =1, on 0%,

and suppose D4, D, give rise to the same potential on 9Q:

U1|an = Uz|aq- o
If we had D; # D, ,we might assume w.l.0.g. D, \ Dy # 0.
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Figure: two cavities.
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Figure: the set G.

G: connected component of Q \ (D; U D;) such that
08l C 0G.
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Strategy for uniqueness.

Figure: the set E; O D, \ D;.

E> :Q\D]_UG
OE, =T Ul 1 C (8D1\G),F2 C (6D2 ﬂaG).
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Vu; v =Vus-v =1 and u; = u, on 9%.
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Strategy for uniqueness.
us, Uy have the same Cauchy data on 9Q:

Vu; v =Vus-v =1 and u; = u, on 9%.

Hence, by unique continuation,

Uy = Uy in G,

4

Vul-I/:VUQ'I/ZOOHFQC(@DzﬂaG)
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Tools for stability

Strategy for uniqueness.
us, Uy have the same Cauchy data on 9Q:

Vu; v =Vus-v =1 and u; = u, on 9%.

Hence, by unique continuation,

ulzuzinG,
\
Vul-I/:VUQ'UZOOHFZC(@DzﬂaG)

Therefore
Jong: IVULl? < fe, [Vuf? <

< frl |U1VU1 . I/| + frz |U1VU2 : I/| =0.
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Strategy for uniqueness.

constant on an open set
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Strategy for uniqueness.

U, = constant on an open set

unique continuation
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Y =0,
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End.

Strategy for uniqueness.

Either:
u; = constant on an open set

unique continuation

¢
Y =0,

or o
D, \ D; = 0.



e Assume

Tools for stability.

e Assume a-priori C1® bounds on D4, 9D, and on 9Q
e Assume v nontrivial:

[¥ll200) <F.
1Y llh-1/2(00)

Uz = Uzl| 2(a0) < €.
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e Assume a-priori C1® bounds on D4, 9D, and on 99.
e Assume ¢ nontrivial:

Moo

<F.
[¥1l4-172(50)
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 Assume a-priori C1* bounds on 9Dy, 9D, and on 0.
e Assume ¢ nontrivial:

Tools for stability.

lhaom
[¥1l4-172(50)

e Assume
Uz = Uzl 2(aq) < €.
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Tools for stabiliy:
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in an elastic
body.

End.



Unknown
Boundaries

Giovanni Tools for stability.

Alessandrini

step 1

Stability for a Cauchy problem in G.

Jo5: VL2 < w®(e)



Unknown
Boundaries

Giovanni Tools for stability.

Alessandrini

step 1

Stability for a Cauchy problem in G.

Joyi5: VUL < ()
where w((e) = w o w(e) and

w(e) ~ |loge|™7, as e — 0.
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Tools for stability.

Stability for a Cauchy problem in G.
Jou5: IVULf? < w®(e)
where w@(€) = w o w(e) and
w(e) ~ |loge|™7, as e — 0.

Improved stability for a Cauchy problem in G.
If in addition, G is known to be Lipschitz, then

Jo5: VUL < ()

step 1
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Strategy for
uniqueness.

Tools for stability.

Cavity with Propagation of smallness.

boundary
impedance:

Rigid inclusion
in an elastic
body.

End.
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Propagation of smallness. o
If, for a suitable s > 1, Bs,(x) C 2\ Dy then

C(F
/ Vug|? > _CF) )_B IVuy 2.
B, (x) exp[Ap~"] Ja\p;



Tools for stability.
step 3
Geometric argument.

inradius(D- \ D1) + inradius(Dy \ Dz) < w®)(e)
using the C1* a-priori bound

dy(9D1,9D2) < w(e).
When ¢ is small enough, then the above rough bound

implies that G is Lipschitz, we can use the improved
estimate for the Cauchy problem and arrive at

dy (D1, 0D) < w)(e).
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using the C-* a-priori bound

dy(9D1,0D2) < wC(e).
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Geometric argument.
inradius(D, \ D1) + inradius(D; \ D3) < w(®)(¢)
using the C-* a-priori bound
dy(9D1,0D2) < wC(e).

When ¢ is small enough, then the above rough bound
implies that G is Lipschitz,
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Geometric argument.
inradius(D, \ D1) + inradius(D; \ D3) < w(®)(¢)
using the C-* a-priori bound
dy(9D1,0D2) < wC(e).

When ¢ is small enough, then the above rough bound
implies that G is Lipschitz, we can use the improved
estimate for the Cauchy problem and arrive at

dy(9D1,0D;) < w®(e).
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How to improve the propagation of smallness?
Doubling at the boundary, with Neumann condition.
Adolfsson and Escauriaza (1997).
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Doubling at the boundary, with Neumann condition.
Adolfsson and Escauriaza (1997).
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Tools for stability.

Tools for stability.
step 4

How to improve the propagation of smallness?
Doubling at the boundary, with Neumann condition.
Adolfsson and Escauriaza (1997).

If )D; € CL1 then ¥x € D,

fBZ \D1 [Vui|? < C(F) g \D1 Vs |?
\
fB,,(x)\DT |Vu1|2 > CPK fQ\[T1 ‘VU1|2~

with C, K > 0 depending on F.
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Tools for stabiliy:

Tools for stability.
conclusion
In summary:

we obtain
d#(0D1,8D,) < w®(e).

using

stability for the Cauchy pb. and propagation of smallness

fr

three spheres inequality

If we also have the

doubling inequality at the boundary

then we arrive at
dH(é?Dl, 6D2) < w(e).

A., Beretta, Rosset, Vessella (2000).
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Tools for stability.

the three spheres inequality

Forevery0 <ry <rp, <rs

/B, U2 <c (/B |u|2>a </B |u|2>1_a

2

with C > 0,0 < a < 1 only depending on * 3 ,r—
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boundary
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Au = 0, in Q\D,
Vu-v+~vu=0, on 0D, ~>0
Vu-v =1, on 0.

v exterior unit normal to 9(Q \ D).
e Non-uniqueness: one pair of Cauchy data (v, u|sq)
does not suffice to uniquely determine D (and 7).
Cakoni, Kress (2007), Rundell (2008).
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boundary
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Cavity with impedance.

Au = 0, in Q\D,
Vu-v+~vu=0, on 0D, ~>0
Vu-v =1, on 0.

v exterior unit normal to 9(Q \ D).

e Non-uniqueness: one pair of Cauchy data (v, u|sq)
does not suffice to uniquely determine D (and 7).
Cakoni, Kress (2007), Rundell (2008).

« Uniqueness: two pairs of Cauchy data (v, ulsq) and
(3, U|aq), with linearly independent ), ¢ and ) > 0
uniquely determine D and ~. Bacchelli (2009), Pagani,
Pierotti (2009).
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Au =0, in Q\D,
Vu-v+~vu=0, on 0D, ~>0
Vu-v =1, on 0.

Caviy vt v exterior unit normal to 9(Q \ D).

oundary

peeee: e Non-uniqueness: one pair of Cauchy data (v, u|sq)

does not suffice to uniquely determine D (and 7).
Cakoni, Kress (2007), Rundell (2008).

« Uniqueness: two pairs of Cauchy data (v, ulsq) and
(3, U|aq), with linearly independent ), ¢ and ) > 0
uniquely determine D and ~. Bacchelli (2009), Pagani,
Pierotti (2009).

e Stability: with two such pairs there is log-stability.
Sincich (2010).
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Figure: the set E; D D, \ D;.

Au; =0, in  Ej,
Vup - v+ vu; =0, on OE,NODy,
—Vuy -v+9u; =0, on 0E,NAD,,

v exterior unit normal to E,.

N
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boundary
impedance.

Cavity with impedance.
the approach by Sincich

Let u; be the potential corresponding to D;, i = 1, 2.
If » > 0 then (strong maximum principle) u; > O.
Set B
U
Vi=—,
Ui

then o
div(u?Vv;) = 0, in Q\Dj,
uZvvi v =0, on db;,
uvv; v = ujph — Ujyh, on 9.
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Cavity with impedance.

What if both 1, 1) change sign?

open problem
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Rigid inclusion in elastic body.

In R3 (or R?).
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Rigid inclusion in elastic body.

In R3 (or R?).
div(u(Vu 4+ VuT)) + V(A\divu) =0, in  Q\D,

|

ueRrR,
(1(Vu 4+ VuT) + (Adivu)l)y = 1,

on 0D,
on 09.
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Rigid inclusion in elastic body.

In R3 (or R?).

div(u(Vu 4+ VuT)) + V(A\divu) =0, in  Q\D,

uewRr, on 0D,

((Vu +VuT) + (Mdivu))y =+,  on 0Q.
Lameé parameters p, A € CL1 satisfying strong convexity
w>a>0,2u+3\>p3>0.
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Rigid inclusion
in an elastic
body.

Rigid inclusion in elastic body.

In R3 (or R?).

uewRr, on 0D,

div(u(Vu 4+ VuT)) + V(A\divu) =0, in  Q\D,
{ (1(Vu 4+ VuT) + (Adivu)l)y = 1, on 909Q.

Lameé parameters p, A € CL1 satisfying strong convexity
w>a>0,2u+3\>p3>0.

R = space of infinitesimal rigid displacements =
= {r(x)Ir(x) =c+Wx,c e R3W +WT =0}
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Rigid inclusion

in an elastic
body.

Rigid inclusion in elastic body.

In R3 (or R?).
div(u(Vu 4+ VuT)) + V(A\divu) =0, in  Q\D,
ueRrR, on 9D,
((Vu +VuT) + (Mdivu))y =+,  on 0Q.

Lameé parameters p, A € CL1 satisfying strong convexity
w>a>0,2u+3\>p3>0.

R = space of infinitesimal rigid displacements =
= {r(x)Ir(x) =c+Wx,c e R3W +WT =0}

+ equilibrium condition

/ (u(Vu +Vu") + (Mdivu)l)y-r=0Vvr e R
oD
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Inverse problem: given u|sq find D.

Morassi and Rosset (2009): uniqueness and log — log

Rigid inclusion stability.

FoTh Let u; be the displacement field corresponding to D;,i = 1, 2,
we have u; = r; € R, with r; unknown possibly different.
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Figure: the set E; D D, \ D;.

div(u(Vur + Vur ")) + V(Adivug) =0, in Ey,

Uy =ry, on OE;NoODy,
up =ra, on OE,NaOD,,
o = - = = 9
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